The p-rank of curves and covers of curves

Irene I. Bouw

These notes give an overview of definitions and properties of the p-rank of a curve. We focus on the relation between the p-rank and covers of the curve. Let X be a projective smooth connected curve over an algebraically closed field of characteristic p. We would like to get some information on π_1(X). The prime to p part of π_1(X) is known; it is the same as the prime to p part of the fundamental group of a genus g curve over C. What about the p-part? The first step to consider is Hom(π_1(X), Z/p). The dimension over F_p of this space is called the p-rank, denoted by σ(X). In fact, the p-part of π_1(X) is a free pro-p group, hence a finite p-group P is a quotients of π_1(X) iff it can be generated by σ(X) elements. Now suppose that G is an extension of a prime to p group H by a p-group P . When is G a quotient of π_1(X)? Fix a surjective map α: π_1(X) → H, we want to lift it to a surjective map β : π_1(X) → G. (This is called an embedding problem, see Section 2.) Let Y → X be the H-cover corresponding to α. A first condition is that P should be a quotient of π_1(Y ). In other words, P should be generated by at most σ(Y ) elements. This leads us to the question of the p-rank of a cover of X. We will study this question by considering deformation of covers of semistable curves. Therefore we start in Section 1 by defining the p-rank for semistable curves, and proving that the p-rank goes up under deformation.

1 The p-rank of a semistable curve

Let X be a semistable curve over an algebraically closed field k of characteristic p > 0. By F we denote the absolute Frobenius morphism. Let J = J(X) be the generalized Jacobian of X.

Definition 1.1 The p-rank σ(X) of X is defined as dim_{Fp} H^1(X, O_X )^F .

Equivalently, it is equal to the dimension over k of the largest subspace of H^1(X, O_X ) on which F is a bijection. This follows from the fact that there exist a splitting H^1(X, O_X ) = H^1(X, O_X )^s ⊕ H^1(X, O_X )^n, where F is a bijection on H^1(X, O_X )^s and nilpotent on H^1(X, O_X )^n, [21].

Since the curve X is projective, Artin–Schreier theory implies H^1(X, Z/p) ≃ H^1(X, O_X )^F . Therefore we can also define the p-rank as dim_{Fp} H^1(X, Z/p). Furthermore,

H^1(X, Z/p) ≃ Hom(π_1(X), Z/p).

This gives an important characterization of the p-rank, namely in terms of the number of étale pcyclic covers of X. There is a canonical isomorphism of k-vector spaces, H^1(X, Z/p) ≃ Hom(μ_p, J(X)), [13, Prop. 6.2.3] (where ‘Hom’ is regarded in the category of group schemes.

We see from the definition of the p-rank that 0 ≤ σ(X) ≤ p_a(X).

Definition 1.2 A curve X for which σ(X) = p_a(X) is called ordinary.

In the case that X is smooth over k, we can compute the p-rank in terms of the Hasse–Witt matrix A, this is the matrix of the Frobenius morphism on H^1(X, O_X ). The p-rank is the rank of A · A^{(p)} · · ·A^{(pg−1 )}, here A^{(p)} denotes the matrix obtained by raising all coefficients of A to the pth power, [7]. One can compute the Hasse–Witt matrix of a curve for instance if one has an equation for the curve. For example, for hyperelliptic curves one gets a fairly explicit description of the Hasse–Witt matrix, and one can in principle compute the p-rank, see e.g. [27]. If the curve X is defined over a finite field F_q , then one can compute the p-rank using the Zeta function of X. More precisely, the p-rank of X can be deduced from the reduction mod p of the characteristic polynomial of the Frobenius endomorphism x → x^q on the Jacobian, [7]. This characteristic polynomial can be deduced from the Zeta function of X.

The Hasse–Witt matrix can also be computed using the Cartier operator on H^0(X, Ω_X ). The spaces H^0(X, Ω_X ) and H^1(X, O_X ) are dual, and the Cartier operator is the transpose of the Frobenius, [21].

In case J(X) is an abelian variety, for example if X is smooth, Hom(μ_p, J(X)) is dual to Hom(Z/p, J(X)). Hence the p-rank is equal to the dimension over F_p of J(X)[p](k), the p-torsion points of J(X).

Let Γ_X be the dual graph of X, i.e. the vertices correspond to the irreducible components of X and the edges correspond to the singular points. Let π : X̃ → X be the normalization of X and X_1, . . ., X_n the irreducible components of X̃. Let m be the number of singular points of X.

Lemma 1.3

σ(X) = n� i=1 σ(X_i) + b_1(Γ_X ),

where b_1(Γ_X ) = dim_Z H^1(Γ_X , Z) = 1 − n + m.

Proof. [28]. Let Q = π_∗(O~_X )/O_X . The exact sequence

0 → O_X → π_∗(O~_X ) → Q → 0

gives rise to the long exact cohomology sequence

0 → H^0(X, O_X ) → H^0(X, π_∗(O~_X )) → H^0(X, Q) →

H^1(X, O_X ) → H^1(X, π_∗(O~_X )) → 0.

The lemma follows, since H^1(X, π_∗(O~_X )) ≃ ⊕_iH^1(X_i, O_{Xi} ) and F is a bijection on H^0(X, ·). 2

Recall that there is a similar formula for the genus: p_a(X) = � g(X_i) + b_1(Γ). It follows that X is ordinary iff the normalization of all its irreducible components are ordinary. In particular, if all irreducible components of X have genus zero, then X is ordinary. The following example illustrates that a loop in the dual graph of X contributes to the p-rank of X.

Example 1.4 Let X be a semistable curve of genus 1, consisting of two P^1’s meeting in two points. Then X has a p-cyclic étale cover Y → X. Here Y is semistable genus one curve, consisting of a cycle of 2p copies of P^1. It follows that X is ordinary.

Proposition 1.5 Let R be a complete discrete valuation ring in equal characteristic p. Suppose that the residue field k of R is algebraically closed. Let X → Spec(R) be a semistable curve, whose geometric generic fiber X_{η̄} is smooth. Then

σ(X_s) ≤ σ(X_{η̄}).

Proof. See e.g. [16]. The proposition follows from the fact that every étale p-cyclic cover of X_s can be lifted to a unique étale p-cyclic cover of X . This implies that

Hom(π_1(X_s), Z/p) → Hom(π_1(X_{η̄}), Z/p).

The proposition follows, since σ(X) = dim_{Fp} Hom(π_1(X), Z/p). 2

Let X_{gen} be the generic curve of genus g, i.e. the curve corresponding to the geometric generic point of the moduli space of genus g curves M_g ⊗ F_p. There exist a semistable curve X → Spec R whose geometric generic fiber is isomorphic to X_{gen} and which is a Mumford curve. Here R is some complete discrete valuation ring. Since the normalization of each irreducible component of X_s has genus zero, X_s is ordinary and hence also X_{gen} is ordinary. In fact, the locus of ordinary curves is open and dense in M_g ⊗ F_p, [11]

2 The p-part and pro-p Sylow groups of the fundamental group

From now on X will be a smooth projective irreducible curve over an algebraically closed field k of genus g. Let S be a nonempty set of k-points and U = X − S. In this section we study the largest pro-p quotients and the pro-p Sylow group of the fundamental groups π_1(X) and π_1(U).

Let Γ be a profinite group. We denote by Γ^p the largest pro-p quotient of Γ. We will refer to it as the p-part of Γ. For fundamental groups, the p-part is denoted by π^p_1(X) etc. A pro-p Sylow group Γ_p is a pro-p subgroup of Γ such that [Γ : Γ_p] is prime to p. As in the case of finite groups, pro-p Sylow groups exist, they are all conjugates, and every pro-p subgroup of Γ is contained in some pro-p Sylow group, [23, Section 1.4].

Proposition 2.1 Let X be a projective curve of genus g ≥ 2. Then π^p_1 (X) is a free pro-p group on σ(X) generators. The pro-p Sylow group π_1(X)_p is a free pro-p groups on infinitely many generators.

Proof. In Lecture 14 it is shown that π_p(X) and π_1(X)_p are free pro-p groups. The number of generators of π^p_1 (X) is equal to dim_{Fp} Hom(π^p_1 (X), Z/p) = σ(X).

The fact that the number of generators of π_1(X)_p is infinite follows from a result of Raynaud [14, Th. 4.3.1]. The results states that if ℓ is a sufficiently large prime and X is a curve of genus g ≥ 2, then there exists an étale ℓ-cyclic cover f_ℓ : Y_ℓ → X such that σ(Y_ℓ) − σ(X) = g(Y_ℓ) − g(X) = (ℓ − 1)(g(X) − 1). This condition means the following; ϕ_ℓ induces a morphism of Jacobians J(X) → J(Y ) with finite kernel. The condition on the p-rank can be restated as: the new part of the Jacobian J(Y )/im(J(X)) is ordinary.

Put n_ℓ = σ(Y_ℓ). There exist an étale (Z/p)^{nℓ} -cover Z → Y and Z → X is Galois, since Z → Y is the maximal elementary abelian p-cover of Y . Since n_ℓ can be made arbitrary large by letting ℓ vary, it follows that the pro-p Sylow group π_1(X)_p is not finitely generated. 2

Proposition 2.2 Let U be an affine curve over an algebraically closed field k of characteristic p. Then the number of generators of π^p_1 (U) is equal to the cardinality of k.

Proof. In Lecture 14 it has been proved that π^p_1(U) is a free pro-p group. First suppose that U = A^1. In this case it has been proved in Lecture 14, using Artin–Schreier theory, that Hom(π_1(U), Z/p) is a k-vector space with basis t^i, where i runs through the positive integers prime to p. This proves the proposition for A^1. The general case is proved analogously. 2

An embedding problem for a profinite group Γ is a diagram Γ ↓ α 1 → N → G → H → 1,

where α is surjective and the sequence is exact. A (weak) solution to an embedding problem is an arrow β : Γ → G such that the diagram above commutes. The solution is called proper if β is surjective. If Γ is π_1(X) or π_1(U) then it was shown in Lecture 14 that cd_p(π_1(X)) ≤ 1 (resp. cd_p(π_1(U)) ≤ 1). This implies that every embedding problem for π_1(X) and π_1(U) with kernel a p-group, has a weak solution, [23, Prop. I.16]. One would like to know which embedding problems have proper solutions. In the geometric setting, proper solutions correspond to quotients of the fundamental group.

For projective curves, one can show that an embedding problem

π_1(X) ↓ α 1 → P → G → H → 1

with p-group kernel P and H prime to p, has a proper solution iff the quotient embedding problem one gets by replacing P by its largest elementary abelian quotient P/P^p[P, P ] has a proper solution, [12]. In case X is projective, not every embedding problem with kernel an elementary abelian pgroup can be solved. The embedding problem above with P elementary abelian has a solution iff P is a submodule of H^1(Y, O_Y )^F as F_p[H]-module, [12]. Here Y → X is the H-cover corresponding to α. It is known that H^1(Y, O_Y ) as an k[H]-module is isomorphic to k[H]^{g−1} × k, [2]. If Y is ordinary, then the F_p[H]-module structure of H^1(Y, O_Y )^F is F_p[H]^{g−1} × F_p, and we know which embedding problems can be solved. We come back to this question in Section 4.

For affine curves one can show that every embedding problem with p-group kernel has a strong solution. Versions of this result are used in the proof of Abhyankar’s Conjecture, [22] and [15, Section 4]. For generalizations see [5]. As in the case of covers of a projective curve, we can restrict to the case where the kernel is an elementary abelian p-group. Let V → U be an H-cover. In contrast to the projective case, Hom(π_1(V ), Z/p) is not finitely generated. In fact, one can show that every irreducible F_p[H]-character occurs infinitely often in Hom(π_1(V ), Z/p), [22].

3 Deuring–Shafarevich formula

Notations are as in the previous section, in particular X and Y are supposed to be smooth, projective curves over an algebraically closed field k of characteristic p. Here is an application of the results of the previous section. Suppose Y → X is an étale Galois cover, whose Galois group is a p-group P . Then 1 → π^p_1(Y ) → π^p_1(X) → P → 1

is exact. The group π^p_1(X) is a free pro-p group on σ(X) generators, and π^p_1(Y ) is free on σ(Y ) generators. Exercise 4 of [23, Section 1.4.2] states that since π^p_1(X) is free,

σ(Y ) − 1 = |P |(σ(X) − 1),

for all covers whose Galois group is a p-group. The proof does not go through for affine curves. But still, the formula can be generalized.

Theorem 3.1 (Deuring–Shafarevich formula) Let f : Y → X be a (possibly ramified) Galois cover, whose Galois group is a p-group P . Then

σ(Y ) − 1 = |P |(σ(X) − 1) + � y∈Y (e_y − 1).

Here e_y is the ramification index at y.

The proof we sketch here can be found in [3]. Let S be the branch locus of f and U = X − S; put V = f^{−1}(U). Then f : V → U is étale. By H^i_c(U, F) we denote étale cohomology with compact support, see e.g. [8, p. 93]. Let χ_c(U, F) be the Euler–Poincaré characteristic. Note that χ_c(X, F_p) = χ(X, F_p) = 1 − σ(X) and χ_c(Y, F_p) = 1 − σ(Y ), since X and Y are projective.

We have the following exact sequences (excision, [8, III.1.30])

· · · → H^i_c(U, F_p) → H^i_c(X, F_p) → H^i_c(S, F_p) → · · · and · · · → H^i_c(V, F_p) → H^i_c(Y, F_p) → H^i_c(f^{−1}(S), F_p) → · · · .

Therefore χ_c(U, F_p) + |S| = χ_c(X, F_p) = 1 − σ(X) (1) and χ_c(V, F_p) + |f^{−1}(S)| = χ_c(Y, F_p) = 1 − σ(Y ). (2)

Lemma 3.2 Suppose that f : V → U is an étale Galois cover whose Galois group is a p-group P . Then χ_c(V, F_p) = |P | χ_c(U, F_p).

Proof. Using induction, we may reduce to the case that P is cyclic of order p. Let F (resp. G) be the constant sheaf F_p on V (resp. on U). Then H^i(V, F) = H^i(U, f_∗(F)). The group P acts on f_∗(F). We can reduce to the case that f_∗(F) is indecomposable under the action of P . Since the only irreducible character of P in characteristic p is the trivial character, the sheaf f_∗(F) is an extension of sheaves on which P acts trivially. Therefore χ_c(V, F_p) = |P | χ_c(U, F_p). 2

Proof of the theorem. We combine the lemma with (1) and (2). This gives

σ(Y ) − 1 = |P | (σ(X) − 1 + |S|) − |f^{−1}(S)|

= |P | (σ(X) − 1) + � x∈X |P | e_x

(e_x − 1)

= |P | (σ(X) − 1) + � y∈Y (e_y − 1). 2 There exist many proofs of the Deuring–Shafarevich formula in the literature. Below I give a list of the (published) proofs I have found. The theorem was first proved by Deuring [4] in the ramified case, but the proof contains a mistake. It was proved by Shafarevich [19] in the étale case; he used it to show that π^p_1(X) is free. Subrao [25] extended the proof of Shafarevich to the ramified case. He used the Deuring–Shafarevich formula to show that there exist ordinary curves which violate the Hurwitz bound on the order of the automorphism group in characteristic p. Madan [6] extended and corrected the proof of Deuring. Richter [18] gave a variant on this approach. Nakajima [10] gave a proof using the Galois module structure of cohomology groups. This is a slightly stronger results than the result stated above. A proof of the result of Nakajima using the method of Crew is given by Suwa, [26]. The Deuring–Shafarevich formula is also known under the name Crew formula.

Note that in the Deuring–Shafarevich formula there is no term depending on the conductor of a ramification point. This is in contrast to the Hurwitz genus formula. The Deuring–Shafarevich formula states that étale covers of an ordinary curve with Galois group a p-group, are ordinary. But if Y → X is a ramified p-cover, then Y will hardly ever be ordinary. The reason being that the contribution of a wild ramification point to the genus is, in general, larger than the contribution to the p-rank.

4 Ordinary covers

Suppose that f : Y → X is a G-Galois cover, where G is not a p-group. One might ask whether there exists a formula relating σ(Y ) and σ(X) as in the case of p-group covers. It is easy to see that there cannot be a formula for σ(Y ) in terms of σ(X), the order of G and the ramification indices in general. For example, suppose p ≠ 2 and consider 2-cyclic covers E_λ → P^1, branched at four points 0, 1, ∞, λ. Then σ(E_λ) = 1 except for finitely many λ. Similarly, one can show that the p-rank of étale 2-cyclic covers of a genus two curve X varies with X if p ≠ 2. Hence the p-rank in a family of covers varies with the curve X and the branch points of the cover. A first question to ask is therefore: what happens if X and the branch points are generic? For simplicity, we restrict to the case of étale covers of curves of genus g ≥ 2. For the ramified case, see [1]. Let X_{gen} be the generic curve of genus g, i.e. X_{gen} is the curve corresponding to the geometric generic point of the moduli space M_g ⊗ F_p.

Question 4.1 What is the p-rank of the étale covers of the generic curve X_{gen}?

It turns out that there are many groups G such that some or all the G-covers are ordinary. But for every g there is a nonordinary Galois cover of X_{gen}. It seems that even for the covers of the generic curve there is no easy formula for the p-rank of a cover. In the rest of this section we give examples of ordinary covers of the generic curve. In Lecture 19 the nonordinary covers will be discussed. Showing that a G-cover of the generic curve is ordinary can be translated into solving an embedding problem for π_1(X_{gen}) with kernel an elementary abelian p-group, as was explained in Section 2.

Let G be a finite group. Consider a semistable curve X → Spec R, with geometric generic fiber isomorphic to X_{gen}, over some complete discrete valuation ring R. We want to construct ordinary covers of X_{gen} by constructing ordinary covers of the special fiber X_s which can be lifted to covers Y → X . By Proposition 1.5, this implies that the cover Y_{η̄} → X_{η̄} is ordinary. One can construct such covers as follows. Suppose that X is a Mumford curve. Construct a cover f_s : Y_s → X_s by taking a cover of the dual graph of X_s. The cover constructed in Example 1.4 is a particular case of this construction. Then the normalization of any irreducible component of Y_s has genus zero, so Y_s is ordinary. Moreover, Y_s → X_s is étale, so it can be lifted to a cover f : Y → X and Y_s is ordinary. The following two propositions use a variation on this idea.

Proposition 4.2 Let f : Y → X_{gen} be an étale cover whose Galois group G is abelian. Then Y is ordinary.

Proof. [9], [28], [20]. We sketch the proof. An étale cover of an ordinary curve with Galois group a p-group is ordinary, by Deuring–Shafarevich. Therefore, we may suppose that p ∤ |G|. Let n be an integer such that every element of G is killed by n. Since G is a quotient of π^{ab}_1 (X_{gen}), it follows that G is a quotient of H := (Z/n)^{2g}. Since a quotient of an ordinary curve is ordinary, it suffices to prove the proposition for G = H.

Let X_0 be a chain of g ordinary elliptic curves. There exists a semistable curve X → Spec(R) whose generic fiber is isomorphic to X_{gen} and whose special fiber is isomorphic to X_0. Here R is some equal characteristic p complete discrete valuation ring with algebraically closed residue field.

Let Y → X_{gen} be an étale H-cover. Since the dual graph of X_0 is a tree, Pic^0_{X /R} is an abelian variety (Lecture 3). In other words, the Jacobian of X_{gen} has potentially good reduction. This implies that J(X )[n] is finite and étale over Spec(R). Extend K if necessary, to get the n-torsion defined over R. Then J(X_{η̄})[n] can be identified with J(X_s)[n] = � i E_i[n]. By Kummer theory, we see that the H-cover Y → X_{gen} reduces to an étale cover of Y_0 → X_0. The restriction of this cover to E_i consist of copies of E_i^{·n}→ E_i. In particular, every irreducible component of Y_0 is ordinary, so Y_0 is ordinary. Proposition 1.5 implies that therefore also Y is ordinary. 2

Proposition 4.3 Let G be a group generated by g elements. Then there exists a G-cover of the generic curve X_{gen} of genus g which is ordinary.

Proof. [24]. Let X → Spec(R) be as in the proof of the previous proposition. The special fiber of X consists of a chain of ordinary elliptic curves, call them E_1, . . ., E_g. The fundamental group π_1(E_i) is known; it is isomorphic to Z_p × � ℓ≠p Z 2 ℓ . The fundamental group π_1(X_s) is an amalgamated product of the π_1(E_i). Therefore π_1(X_s) has a free profinite group on g generators as a quotient.

In particular, there exists an étale G-cover Y_0 → X_s. Every irreducible component of Y_0 is an étale cover of one of the E_i, so Y_0 is ordinary. We can deform Y_0 → X_s to a G-cover Y → X . Proposition 1.5 implies that Y_{η̄} is ordinary. 2

Note the difference between the two previous propositions. In case G is generated by g elements we have only constructed some cover of X_{gen} which is ordinary. The result of Proposition 4.3 is up to a certain extend generalized by the following proposition of Raynaud [17]. In this result G is supposed to be a central extension of two abelian groups. Using representation theory, one is reduced to show that the covers of X_{gen} whose Galois group H_n is a central extension of (Z/n)^{2g} by Z/n are ordinary. With a suitable assumption on n, one can show, using an argument similar to the one we have seen in the proof of Proposition 4.3, that there exists some H_n-cover of Z → X_{gen} which is ordinary. One concludes the proof by showing that any H_n-cover of X_{gen} is conjugated by the monodromy to the cover Z → X_{gen}.

Theorem 4.4 Let Y → X_{gen} be an étale G-Galois cover, where G is a central extension of two abelian groups. Suppose that gcd(|G|, g!) = 1. Then Y is ordinary.

Proof. [17]

Irene I. Bouw University of Pennsylvania 209 South 33rd Street Philadelphia, PA 19104, USA bouw@math.upenn.edu

References

[1] I.I. Bouw, Tame covers of curves: p-ranks and fundamental groups. Ph.D. thesis, Utrecht University, February 1998.

[2] C. Chevalley and A. Weil, Über das Verhalten der Integrale erster Gattung bei Automorphismen des Funktionenkörpers, Abh. Math. Sem. Univ. Hamburg 10, 1934, 358–361.

[3] R.M. Crew, Etale p-covers in characteristic p. Comp. Math. 52, 1984, 31–45.

[4] M. Deuring, Automorphismen und Divisorenklassen der Ordnung ℓ in algebraischen Funktionenkörpern. Math. Ann. 113, 1936, 208–215.

[5] D. Harbater, Embedding problems with local conditions. Preprint.

[6] M.L. Madan, On a theorem of M. Deuring and I.R. Šafarevič. Manuscripta Math. 23, 1977, 91–102.

[7] Ju.I. Manin, The Hasse–Witt matrix of an algebraic curve. Amer. Math. Trans. 45, 1965, 245–264.

[8] J.S. Milne, Étale cohomology. Princeton University Press, Princeton, 1980.

[9] S. Nakajima, On generalized Hasse–Witt invariants of an algebraic curve. In: Galois groups and their representations, Nagoya 1981 (ed. Y. Ihara), Advanced Studies in pure Mathematics 2, North-Holland Publishing Company, Amsterdam, 1983, 69–88.

[10] S. Nakajima, Equivariant form of the Deuring–Šafarevič formula for Hasse–Witt invariants.

Math. Z. 190, 1985, 559–566.

[11] F. Oort, Subvarieties of moduli spaces. Invent. Math. 24, 1974, 95–119.

[12] A. Pacheco, K.F. Stevenson, Galois modules and the algebraic fundamental group of projective curves in positive characteristic. To appear in Pacific J. of Math.

[13] M. Raynaud, Spécialisation du foncteur de Picard, IHES Publ. Math. 38, 1970, 27–76. [14] M. Raynaud, Sections des fibrés vectoriels sur une courbe. Bull. Soc. math. France 110, 1982, 103–125.

[15] M. Raynaud, Revêtements de la droite affine en caractéristique p > 0 et conjecture d’Abhyankar. Invent. Math. 116, 1994, 425–462.

[16] M. Raynaud, Mauvaise réduction des courbes et p-rang. C. R. Acad. Sci. Paris 319, Série I, 1994, 1279–1282.

[17] M. Raynaud, Revêtements des courbes en caractéristique p et ordinarité, preliminary version. [18] B. Richter, Über einen Satz von Deuring–Shafarevich–Madan. Abh. Math. Sem. Univ. Hamburg 52, 1982, 232–234.

[19] I.R. Šafarevič, On p-extensions. AMS. Transl. 4, Ser. 2, 1956, 59–72. [20] M. Saïdi, Revêtements modérés et groupe fondamental de graphe de groupes. Comp. Math.

107, 1997, 321–340.

[21] J-P. Serre, Sur la topologie des variétés algébriques en caractéristique p. Symp. Int. Top. Alg.

Mexico, 1958, 24–53. (=Œvres no. 38.)

[22] J-P. Serre, Construction de revêtements étales de la droite affine en caractéristique p. C. R.

Acad. Sci. Paris 311, Série I, 1990, 341–346.

[23] J-P. Serre, Cohomologie Galoisienne, 5^e édition, révisée et complétée. Lecture Notes in Math.

5, Springer-Verlag, Berlin, 1994.

[24] K.F. Stevenson, Conditions related to π_1 of projective curves. J. of Number Theory 69, 1998, 62–79.

[25] D. Subrao, The p-rank of Artin–Schreier curves. Manuscripta Math. 16, 1975, 169–193. [26] N. Suwa, Sur la formule de Deuring–Šafarevič et un résultat de Nakajima. Math. Z. 195, 1987, 13–16.

[27] N. Yui, On the Jacobian varieties of hyperelliptic curves over fields of characteristic p > 2. J.

Alg. 52, 1978, 378–410.

[28] B. Zhang, Revêtements étales abeliens de courbes génériques et ordinarité. Ann. Fac. Sci.

Toulouse Sér. 6, 1992, 133–138.