CONVEXITY INEQUALITIES FOR POSITIVE OPERATORS

MARKUS HAASE

Abstract. We prove pointwise convexity inequalities of the form F (T f) ≤ T [F (f)] where F is a convex function defined on a convex subset of some Banach space X and T is the X-valued extension of a positive operator on some function space. Special examples include the pointwise Hölder inequality T (fg) ≤ (T f^p)^{1p} (T f^q )^{1q} for a positive sublinear operator T . As applications we consider vector-valued conditional expectation and a “real” proof of the Riesz- Thorin theorem for positive (sublinear) operators yielding the optimal constant.

1. Introduction The basic version of the classical Hölder inequality reads ∫ fg dμ ≤ (∫ f^p dμ

) 1_p (∫ g^{p′} dμ

) 1_{p′} (1) where f, g are positive functions on a measure space (Ω, Σ, μ) and 1 < p, p^′ < ∞ is a pair of conjugated exponents, i.e.^1_p +^1_{p′} = 1. One possible proof proceeds in the following way. By elementary calculus one verifies

ab = inf_{t>0} t^p p a^p + t^{−p′} p^′ b^{p′}

for all real numbers a, b ≥ 0. This yields

fg ≤ t^p p f^p + t^{−p′} p^′ g^{p′} (2)

for all t > 0, where this inequality is to be understood in the space M(Ω, μ) of μ-equivalence classes of measurable scalar functions on (Ω, Σ). (See Section 3 for notation.) Integrating gives ∫ fg dμ ≤ t^p p ∫ f^p dμ + t^{−p′} p^′ ∫ g^{p′} dμ

for all t > 0, and taking the infimum with respect to t again we arrive at (1).

This elegant and short proof can be found in [5, p.43], but it does not seem to be so widely known. Unfortunately, one may say, since it reveals a certain scheme, namely a variational approach to integral inequalities. Indeed, also the Minkowski inequality can be proved in the same way, utilizing the identity

(a^{1p} + b^{1p} )^p = inf_{0<t<1} t^{−p}a + (1 − t)^{−p}b.

Date: November 24, 2004.

2000 Mathematics Subject Classification. 39B52,47A50,47B38,47B65.

Key words and phrases. Positive Operator, Pointwise Inequality, Hölder Inequality, Jensen Inequality, Riesz-Thorin Interpolation Theorem.

The author gratefully acknowledges the financial support by the EU-Research Training Network “Evolution Equations for Deterministic and Stochastic Systems”.

Authors address: Scuola Normale Superiore, Piazza dei Cavalieri 7, I - 56126 Pisa. 1

The main idea of this paper is that this method of proof generalizes to positive operators (on spaces of measurable functions) instead of just integrals. The pattern is an inequality of the form

F (T f, T g) ≤ T [F (f, g)]

for some concave, positively homogeneous, and upper semicontinuous function F : R^2_+ −→ [0, ∞), cp. [8, Lemma 1]. This can be seen as a 2-dimensional Jensen-type inequality. Indeed, for T being integration, this is the approach of Bourbaki [2, I.1 & I.2].

As is well-known in convex analysis, by means of epigraphs (see Section 5) one can reduce such inequalities to invariance properties of convex sets (in higher dimensional spaces) of the form: If f(ω) ∈ C for almost all ω ∈ Ω then [T f](ω^′) ∈ C for almost all ω^′ ∈ Ω^′. Our main Theorems 5.3 and 5.4 give Banach space-valued versions of these facts. Before, we have to talk about the canonical extension of positive operators to Banach space-valued function spaces (Section 3) and about characterizing closed convex subsets of separable Banach spaces by countably many linear inequalities (Section 4). Let us stress the fact that if the Banach space is finite-dimensional the operator in question need not be linear.

As applications, in Section 6 we first realize that the construction of the vectorvalued conditional expectation operator as well as the Jensen inequality for it are just instances of our general results. Second, using the Hölder inequality for operators we give an elementary and “real” proof of the Riesz-Thorin Theorem for positive (sublinear and positively homogeneous) operators, yielding the best constant.

2. The Hölder and Minkowski Inequalities for Positive Sublinear Operators

Let (Ω, Σ, μ) and (Ω^′, Σ^′, ν) be measure spaces, which are assumed to be σfinite. By M(Ω, Σ, μ) we denote the space of μ-equivalence classes of real-valued Σmeasurable functions on Ω. When Σ is understood, we just write M(Ω, μ) for it. We will consider a subcone C ⊂ M(Ω, μ)_+ and an operator T : C −→ M(Ω^′, ν)_+ which is monotone, sublinear and positively homogeneous. This means, we require the following properties:

a) If f ≤ g, then T f ≤ T g, b) T (f + g) ≤ T f + T g,

c) T (αf) = αT f, for all f, g ∈ C, α ≥ 0. For such operators, Hölder’s inequality holds.

Proposition 2.1 (Hölder inequality). Let (Ω, Σ, μ) and (Ω^′, Σ^′, ν) be measure spaces, C ⊂ M(Ω, μ)_+ be a subcone and T : C −→ M(Ω^′, ν)_+ be monotone, sublinear and positively homogeneous. If f, g ∈ M(Ω, μ)_+ are such that f^p, g^{p′} and fg are in C then T (fg) ≤ (T f^p)^{1p} (T g^{p′} )^{1p′} in M(Ω^′, ν).

Proof. Repeat the proof given in the Introduction with integration against μ being replaced by the application of T . If one hesitates in taking the infimum over the uncountable family {t ∈ R | t > 0}, just note that one can restrict to positive rationals here. □

Remark 2.2. At least for the linear operators T , this result is well known, cf. [6, Lemma 7.4] (where the proof is a bit less elegant), [5, p.246] and [8, Remark 1]. See [7] for an interesting historical account.

As we have said in the Introduction, we can cast our initial inequality (2) into the form

a^{1p} b^{1p′} = inf_{t>0} ( t^p p a + t^{−p′} p^′ b )

and observe that the function

F : R^2_+ −→ [0, ∞), F (a, b) := a^{1p} b^{1p′}

is concave and positively homogeneous. The Hölder inequality is then equivalent to

T (F (f, g)) ≤ F (T f, T g)

for suitable f, g ∈ M(Ω, μ). Thus we arrive at the following result.

Proposition 2.3 (Jensen inequality). Let F : R^d_+ −→ [0, ∞) be concave, positively homogeneous and upper semicontinuous. Assume that (Ω, Σ, μ) and (Ω^′, Σ^′, ν) be measure spaces, C ⊂ M(Ω, μ)_+ is a subcone and T : C −→ M(Ω^′, ν)_+ is monotone, sublinear and positively homogeneous. If f_1, . . . , f_d ∈ C are such that F (f_1, . . . , f_d) is in C then

T (F (f_1, . . . , f_d)) ≤ F (T f_1, . . . , T f_d)

in M(Ω^′, ν).

Proof. We will show below (see Remark 5.5) that F has a representation

F (x_1, . . . , x_d) = inf_{a∈A} d∑ j=1 a_j x_j

for a certain countable set A ⊂ R^d_+. Then the argument is the same as in the proof of Proposition 2.1. Compare [2, Prop. I.1]. □

As an immediate application we obtain also Minkowski’s inequality.

Corollary 2.4 (Minkowski Inequality). Let (Ω, Σ, μ) and (Ω^′, Σ^′, ν) be measure spaces, C ⊂ M(Ω, μ)_+ be a subcone and T : C −→ M(Ω^′, ν)_+ monotone, sublinear and positively homogeneous, and let 1 ≤ p < ∞. If f, g ∈ M(Ω, μ)_+ are such that f^p, g^p and (f + g)^p are in C then

(T (f + g)^p)^{1p} ≤ (T f^p)^{1p} + (T g^p)^{1p}

in M(Ω^′, ν).

Proof. Apply Proposition 2.3 to the function

F : R^2_+ −→ [0, ∞), F (a, b) = (a^{1p} + b^{1p} )^p = inf_{0<t<1} t^{−p}a + (1 − t)^{−p}b. □ Clearly, the usual Hölder and Minkowski inequalities are corollaries by taking Ω^′ a one-point space. In the following sections we generalize Proposition 2.3 to situations, where R^d is replaced by any Banach space X. Of course there is a straightforward extension of Proposition 2.3 to sequence spaces. However, if a general Banach space is considered, one has to assume the operator T to be linear in order to define a canonical extension to the vector-valued setting. This is the topic of the next secttion.

3. Vector-valued Extensions of Positive Linear Operators

The contents of this section are well-known and only included for the convenience of the reader. Suppose you are given a (σ-finite) measure space (Ω, Σ, μ) and a Banach space X with norm |·|_X . We denote by

St(Ω, Σ, μ; X) := { n∑ j=1 1_{Aj} ⊗ x_j | A_j ∈ Σ, μ(A_j ) < ∞, x_j ∈ X (1 ≤ j ≤ n)}

the space of step functions. Here we have used the notational convention

f ⊗ x := (ω → f(ω)x) : Ω −→ X.

By M(Ω, Σ, μ; X) we denote the vector space of all μ-equivalence classes of all mappings f : Ω −→ X which can be approximated pointwise almost-everywhere by a sequence of step functions. A well-known result of measure theory says that a mapping f : Ω −→ X defines an element of M(Ω, μ, Σ; X) if and only if f is essentially separably-valued and essentially measurable (where X bears its Borel structure), see [4, III.6.10]. If the σ- algebra Σ is understood, we simply write St(Ω, μ; X) and M(Ω, μ; X). If also X = R, we again shorten this to St(Ω, μ) and M(Ω, μ).

There is a natural (F-space) topology on M(Ω, μ; X), namely the topology (locally) in measure. We abbreviate convergence in measure by f_α →_μ f. It is given by f_α →_μ f ⇐⇒ μ(A ∩ {|f_α − f|_X > t}) → 0 ∀ A ∈ Σ, μ(A) < ∞, t > 0,

and can be characterized by convergence pointwise μ-a.e. of subsequences. The space St(Ω, μ; X) of all X-valued step functions is dense in M(Ω, μ; X).

A Banach function space on (Ω, Σ, μ) is a subspace E ⊂ M(Ω, μ) together with a norm ‖·‖_E such that the following holds:

a) E is an ideal, i.e., if |f| ≤ |g| and g ∈ E, then f ∈ E.

b) The norm is a lattice norm, i.e. f, g ∈ E, |f| ≤ |g| implies ‖f‖_E ≤ ‖g‖_E .

c) (E, ‖·‖_E ) is complete and the inclusion mapping E −→ M(Ω, μ) is continuous.

Now, let X be a (real) Banach space with norm |·|_X ). We consider the space ^ E(X) := {f ∈ M(Ω, μ; X) | |f|_X ∈ E}

and the norm ‖f‖_{E(X)} := ‖|f|_X ‖_E thereon. By the ideal property a), this definition

is meaningful and ^E(X) is in fact a space. Moreover, we have E ⊗X ⊂ ^E(X), where E ⊗ X = span{f ⊗ x | f ∈ E, x ∈ X}.

Lemma 3.1. The space ^E(X) is complete under the norm ‖f‖_{E(X)} and the inclu-

sion mapping ^E(X) −→ M(Ω, μ; X) is continuous.

Proof. Let (f_n)_n be a Cauchy sequence in ^E(X), i.e., ‖|f_n − f_m|_X ‖_E → 0. Then, by property c), |f_n − f_m|_X → 0 in measure. Since M(Ω, μ; X) is complete, there is f ∈ M(Ω, μ; X) such that |f_n − f|_X → 0 in measure. Now, one obviously has ||f_n|_X − |f_m|_X | ≤ |f_n − f_m|_X and property b) shows that (|f_n|_X )_n is a Cauchy sequence in E. Since E is assumed to be complete we obtain |f|_X ∈ E by property c). Hence f ∈ ^E(X). Because of ||f_n − f|_X − |f_m − f|_X | ≤ |f_n − f_m|_X and property b), the sequence (|f_n − f|_X )_n is E-Cauchy. From this follows readily ‖f_n − f‖_{E(X)} → 0. □

Remark 3.2. Our definition of Banach function space coincides with the definition of ideal lattice in [5, p. 40]. There it is shown that continuity of the embedding E −→ M(Ω, μ) is automatic from the other hypotheses. Note that sometimes in the literature, the term ’Banach function space’ has a slightly different (but close) meaning.

We will denote by

E(X) := E ⊗ X^{‖·‖E(X)} ⊂ ^E(X) the closure of E ⊗ X with respect to the norm ‖·‖_{E(X)}. By Lemma 3.1, the space E(X) is a Banach space.

Examples 3.3. Let 1 ≤ p < ∞ and set E := L^p(Ω, μ). Then E(X) = ^E(X) = L^p(Ω, μ; X) is the usual Bochner space. In case p = ∞, ^E(X) = L^∞(Ω, μ; X) is the Bochner space whereas the space E(X) in this case is strictly smaller in general.

We now start with a linear and continuous operator T : E −→ M(Ω^′, ν) and consider its well-defined extension T ⊗ I : E ⊗ X −→ M(Ω^′, ν) ⊗ X ⊂ M(Ω^′, ν; X).

By abuse of notation, we will frequently write T instead of T ⊗I. It is an intrigueing question whether T = T ⊗ I is in fact continuous with respect to the norm ‖·‖_{E(X)}. In general, this will depend on the particular choice of T and the Banach space X. However, there are two cases where one has complete information: if X = H is a Hilbert space then there is no restriction on the operator T , and if T is positive there is no restriction on the Banach space X. We are going to prove the latter. Lemma 3.4. Let T be positive. Then |T f|_X ≤ T |f|_X for all f ∈ E ⊗ X. Proof. The mapping f takes values in a separable (in fact: finite-dimensional) space F . Hence there is a countable subset A ⊂ B_X ′ with |x|_X = sup_{a∈A} ⟨a, x⟩ for all x ∈ F . Therefore, one has ⟨a, f⟩ ≤ |f|_X and ⟨a, T f⟩ = T ⟨a, f⟩ ≤ T |f|_X for all a ∈ A. Taking the supremum again yields |T f|_X ≤ T |f|_X . □ By Lemma 3.4, f_n → 0 in E(X) implies T f_n → 0 in M(Ω^′, ν; X). Hence one can extend T = T ⊗ I to the space E(X) to obtain a continuous linear operator T = T ⊗ I : E(X) −→ M(Ω^′, ν; X).

Let (Y, |·|_Y ) be any other Banach space. Each bounded linear mapping S : X −→ Y induces a continuous linear mapping I ⊗ S : M(Ω, μ; X) −→ M(Ω, μ; Y ). (3) which we will also abbreviate by S. By restriction, one obtains a bounded operator S | | : ^

E(X) −→ ^E(Y ). Since clearly S(E ⊗ X) ⊂ E ⊗ Y , a bounded linear operator S : E(X) −→ E(Y ) is induced.

The extensions of T and S commute, i.e.

(T ⊗ I_Y ) ∘ (I_{M(Ω,μ)} ⊗ S) = (I_{M(Ω}′_{,ν)} ⊗ S) ∘ (T ⊗ I_X ). (4) In particular, T commutes with linear functionals x^′ ∈ X^′.

Proposition 3.5. Let E be a Banach function space on the measure space (Ω, μ) and T : E −→ M(Ω^′, ν) positive. Let (X, |·|_X ) a Banach space and denote by T the canonical extension of T ⊗ I_X from E ⊗ X to E(X). Then |T f|_X ≤ T |f|_X for all f ∈ E(X).

Proof. This follows easily from Lemma 3.4 by continuity. However, one could also repeat its proof. □

Let us remark, that the use of Proposition 3.5 could considerably shorten the proof of the “spectral bound equals growth bound”-theorem for positive semigroups on L^p-spaces, given in [1, p.351-355].

4. Closed Convex Sets in Banach Spaces

Note that Proposition 3.5 is of the following type: C := X is a closed convex set in X and F = ‖·‖_X : V −→ R is a convex mapping. If f ∈ E(X) takes its values in C (which is trivially true here) then also T f does so and one has F (T f) ≤ T (F (f)). As already remarked above, this property reduces to an invariance result for closed convex subsets of X × R (see Theorem 5.4). For this we need the well-known fact that closed convex sets in Banach spaces can be described by linear inequalities. However, since we want to take infima pointwise almost everywhere, we need to ensure a countability condition.

Proposition 4.1. Let X be a separable Banach space and C ⊂ X a closed convex subset. Then there is a countable subset A ⊂ X^′ × R such that C = ⋂ (x^′ , b) ∈ A

{x ∈ X | ⟨x^′, x⟩ ≤ b}

Proof. By means of the Hahn-Banach theorem one can find some set Ã ⊂ X^′ × R such that C = ⋂ (x^′ , b) ∈ Ã{x ∈ X | ⟨x

′, x⟩ ≤ b}. Using the following lemma yields the assertion. □

Lemma 4.2. Let X be a separable Banach space and Ã ⊂ X^′. Then there is a countable set A ⊂ Ã which is weak^∗-sequentially dense in Ã.

Proof. One can assume without restriction, that Ã is bounded, i.e. there is r > 0 such that Ã ⊂ {x^′ ∈ X^′ | ‖x^′‖ ≤ r}. By the Banach-Alaoglu theorem, the latter set is compact. But it is also metrizable, since X is separable. Hence Ã is a subset of a second countable metric space whence it is by itself second countable and metric. A fortiori, it has a countable (sequentially) dense subset. □

Corollary 4.3. Let X be a separable Banach space and C ⊂ X a closed convex subset.

a) One has 0 ∈ C if and only if there is a countable subset A ⊂ X^′ × [0, ∞) such that C = ⋂ (x^′ , b) ∈ A

{x ∈ X | ⟨x^′, x⟩ ≤ b}

b) The set C is a cone if and only if there is a countable subset A ⊂ X^′ such that C = ⋂ x^′ ∈ A

{x ∈ X | ⟨x^′, x⟩ ≤ 0}

Proof. This is easy by Proposition 4.1. □

5. The Main Results

Let E ⊂ M(Ω, μ) be a Banach function space, T : E −→ M(Ω^′, ν) a linear, positive, continuous operator, X a real Banach space, and T := T ⊗I_X the canonical extension of T to an operator T : E(X) −→ M(Ω^′, ν; X)) (cp. Section 3).

Definition 5.1. Let E ⊂ M(Ω, μ) be a sublattice. A positive operator T : E −→ M(Ω^′, ν) is called markovian (submarkovian), if one has

f ∈ E, f ≤ b =⇒ T f ≤ b for all (all positive) real numbers b ∈ R.

Here is a more common description of these notions.

Lemma 5.2. Let E ⊂ M(Ω, μ) be a sublattice and T : E −→ M(Ω^′, ν) be a positive operator.

a) The operator T is submarkovian, if and only if the implication

0 ≤ f ≤ 1, f ∈ E =⇒ T f ≤ 1

holds.

b) If 1 ∈ E, then T is markovian if and only if T 1 = 1.

Proof. Ad a). One implication is trivial. For the nontrivial part, take b ≥ 0. Since T is positive, we can assume b > 0, hence b = 1 without restriction. Let f ∈ E, f ≤ 1. Then f = f^+ − f^− and both f^+, f^− ∈ E, since E is a lattice. Clearly 0 ≤ f^+ ≤ 1 and f^− ≥ 0. By hypothesis it follows that 0 ≤ T [f^+] ≤ 1 and T [f^−] ≥ 0, whence T f = T [f^+] − T [f^−] ≤ T [f^+] ≤ 1.

b). Suppose 1 ∈ E and T is markovian. Since 1 ≤ 1 we obtain T 1 ≤ 1. On the other hand, −1 ≤ −1, whence −T 1 = T (−1 ≤ −1. This gives T 1 ≥ 1, and therefore T 1 = 1. Assuming T 1 = 1 and f ≤ b = b1, we use positivity and linearity to infer T f ≤ T (b1) = bT 1 = b1 ≤ b. □

Now we can prove the main result.

Theorem 5.3. Let E ⊂ M(Ω, μ) be a Banach function space, T : E −→ M(Ω^′, ν) a positive, linear, continuous operator. Let X be a Banach space and C ⊂ X a closed convex subset of X. Then the implication

f ∈ E(X), f(ω) ∈ C (μ-almost all ω) =⇒ [T f](ω^′) ∈ C (ν-almost all ω^′)

holds in each of the following cases:

a) C is a cone (and no further restrictions on T ). b) 0 ∈ C and T is submarkovian.

c) T is markovian (and no further restrictions on C).

Proof. Assume a) and take f ∈ E(X) such that f ∈ C μ-a.e.. Since each f is essentially separably-valued, one can assume without restriction that X is separable. Apply Corollary 4.3 and find a countable set A ⊂ X^′ with x ∈ C ⇔ ⟨x^′, x⟩ ≤ 0 for all x^′ ∈ A. Hence we have ⟨x^′, f⟩ ≤ 0 and therefore, by (4) and the positivity of T , also ⟨x^′, T f⟩ = T ⟨x^′, f⟩ ≤ 0 for all x^′ ∈ A. Since A is countable, this implies T f ∈ C ν-a.e..

The proof in the other cases b) and c) is essentially the same. The properties required for T in each case ensure that the linear relations ⟨x^′, f⟩ ≤ b which describe C are preserved by T . □

By turning to the so-called epigraph

epi(F ) := {(x, t) | x ∈ C, F (x) ≤ t} ⊂ X ⊕ R (5)

of a convex mapping F , we obtain the following.

Theorem 5.4. Let the assumptions be as in Theorem 5.3. Let F : C −→ R be a mapping which is convex and lower semicontinuous. Then the implication

f ∈ E(X), f(ω) ∈ C (μ-almost all ω), F (f) ∈ E =⇒ F (T f) ≤ T [F (f)]

holds in each of the following cases:

a) C is a cone, F is positively homogeneous (and no further restrictions on the operator T ).

b) 0 ∈ C, F (0) ≤ 0 and T is submarkovian.

c) T is markovian (and no further restrictions on C or F ).

Proof. Consider the epigraph epi(F ) of F , see (5). Since F is lower semicontinuous and convex, epi(F ) is a closed convex subset of X ⊕ R. In case b), 0 ∈ epi(F ) and in case a), epi(F ) is even a cone. Hence we can apply Theorem 5.3 to the closed convex set epi(F ). Namely, if we start with f ∈ E(X), f ∈ C (μ-a.e.), F (f) ∈ E we see that g := (f, F (f)) ∈ E(X ⊕ R) and g ∈ epi(F ) (μ-a.e.). By Theorem 5.3 we obtain (T f, T [F (f)]) = T g ∈ epi(F ) (ν-a.e.) which means F (T f) ≤ T [F (f)]. □

Remark 5.5. Although concealed, the proof of Theorem 5.4 is essentially the same as the proof of Hölder’s ineequality 2.1. Namely, let C and F be as in the hypotheses of Theorem 5.4. Then one has epi(F ) = ⋂ (x^′,r,b)∈A

{(x, t) | ⟨x^′, x⟩ + rt ≤ b}

for some subset A ⊂ X^′ ×R×R which can be chosen countable when X is separable. One can conclude from this that F (x) = sup_{(x′,b)∈B} ⟨x^′, x⟩ − b (x ∈ C).

for a certain subset B ⊂ X^′ ×R wich can be chosen to be countable if X is separable. In case a) all b = 0, and in case b) all b ≥ 0. Now the proof of Proposition 2.1 can be transferred to this situation.

6. Applications and Remarks 6.1. Vector-Valued Conditional Expectation. Let (Ω, Σ, P) be a probability space and F ⊂ Σ a sub-σ-algebra. The associated conditional expectation operator T := E(·| F) : L^1(Ω, Σ, P) −→ L^1(Ω, F, P) is a positive, linear, and markovian operator. If X is any Banach space, as we have seen in Section 3, this operator has a natural extension to an X-valued analogue T := E(·| F) : L^1(Ω, Σ, P; X) −→ L^1(Ω, F, P; X).

For each f ∈ L^1(Ω, Σ, P; X), the function T f is is characterized by the properties

T f ∈ L^1(Ω, F, P; X), and ∫ A f dP = ∫ A T f dP, (A ∈ F).

Our approach shows that the ad hoc constructions prevalent in the literature can be replaced by a general scheme. Moreover, applying Theorem 5.4 to this special case also yields the Jensen Inequality for (scalar- and vector-valued) conditional expectations. Compare [3, Chapter V.1].

6.2. The Riesz-Thorin Theorem. Recall the setting of the Riesz-Thorin Interpolation Theorem (for positive operators). Namely, assume one is given measure spaces (Ω, μ) and (Ω^′, ν) and a positive linear operator T : St(Ω, μ; R) −→ M(Ω^′, ν; R) which satisfies the inequalities ‖T f‖_{q0} ≤ M_0 ‖f‖_{p0} , ‖T f‖_{q1} ≤ M_1 ‖f‖_{p1} for all f ∈ St(Ω, μ). Here 1 ≤ p_k, q_k ≤ ∞ for k = 0, 1 are arbitrary exponents and M_0, M_1 are positive constants.

Result: In the situation above, let θ ∈ (0, 1) and define 1 ≤ p, q ≤ ∞ by 1 p = 1 − θ p_0 + θ p_1 and 1 q = 1 − θ q_0 + θ q_1 . Then ‖T f‖_q ≤ M^{1−θ}_0 M^θ_1 ‖f‖_p for all f ∈ St(Ω, μ).

Proof. By the usual Liapunov inequality one can assume p_0 ≠ p_1, and obviously the assumption p_0 ≤ p_1 is not a restriction. Define 1 < r < ∞ and 1 ≤ s, l ≤ ∞ by 1 r := θ, 1 s = (1 − θ)p

p_0 , 1 l = (1 − θ)q q_0 . Then^1_{r′} = 1 − θ,^1_{s′} =^{θp}_{p1} and^1_{l′} =^{θq}_{q1} . (We will use the pair (l, l^′) only when q < ∞ in which case the definition makes sense.)

To prove the assertion, by |T f| ≤ T |f| one can restrict to positive f. Then we can apply the Hölder inequality to obtain

T f = T (f^1s^′ f^{1s} ) ≤ (T f^{r′}s^′ )^1r^′ (T f^{rs} )^{1r} = (T f^{pp}1 )^θ (T f^{pp}0 )^{1−θ}. (6) In the case q_0 = q = q_1 = ∞ and p_1 < ∞ we can continue ≤ ( M_1 (∫ (f^{pp}1 )^{p1}

) 1_{p1} )^θ ( M_0 (∫ (f^{pp}0 )^{p0}

) 1_{p0} )^{1−θ} = M^θ_1 M^{1−θ}_0 (∫ f^p

) 1_p

which is what we wanted. If p_1 = ∞, obvious modifications to this argument also yield the desired estimate.

Now, let us assume that q_0, q_1, p_1 < ∞. Then we conclude from (6) by means of the Hölder inequality for integrals that ∫ [T f]^q ≤ ∫ (T f^{pp1} )^{qθ} (T f^{pp0} )^{q(1−θ)} ≤ (∫ (T f^{pp1} )^{qθl′}

) 1_{l′} (∫ (T f^{pp0} )^{q(1−θ)l}

) 1_l

= (∫ (T f^{pp1} )^{q1}

) 1_{l′} (∫ (T f^{pp0} )^{q0}

) 1_l

≤ M q1 l′ 1 M^{q0l}_0 (∫ f^p

)^q1_{p1l′} (∫ f^p

)^q0_{pl} = M^{qθ}_1 M^{q(1−θ)}_0 (∫ f^p

)^q_p . Again, if one of the exponents p_1, q_0, q_1 equals infinity, obvious changes of the above computations have to be made. □

Remark 6.1. We note that in order to prove the result we do not actually need T to be linear nor that T is defined on step functions only. More precisely, T might be defined on a vector sublattice E of M(Ω, μ), with the following properties 0 ≤ f ≤ g → T f ≤ T g, |T (f + g)| ≤ T |f| + T |g| , T (αf) = αT f for all f, g ∈ E, α > 0. Such an operator may arise as a maximal operator T f := sup_n T_n |f| for a set of linear positive operators T_n.

Of course, the linear version of the Riesz-Thorin theorem given here is by no means new. In fact, it follows from the usual (complex) Riesz-Thorin theorem by complexification. The inequality |T f| ≤ T |f| (which is Lemma 3.4 of course) ensures that the constants M_0, M_1 do not change during this process. However it seems interesting that one can give a totally “real” proof when the operator T is positive. Krengel in [6, p.65] notes the special case of p_0 = q_0 = ∞, p_1 = q_1 = 1. The same can be found in Schaefer [9, Prop. V.8.2] (“The Little Riesz Theorem”) with a much more involved proof using the Stone representation space. For general indices p_0 = q_0, q_1 = p_1, the proof is implicit in [5, p.246]. However, the “sublinear version” (cf. Remark 6.1) may be new.

References

[1] Wolfgang Arendt, Charles J.K. Batty, Matthias Hieber, and Frank Neubrander. Vector- Valued Laplace Transforms and Cauchy Problems. Monographs in Mathematics. 96. Basel: Birkhäuser. xi, 523 p., 2001.

[2] N. Bourbaki. Éléments de mathématique. Fasc. XIII. Livre VI: Intégration. Chapitres 1, 2, 3 et 4: Inégalités de convexité, Espaces de Riesz, Mesures sur les espaces localement compacts, Prolongement d’une mesure, Espaces L^p. Deuxième édition revue et augmentée. Actualités Scientifiques et Industrielles, No. 1175. Hermann, Paris, 1965.

[3] J. Diestel and J.J.jun. Uhl. Vector Measures. Mathematical Surveys. No.15. Providence, R.I.:

American Mathematical Society. XIII, 322 p. , 1977.

[4] Nelson Dunford and Jacob T. Schwartz. Linear Operators. I. General Theory. (Pure and Applied Mathematics. Vol. 6) New York and London: Interscience Publishers. XIV, 858 p. , 1958.

[5] S. G. Kreĭn, Yu. Ī. Petunīn, and E. M. Semënov. Interpolation of linear operators, volume 54 of Translations of Mathematical Monographs. American Mathematical Society, Providence, R.I., 1982. Translated from the Russian by J. Szűcs.

[6] Ulrich Krengel. Ergodic theorems, volume 6 of de Gruyter Studies in Mathematics. Walter de Gruyter & Co., Berlin, 1985. With a supplement by Antoine Brunel.

[7] Lech Maligranda. Why Hölder’s inequality should be called Rogers’ inequality. Math. Inequal.

Appl., 1(1):69–83, 1998.

[8] Lech Maligranda. Positive bilinear operators in Calderón-Lozanovskiĭ spaces. Arch. Math.

(Basel), 81(1):26–37, 2003.

[9] Helmut H. Schaefer. Banach Lattices and Positive Operators. Die Grundlehren der mathematischen Wissenschaften. Band 215. Berlin-Heidelberg-New York: Springer-Verlag. XI, 376 p. , 1974.

Markus Haase, Scuola Normale Superiore, Piazza dei Cavalieri 7, I - 56126 Pisa E-mail address: haase@mathematik.uni-ulm.de