
OPERATOR-VALUED H∞-CALCULUS IN INTER- AND
EXTRAPOLATION SPACES

MARKUS HAASE

Abstract. We generalize a Hilbert space result by Auscher, McIntosh and
Nahmod to arbitrary Banach spaces X and to not densely defined injective sec-
torial operators A. A convenient tool proves to be a certain universal extra-
polation space associated with A. We characterize the real interpolation space
(X,D(Aα) ∩ R(Aα))θ,p as

{x ∈ X | t−θ Re αψ1(tA)x, tθ Re αψ2(tA)x ∈ Lp
∗((0,∞);X)}

for a wide range of holomorphic functions ψ1, ψ2 and show that in this space
the operator A has a bounded operator-valued H∞-functional calculus which is
even R-bounded in case p <∞. This generalizes results of Dore, Clément and
Prüss. Consequences are a Da Prato-Grisvard theorem for injective commuting
sectorial operators A,B and an adjoint-free proof of McIntosh’s theorem. Finally,
we investigate the functional calculus properties for non-invertible operators A on
the spaces (X,D(Aα))θ,p.

1. Introduction

Sectorial operators as a natural abstraction of elliptic partial differential opera-
tors have been subject to intense research since the 1950’s. In 1975, Da Prato and
Grisvard discovered the fact that with respect to “abstract maximal regularity”
the behaviour of a sectorial operator A improves when one considers its part in some
real interpolation space associated with A (see [5]). The two papers [7] and [8] of
Dore showed that also the properties of A with respect to its functional calculus
improve in the real interpolation spaces. Indeed, Dore proved that an injective
sectorial operator A always has a bounded (scalar) H∞-functional calculus in the
spaces (X,D(A) ∩ R(A))θ,p, where θ ∈ (0, 1), p ∈ [1,∞]. Kalton and Weis have
shown in [16] that also the abstract maximal regularity question of Da Prato and
Grisvard can be reduced to a question about the functional calculus for A. And in
fact, Clément and Prüss in [4] generalized Dore’s results to the operator-valued
calculus and obtain in this way the original Da Prato-Grisvard theorem from [5].
Hence these results may justify the following heuristic conclusion:

1) The functional calculus properties of a sectorial operator A improve in real
interpolation spaces associated with A.

Parallel to the development sketched above, McIntosh and his collaborators in-
vestigated the functional calculus for injective sectorial operators on Hilbert spaces.
His famous theorem in [21] states roughly that the boundedness of the imaginary
powers of A already implies the boundedness of the H∞-calculus. However, when
looking at this result in more detail it is actually composed of two statements:
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a) For any injective sectorial operator A on H the norms of the form

‖ψ(tA)x‖L2
∗((0,∞);H) =

[∫ ∞

0

‖ψ(t)x‖2H
dt

t

] 1
2

(1)

are all equivalent and the H∞-calculus for A on the spaces determined by
these norms is bounded.

b) If A ∈ BIP(H) then the norm of H is equivalent to a norm of the form (1).

Later, Auscher, McIntosh and Nahmod showed in [1] that the spaces given by
the norms (1) are actually real interpolation spaces between the so-called homoge-
neous spaces Ḋ := (D(A), ‖Ax‖)∼ and Ṙ := (R(A),

∥∥A−1x
∥∥)∼. By inspection of

their arguments one realizes that the result does not depend on the Hilbert space
structure nor on the L2-norm in (1). One therefore is able to formulate another
two heuristic principles:

2) The functional calculus properties of a sectorial operator A on a Banach space
X improve in spaces which are determined by norms of the form

‖tσψ(tA)x‖Lp
∗((0,∞);X) . (2)

3) These spaces are actually real interpolation spaces.

Principle 2) and 3) combined gives evidence to 1).
In this paper we want to specify 1), 2), and 3) to some extent, thereby extending

and generalizing all the results mentioned above. In particular, we will even obtain
an an R-bounded operator-valued functional calculus (see Section 3 for definition).
This will lead to R-boundedness versions of the above results of Dore, Clément,
and Prüss (Theorem 6.4, Theorem 6.5.) The moral of our considerations can be
formulated in the following heuristic principle:

4) In general, an injective sectorial operator A has best functional calculus prop-
erties within (X,D(Aα)∩R(Aβ))θ,p, (where α, β ≥ 0) if and only if α = β > 0.

This means that A and A−1 must have their share in the interpolation on equal
parts. We give an example for the fact that in the spaces (X,D(Aα))θ,p the operator
A neither need not be R-sectorial nor have a bounded H∞-calculus (Example 6.7).
(This result should be compared with the statements in [4].)

As a consequence we obtain a Da Prato-Grisvard theorem for pairs of commuting
operators A,B where none of the two operators has to be invertible. Also we can
give a proof of the full McIntosh theorem (both a) and b)) without using adjoints.

A central feature of our results is that we do not suppose a sectorial operator
to be densely defined nor have dense range. This makes it unhandy to define the
homogeneous spaces (denoted by X(α)) as completions (D(Aα), ‖Aαx‖X)∼ like in
[17, Appendix E]. Instead, we introduce an array of extrapolation spaces, contained
in some kind of universal extrapolation space U . This array and the universal space
are obtained by the iteration of an abstract extrapolation procedure (not based on
completions) which was introduced first in [10]. The main advantage in using the
universal space U lies in the fact that all operators f(A) defined by the functional
calculus for A extend to fully defined operators on U . That is, all problems with
domains of the unbounded operators f(A) vanish within U . Since our primary
interest is not on extrapolation, we postpone the construction to an Appendix at
the end of the paper.

The paper is organized as follows. In Section 2 we define what we mean by a
sectorial operator, we introduce some classes of holomorphic functions on sectors
and construct the functional calculus. We then list the properties of the functional
calculus used in the rest of the paper.
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In Section 3 we introduce R-boundedness and prove the fundamental Theorem
3.4 (see also Corollary 3.5). It rests on an integral triangle inequality for R-bounds
(Proposition 3.3).

In Section 4 we define (within the array of extrapolation spaces constructed in
the Appendix) certain spaces Xθ,ψ,p, with θ ∈ (0, 1), p ∈ [1,∞] and the function
ψ being parameters. We then prove the fundamental fact that these spaces are
actually independent of the chosen function ψ (Theorem 4.3). After this, in Section
5 we identify the spaces Xθ,ψ,p with certain interpolation spaces between the ho-
mogeneous fractional domain spaces (Theorem 5.2). Sections 4 and 5 are directly
inspired by [1].

Section 6 contains the main results of the paper. We start with a particularly nice
description of the “vertical” spaces (X,D(Aα) ∩ R(Aα))θ,p in terms of functional
calculus (Theorem 6.3). It is identical with the space

{x ∈ X | t−θReαψ1(tA)x, tθReαψ2(tA)x ∈ Lp
∗((0,∞);X)}

with equivalence of norms

‖x‖(X,D(Aα)∩R(Aα))θ,p
∼

∥∥t−θReαψ1(tA)x
∥∥
Lp

∗((0,∞);X)
+

∥∥tθReαψ2(tA)x
∥∥
Lp

∗((0,∞);X)

(for a wide range of functions ψ1, ψ2). This description is obtained by using certain
abstract interpolation identities (from [12]) which allow to transfer results from the
“horizontal” interpolation spaces (X(α), X(β))θ,p to the vertical ones (see Lemma
6.1).

Next, we present our main results on boundedness and R-boundedness of the
operator-valuedH∞-calculus for injective sectorial operators on interpolation spaces
(Theorems 6.4, 6.5 and Corollary 6.9). As a consequence we obtain the “R-
sectoriality” of the induced operator within these spaces (Corollary 6.6). We then
show in Example 6.7 that there is an injective, unbounded operator A on a Hilbert
space such that in no space (X,D(A))θ,p the H∞-calculus is bounded.

In Section 7 we examine the spaces (X,D(Aα))θ,p. In [11] it was shown that they
are characterized as

(X,D(Aα))θ,p = {x ∈ X | t−θReα ‖ψ(tA)x‖X ∈ Lp
∗(0,∞)}

with equivalence of norms

‖x‖(X,D(Aα))θ,p
∼ ‖x‖X +

∥∥t−θReαψ(tA)x
∥∥
Lp

∗((0,∞);X)

if Reα > 0, θ ∈ (0, 1), p ∈ [1,∞], and ψ is a function on a sector with certain
properties (see Proposition 7.1). Since the norm of (X,D(Aα))θ,p depends on the
X-norm, one cannot expect best functional calculus properties (Example 6.7). How-
ever, there are some positive results, showing an “improvement at ∞” (Theorems
7.3 and 7.4).

In Section 8 we come back to the Da Prato-Grisvard result and obtain a version
with merely injective operators involved. We then recover McIntosh’s theorem (both
parts a) and b)) on Hilbert spaces with a proof avoiding the use of adjoints. The
moral is that McIntosh’s result is a consequence of Dore’s and some facts about
complex interpolation spaces.

Finally, in the Appendix we present the abstract extrapolation construction and
its application to injective sectorial operators.

Here are some definitions and notational conventions. For any open set Ω ⊂ C
we denote by O(Ω) (H∞(Ω)) the space of all holomorphic (bounded holomorphic)
functions on Ω. The function z 7→ z is abbreviated simply by z. For f ∈ H∞(Ω)
we define

‖f‖Ω := ‖f‖∞,Ω = sup{|f(z)| | z ∈ Ω}.
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On Ω = C \ (−∞, 0] we consider the functions zα := eα log z where log z denotes the
principal part of the logarithm.

For 0 ≤ ω ≤ π let

Sω :=

{
{z ∈ C | z 6= 0 and |arg z| < ω}, 0 < ω ≤ π,

(0,∞), ω = 0.

Hence if ω > 0, Sω denotes the open sector symmetric with respect to the positive
real axis with opening angle ω.

For an operator A on a Banach space X, we denote by D(A) its domain
and by R(A) its range. We denote by L(X) the set of all bounded, fully de-
fined operators on X. The resolvent set %(A) of A is defined as %(A) := {λ ∈
C | λ− A is injective and (λ− A)−1 ∈ L(X)}, and we write R(λ,A) := (λ− A)−1

for the resolvent of A. The set σ(A) := C \ %(A) is the spectrum of A. One may
consult [9, Chapter IV] for other notations and the basic results from spectral the-
ory for unbounded operators. If A and B are any operators on X we define their
product BA as (BA)x := B(Ax) for x ∈ D(BA) := {x ∈ D(A) | Ax ∈ D(B)}.

Let (a, b) ⊂ (0,∞) and 1 ≤ p ≤ ∞. We denote by Lp
∗((a, b);X) the Bochner

space of (equivalence classes of) X-valued functions wich are in Lp with respect to
the measure dt

t . If X = C, we simply write Lp
∗(a, b). The positive real coordinate

(t 7→ t) is abbreviated simply by t.

2. Basic Functional Calculus Facts

Let A be a sectorial operator on a Banach space X. By this we mean that
(−∞, 0) ⊂ %(A) and

M(A) := sup
t>0

∥∥t(t+A)−1
∥∥ <∞.

Note that we do not assume A to be densely defined or to have dense range. As is
well known, if A is sectorial we can find ω ∈ [0, π) such that

σ(A) ⊂ Sω and M(A,ω′) := sup
{
‖λR(λ,A)‖ | λ /∈ Sω′

}
<∞

for each ω′ ∈ (ω, π]. We will write A ∈ Sect(ω) for this. The minimum of all such ω
is called the spectral angle of A and is denoted by ωA. If in addition A is injective,
one has the identity

λ(λ+A−1)−1 = I − 1
λ

(
1
λ

+A

)−1

(0 6= λ ∈ −%(A)).

which shows that the operator A−1 with domain D(A−1) = R(A) is likewise sectorial
with ωA = ωA−1 . The basic facts on sectorial operators and the standard examples
can be found [20, Chapter 1].

We will now briefly review the construction of and basic results for the (un-
bounded) functional calculus for sectorial operators, initiated by McIntosh in [21]
on Hilbert spaces. However, from the beginning on we will deal with operator-valued
functions.

Let A ∈ Sect(ω) be any (not necessarily injective) sectorial operator. We denote
by

CA := {T ∈ L(X) | TA ⊂ AT}

the set of bounded operators T on X which commute with A. Equivalently, a
bounded operator T ∈ L(X) is a member of CA if and only if the graph of A is
invariant under T ⊕ T if and only if TR(λ,A) = R(λ,A)T for one/all λ ∈ %(A).
One easily sees that CA is a subalgebra of L(X) which is closed even in the weak
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operator topology. In particular, it is norm closed. For 0 < ϕ < π we define the
algebras

H∞
0 (Sϕ, CA) :=

{
f ∈ O(Sϕ, CA) | ∃C, s > 0 :

|f(z)| ≤ Cmin(|z|s , |z|−s), z ∈ Sϕ
}

E(Sϕ, CA) := H∞
0 (Sϕ, CA) ⊕ (1 + z)−1 ⊗ CA ⊕ CA,

A(Sϕ, CA) :=
{
f ∈ O(Sϕ, CA) | ∃n ∈ N : (1 + z)−nf(z) ∈ E(Sϕ, CA)

}
B(Sϕ, CA) :=

{
f ∈ O(Sϕ, CA) | ∃C, s > 0 :

|f(z)| ≤ Cmax(|z|s , |z|−s), z ∈ Sϕ
}
.

A function f ∈ O(Sϕ, CA) is in E(Sϕ, CA) if and only if it is bounded, has limits
within CA at {0,∞} and these limits are approached “polynomially fast”. For A we
allow polynomial growth at ∞ but a polynomially approached limit at 0. Finally,
for B we allow polynomial growth at {0,∞}. We write simply H∞

0 (Sϕ), E(Sϕ),
A(Sϕ), and B(Sϕ for the corresponding spaces of scalar-valued functions. Note
that the algebra B(Sϕ, CA) is non-commutative, but that B(Sϕ) is in the center of
that algebra.

Let A ∈ Sect(ω) on the Banach space X. For f ∈ H∞
0 (Sϕ, CA) with ϕ ∈ (ω, π)

we define
f(A) := Φ(f) :=

1
2πi

∫
Γ

f(z)R(z,A) dz ∈ L(X)

where Γ = ∂Sω′ is oriented in the positive sense and ω′ ∈ (ω, ϕ). Cauchy’s theorem
shows that the actual choice of ω′ is irrelevant and employing the resolvent identity
one sees that

Φ := (f 7→ f(A)) : H∞
0 (Sϕ, CA) −→ CA ⊂ L(X)

is a homomorphism of algebras. Moreover, one has Φ((1+z)−1f) = (1+A)−1f(A) =
f(A)(1 +A)−1 for every f ∈ H∞

0 (Sϕ, CA), and defining τ(z) := z(1 + z)−2, one has
τ(A) = A(1 + A)−2. This enables one to extend the mapping Φ to the algebra
E(Sϕ, CA) by defining

f(A) := Φ(f) = ψ(A) +B(1 +A)−1 + C

where f = ψ + B(1 + z)−1 + C and ψ ∈ H∞
0 (Sϕ, CA). In this way we obtain an

algebra homomorphism

Φ := (f 7→ f(A)) : E(Sϕ, CA) −→ CA .
Clearly, the commutative law

f(A)g(A) = g(A)f(A)

will not hold in general. However, it holds if f and g commute pointwise, in partic-
ular if f is scalar valued.

We now extend this “elementary” functional calculus to the algebra A(Sϕ, CA)
by defining

f(A) := (1 +A)n((1 + z)−nf)(A) (f ∈ A(Sϕ, CA))

with its natural domain where n ∈ N is large enough to ensure (1 + z)−nf ∈ E .
If moreover A is injective one can extend even to the class B(Sϕ, CA) by defining

f(A) := τ(A)−n(τnf)(A) (f ∈ B(Sϕ, CA))

with its natural domain, where n ∈ N is large enough to ensure τnf ∈ H∞
0 . Note

that by natural domain we mean

D(f(A)) := {x ∈ X | (τnf)(A)x ∈ R(τ(A)n)} (3)

(cp. the definition of the product of unbounded operators, given at the end of
Section 1).
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Now observe that for Reα > 0 the function zα is in A(Sϕ) for each ϕ ∈ (0, π).
Hence we obtain the fractional powers Aα := (zα)(A) for Reα > 0 and every
sectorial operator A.

If A is injective, one can even define Aα := (zα)(A) for all α ∈ C, since the
functions zα are all contained in B(Sϕ) for each ϕ ∈ (0, π).

All details of the extension procedure and the basic properties of the so defined
functional calculus can be found in [13] or [14]. (Although only scalar valued func-
tions are considered there, the results generalize to the operator-valued setting after
the obvious modifications.)

We now gather (without proofs) some facts about the functional calculus which
we have occasion to use in the sequel. Let us introduce the notation ft(z) := f(tz)
for f ∈ O[Sω] and t > 0. Clearly ψt ∈ H∞

0 (Sω′) if ψ ∈ H∞
0 (Sω′). By a simple

change of variables in the defining Cauchy-integral, we obtain ft(A) = f(tA) for all
t > 0.

Lemma 2.1. Let A ∈ Sect(ω), ϕ ∈ (ω, π), f ∈ E(Sϕ). Then the function (t 7→
f(tA)) : (0,∞) −→ L(X) is continuous and

Cf := sup
t>0

‖f(tA)‖ <∞.

The easy proof can be found in [11, Lemma 4]. See also Corollary 3.6 below for
a similar result.

Lemma 2.2. Let A ∈ Sect(ω), ϕ ∈ (ω, π), and ψ, θ ∈ H∞
0 (Sϕ). Then

sup
t>0

∫ ∞

0

‖θ(tA)ψ(rA)‖ dr
r

< ∞.

A proof is given in [21]. The proof of the next Lemma can be found in [11,
Lemma 6].

Lemma 2.3. Let ψ ∈ H∞
0 (Sϕ) and define

h(z) :=
∫ 1

0

ψ(sz)
ds

s
and g(z) :=

∫ ∞

1

ψ(sz)
ds

s
(z ∈ Sϕ).

Then

g(z) + h(z) =
∫ ∞

0

ψ(t)
dt

t

is constant on Sϕ and g, h ∈ E(Sϕ) with h(0) = g(∞) = 0. More precisely, if for
some α > 0 the function ψz−α is bounded, so is hz−α, and if ψzα is bounded, so is
gzα. If x ∈ X is such that ‖ψ(tA)x‖X ∈ L1

∗(0, 1) then

h(A)x =
∫ 1

0

ψ(sA)x
ds

s
.

If x ∈ X is such that ‖ψ(tA)x‖X ∈ L1
∗(1,∞) and A is injective then

g(A)x =
∫ ∞

1

ψ(sA)x
ds

s
.

Note that the last statement of Lemma 2.3 is not true if A is not injective.

Lemma 2.4. Let 0 6= ψ ∈ E(Sϕ) and α ∈ C. Then there is f ∈ H∞
0 (Sϕ) such that∫ ∞

0

(fψ)(sz)
ds

s
= 1 (z ∈ Sϕ)

and zαf ∈ H∞
0 (Sϕ).

For the proof we refer to [11, Lemma 7].
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3. Preliminaries on R-boundedness

This section is to provide a concept which was made explicit for the first time in
[3].

Definition 3.1. Let X,Y be Banach spaces and T be a set of operators in L(X,Y )
The set T is called R–bounded if there is a constant C such that for all finite sets
J ⊂ N and sequences (Tj)j∈J ⊂ T and (xj)j∈J ⊂ X one has

E
∥∥∥∑

j∈J
εjTjxj

∥∥∥
Y
≤ C E

∥∥∥∑
j∈J

εjxj

∥∥∥
X
, (4)

where (εn)n∈N is a sequence of independent symmetric {1,−1}-valued random
variables on some probability space, e.g., the Rademacher functions εn(t) :=
sgn sin(2nπt) on [0, 1]. The infimum of all such constants C is called the R–bound
of the set T , and is denoted by

[[
T

]]R
X→Y .

If the reference to the spaces is clear, we simply write
[[
T

]]R for the R-bound.

Also we use the notation
[[
T

]]R
< ∞ to denote the fact that the set T is R-

bounded.

Remarks 3.2. 1) By Kahane’s inequality [6, 11.1] one obtains an equivalent
definition when instead of (4) one requires the inequality(

E
∥∥∥∑

j∈J
εjTjxj

∥∥∥p
Y

) 1
p

≤ C

(
E

∥∥∥∑
j∈J

εjxj

∥∥∥p
X

) 1
p

for a fixed p ∈ (1,∞) (cf., e.g., [17]). Of course, the actual R-bound changes
with different values of p.

2) The so-called Kahane’s contraction principle states that for each c > 0 the set
{zI | |z| ≤ c} is R-bounded in L(X) with R-bound ≤ 2c. (One can remove
the 2 if only real scalars are considered, see [17, Prop. 2.5].)

3) R–boundedness of T in L(X) implies uniform boundedness of T in L(X), but
the converse holds only in Hilbert spaces. However, if X has cotype 2 and Y
has type 2, then the R–boundedness and boundedness of T in L(X,Y ) are
equivalent. These geometric conditions on X and Y cannot be weakened, see
[10, Example 6.13].

The relevance of the notion of R-boundedness in connection with the functional
calculus is explained in detail in [17]. There one can find also further properties
and historical remarks.

We will need the following result which is a triangle inequality for R-bounds.

Proposition 3.3. Let (Ω, µ) be any measure space, X,Y Banach spaces. For a
strongly measurable function f : Ω −→ L(X,Y ) which satisfies

∫
Ω
‖f(ω)x‖ µ(dω) <

∞ for all x ∈ X we consider the operator

Tf :=
(
x 7−→

∫
Ω

f(ω)xµ(dω)
)

: X −→ Y.

Let (T ω)ω∈Ω ⊂ L(X,Y ) be a family of R-bounded sets such that[[
T ω

]]R
X→Y ≤ g(ω) (ω ∈ Ω)

where 0 ≤ g ∈ L1(Ω, µ). Then[[
Tf | f(ω) ∈ T ω (∀ω ∈ Ω)

]]R
X→Y ≤

∫
Ω

g dµ < ∞.
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Proof. Choose a finite subset J ⊂ N and for each j ∈ J vectors xj ∈ X and strongly
measurable functions fj : Ω −→ L(X,Y ) such that fj(ω) ∈ T ω for all ω ∈ Ω. Then

E
∥∥∥∑

j∈J
εjTfjxj

∥∥∥ = E
∥∥∥∥∑

j∈J
εj

∫
Ω

fj(ω)xj µ(dω)
∥∥∥∥

≤ E
∫

Ω

∥∥∥∑
j∈J

εjfj(ω)xj
∥∥∥ µ(dω) =

∫
Ω

E
∥∥∥∑

j∈J
εjfj(ω)xj

∥∥∥ µ(dω)

≤
∫

Ω

g(ω) E
∥∥∥∑

j∈J
εjxj

∥∥∥ µ(dω) =
∫

Ω

g(ω)µ(dω) E
∥∥∥∑

j∈J
εjxj

∥∥∥
whence the assertion is proved. �

For the main result of this section we recall the notation ft(z) := f(tz) which we
have introduced at the end of Section 2.

Theorem 3.4. Let A ∈ Sect(ω) on the Banach space X, ϕ ∈ (ω, π), and ψ ∈
H∞

0 (Sϕ, CA). Assume that (T z)z∈Sϕ ⊂ CA is a family of R-bounded sets with

supz∈Sϕ
[[
T z

]]R
<∞. Then for each t > 0 the collection

T t,ψ := {(fψt)(A) | f ∈ O(Sϕ, CA) and f(z) ∈ T z for all z ∈ Sϕ}
is R-bounded in L(X) with

sup
t>0

[[
T t,ψ

]]R ≤M(A,ϕ) c(ψ) sup
z∈Sϕ

[[
T z

]]R
< ∞

with a constant c(ψ) depending only on ψ.

Proof. Define

c := sup
z∈Sϕ

[[
T z

]]R and c(ψ) := sup
ω′∈(ω,ϕ)

1
2π

∫
∂Sω′

‖ψ(z)‖ |dz|
|z|

.

Now fix ω′ ∈ (ω, ϕ) and note that

1
2π

∫
∂Sω′

‖ψ(tz)R(z,A)‖ |dz| ≤ M(A,ω′)
2π

∫
∂Sω′

‖ψ(z)‖ |dz|
|z|

≤ c(ψ)M(A,ω′)

which is independent of t > 0. We can apply Proposition 3.3, since we have

(fψt)(A) =
1

2πi

∫
∂Sω′

f(z)ψ(tz)R(z,A) dz.

and [[
f(z)ψ(tz)R(z,A) | f . . .

]]R ≤
[[
f(z) | f . . .

]]R ‖ψ(tz)R(z,A)‖

≤
[[
T z

]]R ‖ψ(tz)R(z,A)‖ ≤ c ‖ψ(tz)R(z,A)‖
for all z ∈ Sϕ, t > 0. Hence we obtain[[

(fψt)(A) | f . . .
]]R ≤ c c(ψ)M(A,ω′),

and letting ω′ → ϕ finishes the proof. �

If we employ Kahane’s contraction principle we arrive at the following corollary
dealing only with scalar functions.

Corollary 3.5. Let A ∈ Sect(ω) on the Banach space X, ϕ ∈ (ω, π), and ψ ∈
H∞

0 (Sϕ, CA). Then for each t > 0 the collection

T t,ψ := {(fψt)(A) | f ∈ H∞(Sϕ), ‖f‖Sϕ ≤ 1 }

is R-bounded in L(X) with

sup
t>0

[[
T t,ψ

]]R ≤ 2M(A,ϕ) c(ψ) < ∞

with a constant c(ψ) depending only on ψ.
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Since a set consisting of a single operator is clearly R-bounded, we obtain the
following well-known fact.

Corollary 3.6. Let A ∈ Sect(ω) on the Banach space X, ϕ ∈ (ω, π), and ψ ∈
H∞

0 (Sϕ, CA). Then there is a constant c = c(ψ) such that

sup
t>0

‖(fψt)(A)‖ ≤ c(ψ)M(A,ϕ) ‖f‖Sϕ

for all f ∈ H∞(Sϕ, CA).

4. Certain Intermediate Spaces . . .

We make the overall assumption that A ∈ Sect(ω) is an injective sectorial opera-
tor on the Banach space X. In the following we will use the results of the Appendix
where we construct a superspace U of X to which all operators f(A), f ∈ B(Sϕ; CA)
have natural, fully defined extensions. The domain of f(A) in X can then be de-
scribed as {x ∈ X | f(A)x ∈ X}, i.e., f(A) as an operator in X is just the part of
f(A) regarded as an operator in U , see Lemma 8.2.

Fix 1 ≤ p ≤ ∞, θ ∈ R, and 0 6= ψ ∈ O[Sω] with z−θψ ∈ H∞
0 [Sω]. Then we define

Xθ,ψ,p := {x ∈ U | t−θψ(tA)x ∈ Lp
∗((0,∞);X)}.

For x ∈ Xθ,ψ,p we let
‖x‖θ,ψ,p :=

∥∥t−θψ(tA)x
∥∥
Lp

∗

(Note that it can well be that x ∈ Xθ,ψ,p but x /∈ X.)

Remark 4.1. This construction goes back to Auscher, McIntosh and Nahmod
in the Hilbert space setting ([1, Section 4]). There, no extrapolation space was
made explicit, and one can in fact work with completions since injective sectorial
operators on Hilbert spaces are densely defined and have dense range. It was the ab-
sence of such density assumptions which motivated our construction of the universal
extrapolation space U .

Proposition 4.2. Let 1 ≤ p ≤ ∞, θ ∈ R, and ψ as above. Then the following
statements hold.

a) The operator Aθ (defined on U) induces an isometric isomorphism

Aθ : Xθ,ψ,p −→ X0,z−θψ,p

b) The space Xθ,ψ,p is continuously included in A−θX−1.

c) The space Xθ,ψ,p is a Banach space.

Proof. Assertion a) is clear from

t−θψ(tA)x = (tA)−θψ(tA)Aθx = (z−θψ)(tA)Aθx

for each x ∈ U . To prove b) it suffices to consider the case θ = 0 (by a)). Therefore
ψ ∈ H∞

0 , by assumption. Take x ∈ X0,ψ,p, i.e., x ∈ U such that ψ(tA)x ∈ Lp
∗(X).

Apply Lemma 2.4 with α = 0 to find a function f ∈ H∞
0 with

∫∞
0

(fψ)(t) dtt = 1.
By Lemma 2.2, the function t 7→ τ(A)f(tA) is bounded and absolutely integrable in
L(X). (We use the abbreviation τ(z) := z(1 + z)−2 as in Section 2.) In particular,
by Hölder’s inequality, it is contained in Lp′

∗ (L(X)), where p is the conjugated
exponent to p. Hence we obtain τ(A)(ψ̃ψ)(tA)x ∈ L1

∗(X) with∫ ∞

0

∥∥∥τ(A)(ψ̃ψ)(tA)x
∥∥∥
X

dt

t
≤ ‖x‖X0,ψ,p

·
∥∥∥τ(A)ψ̃(tA)

∥∥∥
Lp′

∗ (L(X))
.

Combining Lemmas 2.2 and 2.3 we obtain
∫∞
0

(fψ)(tA)x dt
t = x in U (or, if you

wish, in some space X−m). Consequently, τ(A)x ∈ X, i.e., x ∈ X−1, with

‖x‖X−1
= ‖τ(A)x‖X ≤ ‖x‖X0,ψ,p

·
∥∥∥τ(A)ψ̃(tA)

∥∥∥
Lp′

∗ (L(X))
.
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The proof of c) is now easy. Again, it suffices to consider the case θ = 0. Let
(xn)n ⊂ X0,ψ,p be a Cauchy sequence. By b) there is an x ∈ X−1 with xn → x in
X−1. Then ψ(tA)xn → ψ(tA)x in X−1 uniformly in t. On the other hand there
is f ∈ Lp

∗(X) with ψ(tA)xn → f(t) in the Lp
∗(X)-norm, hence a forteriori in the

Lp
∗(X−1)-norm. This shows that f(t) = ψ(tA)x almost everywhere, whence we are

done. �

We can now prove the main result, cp. [1, Thm. 4.1(i)].

Theorem 4.3. The spaces (Xθ,ψ,p, ‖.‖θ,ψ,p) are independent of the chosen ψ.

Theorem 4.3 allows us to discard ψ from the definition and to write simply Xθ,p

instead of Xθ,ψ,p.

Proof. By a) of Proposition 4.2 it suffices to prove the theorem in the case θ = 0.
We choose ϕ ∈ (ω, π), 0 6= ψ, γ ∈ H∞

0 (Sϕ), and x ∈ X0,γ,p. Then we apply
Lemma 2.4 (with α = 0) to find f ∈ H∞

0 (Sϕ) such that
∫∞
0

(γf)(s) dss = 1. By
Lemma 2.2 the numbers

E := sup
s>0

∫ ∞

0

‖ψ(sA)f(tA)‖L(X)

dt

t
and

F := sup
t>0

∫ ∞

0

‖ψ(sA)f(tA)‖L(X)

ds

s

are both finite. Also, Lemma 2.3 together with Lemma 2.2 show that for each s > 0

ψ(sA)x =
∫ ∞

0

(γf)(tA)ψ(sA)x
dt

t
(5)

as a convergent integral in some space X−m. Now, for s, t > 0 we have

(γf)(tA)ψ(sA)x = [ψ(sA)f(tA)] [γ(tA)x],

and considered as a product of functions in t this is integrable within X, since

ψ(sA)f(tA) ∈ L∞
∗ (L(X)) ∩ L1

∗(L(X)) ⊂ Lp′

∗ (L(X))

γ(tA)x ∈ Lp
∗(X)

by Lemma 2.2 and the choice of x. Hence we actually have

ψ(sA)x =
∫ ∞

0

(γf)(tA)ψ(sA)x
dt

t
∈ X with

‖ψ(sA)x‖X ≤
∫ ∞

0

‖ψ(sA)f(tA) γ(tA)x‖X
dt

t
≤ ‖ψ(sA)f(·A)‖

Lp′
∗ (L(X))

‖x‖0,γ,p .

Using (5) together with Hölder’s inequality we see that the function h(s) := (s 7−→
ψ(sA)x) : (0,∞) −→ X is bounded. Moreover, similar estimates show that the
continuous(!) functions

ha,b(s) :=
∫ b

a

(fγ)(tA)ψ(sA)x
dt

t
= ψ(sA)

[∫ b

a

f(tA)γ(tA)x
dt

t

]
converge uniformly to h as a↘ 0, b↗∞. Hence the function h is in fact continuous.
In particular, it is measurable.

Now, in case p = ∞ we are already done, obtaining x ∈ X0,ψ,∞ with

‖x‖0,ψ,∞ ≤ E ‖x‖0,γ,∞ .
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In case p <∞ we compute

‖ψ(sA)x‖X ≤
∫ ∞

0

‖ψ(sA)f(tA)γ(tA)x‖ dt
t

≤
(∫ ∞

0

‖ψ(sA)f(tA)‖ dt
t

) 1
p′

(∫ ∞

0

‖ψ(sA)f(tA)‖ ‖γ(tA)x‖p dt
t

) 1
p

≤ E
1
p′

(∫ ∞

0

‖ψ(sA)f(tA)‖ ‖γ(tA)x‖p dt
t

) 1
p

.

The last factor considered as a function in s lies in Lp
∗(0,∞), since∫ ∞

0

∫ ∞

0

‖ψ(sA)f(tA)‖ ‖γ(tA)x‖p dt
t

ds

s

=
∫ ∞

0

∫ ∞

0

‖ψ(sA)f(tA)‖ ds
s
‖γ(tA)x‖p dt

t

≤
(

sup
t>0

∫ ∞

0

‖ψ(sA)f(tA)‖ ds
s

) ∫ ∞

0

‖γ(tA)x‖p dt
t

= F ‖x‖p0,γ,p .

Therefore we end up with

‖x‖0,ψ,p ≤ E
1
p′ F

1
p ‖x‖0,γ,p (6)

and the theorem is completely proved. �

In the following we will simply write Xθ,p instead of Xθ,ψ,p. Note that one always
has the (continuous) inclusions

Xθ,1 ⊂ X(θ) ⊂ Xθ,∞.

Indeed, from Lemma 2.3 the inclusion Xθ,1 ⊂ Xθ,p is immediate. The proof of
Theorem 4.3 also shows that Xθ,p ⊂ Xθ,∞. In fact it was proved that if x ∈ Xθ,ψ,p,
the function (t 7→ t−θψ(tA)x) : (0,∞) −→ X is actually continuous and uniformly
bounded.

Corollary 4.4. The operators Ais, s ∈ R, act as topological isomorphisms on each
of the spaces Xθ,p, θ ∈ R, p ∈ [1,∞].

Proof. It suffices to prove the statement for θ = 0. But if 0 6= ψ ∈ H∞
0 (Sϕ) also

0 6= zisψ ∈ H∞
0 (Sϕ) and since

ψ(tA)Aisx = t−is(zisψ)(tA)x

and
∣∣t−is∣∣ ≤ 1 we have x ∈ X0,(zisψ),p if and only if Aisx ∈ X0,ψ,p. �

5. . . . are actually Real Interpolation Spaces

In this section we will characterize the spaces Xθ,p as real interpolation spaces be-
tween the homogeneous extrapolation spaces X(α) defined in the Appendix. Note
that if A is densely defined and has dense range, X(α) is nothing else than the
completion of X with respect to the norm ‖Aαx‖X (and hence the name “homoge-
neous”).

We assume the reader to be familiar with the basic facts of the theory of real
interpolation spaces, see [2], [23], or [19]. In contrast to [1] we will exclusively use
the so-called “K-method”.

Proposition 5.1. Let Reα,Reβ > 0 and define θ := Reα
Reα+Re β ∈ (0, 1). Then

(D(α), R(β))θ,p = X0,p

with equivalent norms, for each p ∈ [1,∞].
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Proof. Choose ϕ ∈ (ωA, π) and ψ ∈ H∞
0 (Sϕ) with z−αψ, zβψ ∈ E(Sϕ). For x ∈ U ,

x = a+ b with a ∈ D(α), b ∈ R(β) we have

ψ(tA)x = tα(tA)−αψ(tA)Aαa+ tβ(tA)−βψ(tA)A−βb

which yields

‖ψ(tA)x‖X ≤ tReαM1 ‖a‖D(α) + t−Re βM2 ‖b‖R(β)

for all t > 0 and some constants M1,M2. Taking the infimum with respect to the
representations x = a+ b yields

‖ψ(tA)x‖ ≤M tReαK(t−(Reα+Re β), x,D(α), R(β)) (t > 0)

for some constant M . This proves the continuous inclusion (D(α), R(β))θ,p ⊂ X0,p.
For the reverse inclusion choose a function ψ ∈ H∞

0 (Sϕ) with
∫∞
0
ψ(t) dtt = 1

and define

h(z) :=
∫ 1

0

ψ(tz)
dt

t
g(z) :=

∫ ∞

1

ψ(tz)
dt

t

as in Lemma 2.3. One can assume without restriction that the decay of ψ at 0 and
at ∞ is fast enough to ensure ψ1 := zαg, ψ2 := z−βh ∈ H∞

0 (Sϕ). Take x ∈ X0,p

and write
x = g(tA)x+ h(tA)x (t > 0)

by Lemma 2.3. Now observe that g(tA)x ∈ D(α), since

Aαg(tA)x = t−α(tA)αg(tA)x = t−αψ1(tA)x ∈ X

Analogously, h(tA)x ∈ R(β) with

A−βh(tA)x = tβ(tA)−βh(tA)x = tβψ2(tA)x.

Therefore, for each s > 0 one obtains

K(s, x,D(α), R(β)) ≤ t−Reα ‖ψ1(tA)x‖X + stRe β ‖ψ2(tA)x‖X .

Letting s := t−(Reα+Re β) yields

tReαK(t−(Reα+Re β), x,D(α), R(β)) ≤ ‖ψ1(tA)x‖+ ‖ψ2(tA)x‖ (t > 0).

The right hand side (as a function of t) is in Lp
∗. This finishes the proof. �

We remark that in the proof we made essential use of Theorem 4.3. Namely, it
was important that one can choose every H∞

0 -function to describe the space X0,p.
With the help of Proposition 5.1 we are now able to show that each real interpolation
space between homogeneous spaces is in fact a space Xθ,p.

Theorem 5.2. Let A be an injective, sectorial operator on the Banach space X
and let α, β ∈ C with Reα 6= Reβ. Then, for all θ ∈ (0, 1), p ∈ [1,∞],(

X(α), X(β)
)
θ,p

= X(1−θ) Reα+θRe β,p

with equivalent norms.

Proof. Without restriction we can assume Reα > Reβ (replace θ by 1 − θ if
necessary). Define δ := (1 − θ)α + θβ. Then α′ := α − δ = θ(α − β) and
β′ := δ − β = (1 − θ)(α − β). Hence Reα′,Reβ′ > 0 and θ = Reα′

Reα′+Re β′ . By
Proposition 5.1 we have(

X(α−δ), X(β−δ)
)
θ,p

=
(
X(α′), X(−β′)

)
θ,p

=
(
D(α′), R(β′)

)
θ,p

= X0,p.

Applying A−δ = A−Re δA−i Im δ to this identity finishes the proof. (Note that by
Corollary 4.4 the operator A−i Im δ is an isomorphism on X0,p.) �

The following corollary should be compared with [1, Thm. 4.2].
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Corollary 5.3. Let θ ∈ (0, 1), p ∈ [1,∞]. Then

(Ḋ, Ṙ)θ,p = X1−2θ,p.

6. Main Results for Injective Sectorial Operators

With Theorem 5.2 we have established a powerful description of real interpolation
spaces in terms of functional calculus. We can now turn to the main results of this
article. Our first goal is to pass from the quite uncommon spaces (X(α), X(β))θ,p
to more common spaces which are naturally included in the original space X.

Lemma 6.1. Let A be an injective sectorial operator on the Banach space X. Then

(X,D(Aα) ∩ R(Aα))θ,p = (X,D(α))θ,p ∩ (X,R(α))θ,p,

(X,D(Aα))θ,p = (X,D(α))θ,p ∩X,

(D(Aα),R(Aα))θ,p = (1 +A)−α(X, Ṙ)θ,p

for all Reα > 0, θ ∈ [0, 1], p ∈ [1,∞].

Proof. The last assertion follows from the fact that the isomorphism (1+A)α sends
D(Aα) to X and R(Aα) to Ṙ = X(−1), see Lemma 8.3. For the first two assertions
we recall the identities (E,F )θ,p ∩ E = (E,E ∩ F )θ,p and (E + F,E)θ,p ∩ (E +
F, F )θ,p = (E + F,E ∩ F )θ,p which hold for any interpolation couple (E,F ) (see
[12, Theorem 1]). Since X ∩D(α) = D(Aα) by Lemma 8.3, the second assertion is
clear.

To prove the first, let us denote for the moment Y := D(α), Z := R(α). Then
we have Y ∩ Z = D(α) ∩ R(α) = D(Aα) ∩ R(Aα) ⊂ X and (X ∩ Y ) + (X ∩ Z) =
(D(α) ∩X) + (R(α) ∩X) = D(Aα) + R(Aα) = X by Lemma 8.3. Hence we obtain
(X,Y )θ,p ∩ (X,Z)θ,p ⊂ (X + Y ) ∩ (X + Z) = X. This yields

(X,Y )θ,p ∩ (X,Z)θ,p = [(X,Y )θ,p ∩X] ∩ [(X,Z)θ,p ∩X]

= (X,X ∩ Y )θ,p ∩ (X,X ∩ Z)θ,p = (X,X ∩ Y ∩X ∩ Z)θ,p
= (X,Y ∩ Z)θ,p

which proves the result. (We again have used the abstract interpolation identites
quoted above.) �

Remark 6.2. In the first statement of the last lemma one writes “vertical” inter-
polation spaces as intersections of “horizontal” ones. As a matter of fact, one can
also go the other way round. E.g., one has the equality

(D,R)θ,p = (D−1, D)1−θ,p ∩ (R−1, R)θ,p

which can be deduced from [12, Theorem 1].

Combining Lemma 6.1 with Theorem 5.2 we arrive at a representation theorem.

Theorem 6.3. Let A be an injective sectorial operator on a Banach space X, Let
ϕ ∈ (ωA, π), Reα > 0, θ ∈ (0, 1), and p ∈ [1,∞].

a) One has

(X,D(Aα))θ,p =
{
x ∈ X | t−θReαψ(tA)x ∈ Lp

∗((0,∞);X)
}

with equivalence of norms

‖x‖(X,D(Aα))θ,p
∼ ‖x‖X +

∥∥t−θReαψ(tA)x
∥∥
Lp

∗((0,∞);X)

whenever 0 6= ψ ∈ O(Sϕ) such that z−θαψ ∈ H∞
0 (Sϕ).
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b) One has

(X,D(Aα)∩R(Aα))θ,p

=
{
x ∈ X | t−θReαψ1(tA)x, tθReαψ2(tA)x ∈ Lp

∗((0,∞);X)
}

with equivalence of norms

‖x‖(X,D(Aα)∩R(Aα))θ,p
∼

∥∥t−θReαψ1(tA)x
∥∥
Lp

∗
+

∥∥tθReαψ2(tA)x
∥∥
Lp

∗

whenever 0 6= ψ1, ψ2 ∈ O(Sϕ) such that z−θαψ1, z
θReαψ2 ∈ H∞

0 (Sϕ).

Proof. a). Let us specialize β = 0 and Reα > 0 in Theorem 5.2. Thus we obtain(
X,X(α)

)
θ,p

= XθReα,p. Now we intersect both sides withX and employing Lemma
6.1 we arrive at (X,D(Aα))θ,p = XθReα,p ∩X. The rest follows from Theorem 4.3.
The proof of b) is similar. �

Let us remark that Dore in [8] has proved b) for the special case α = 1 and
ψ1(z) = z(1 + z)−1, ψ2(z) = (1 + z)−1. The author has obtained in [12] a version of
a) for not necessarily injective operators, see Proposition 7.1 below.

Theorem 6.4. Let A be an injective, sectorial operator on the Banach space X
and let α, β ∈ C with Reα 6= Reβ. Then for each ϕ ∈ (ωA, π), θ ∈ (0, 1), and p ∈
[1,∞] the operator valued H∞(Sϕ, CA)-calculus for A on the space

(
X(α), X(β)

)
θ,p

is bounded. This is to say that the space Y :=
(
X(α), X(β)

)
θ,p

is invariant under
all operators f(A), f ∈ H∞(Sϕ, CA) and there is a constant C such that

‖f(A)‖L(Y ) ≤ C ‖f‖Sϕ
for all f ∈ H∞(Sϕ, CA). The same is true for the spaces Y :=
(X,D(Aα) ∩ R(Aα))θ,p and Y := (D(Aα),R(Aα))θ,p.

Proof. Employing Theorem 5.2 and Proposition 4.2 we are reduced to the spaces
X0,p. Let x ∈ X0,p and choose two functions 0 6= ψ, γ ∈ H∞

0 . By Theorem 4.3 we
have X0,p = X0,γ,p = X0,(ψγ),p. Now

(ψγ)(tA)f(A)x = (ψtf)(A)γ(tA)x

for all t > 0. But supt>0 ‖(fψt)(A)‖L(X) ≤ c(ψ)M(A,ϕ) ‖f‖Sϕ by Corollary 3.6.
The result on the other spaces follows from Lemma 6.1. �

If we restrict to interpolation spaces with parameter p < ∞ we obtain even an
R-boundedness version.

Theorem 6.5. Let A be an injective, sectorial operator on the Banach space X and
let α, β ∈ C with Reα 6= Reβ. Then for each ϕ ∈ (ωA, π), θ ∈ (0, 1), and p ∈ [1,∞)
the operator valued H∞(Sϕ, CA)-calculus for A on the space Y :=

(
X(α), X(β)

)
θ,p

is R-bounded. More precisely, there is a constant C such that, given any collection
of R-bounded sets (T z)z∈Sϕ ⊂ CA ⊂ L(X), one has[[

f(A) | f ∈ H∞(Sϕ, CA), f(z) ∈ T z (z ∈ Sϕ)
]]R
Y→Y

≤ CM(A,ϕ) sup
z∈Sϕ

[[
T z

]]R
X→X .

The same is true for the spaces Y := (X,D(Aα) ∩ R(Aα))θ,p and Y :=
(D(Aα),R(Aα))θ,p.

Proof. Again, we only have to work on the space Y := X0,p. We choose ψ, γ as
in the last proof. Let (T z)z∈Sϕ be any collection of R-bounded subsets of CA and
choose J ⊂ N finite and for each j ∈ J a vector xj ∈ X0,p = X0,(ψγ),p = X0,γ,p
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and a function fj ∈ H∞(Sϕ, CA) such that fj(z) ∈ T z for each z ∈ Sϕ. Now we
compute[

E
∥∥∥∑

j∈J
εjfj(A)xj

∥∥∥p
X0,ψγ,p

] 1
p

=
[
E

∫ ∞

0

∥∥∥∑
j∈J

εj(fjγt)(A)ψ(tA)xj
∥∥∥p
X

dt

t

] 1
p

=
[∫ ∞

0

E
∥∥∥∑

j∈J
εj(fjγt)(A)ψ(tA)xj

∥∥∥p
X

dt

t

] 1
p

∼
[∫ ∞

0

[
E

∥∥∥∑
j∈J

εj(fjγt)(A)ψ(tA)xj
∥∥∥
X

]p
dt

t

] 1
p

≤(∗) c(ψ)M(A,ϕ) sup
z∈Sϕ

[[
T z

]]R
X→X

[∫ ∞

0

[
E

∥∥∥∑
j∈J

εjψ(tA)xj
∥∥∥
X

]p
dt

t

] 1
p

∼ c(ψ)M(A,ϕ) sup
z∈Sϕ

[[
T z

]]R
X→X

[
E

∫ ∞

0

∥∥∥ψ(tA)
∑

j∈J
εjxj

∥∥∥p
X

dt

t

] 1
p

= c(ψ)M(A,ϕ) sup
z∈Sϕ

[[
T z

]]R
X→X

[
E

∥∥∥∑
j∈J

εjxj

∥∥∥p
X0,ψ,p

] 1
p

.

where the decisive step (∗) comes from Theorem 3.4. The estimates hidden in
the symbol “∼” are due to the Kintchine-Kahane inequality and produce universal
constants.

Again, the result on the other spaces follows from Lemma 6.1. �

As an application of Theorem 6.5 we obtain the so-called R-sectoriality of the
induced operators.

Corollary 6.6. Let A be an injective sectorial operator on the Banach space X and
let θ ∈ (0, 1), p ∈ [1,∞). Then the part Aθ,p of A in the spaces Y := (X,D(A) ∩
R(A))θ,p is R-sectorial of angle ωA, i.e., for every ω′ ∈ (ωA, π) the set

{λR(λ,Aθ,p) | λ /∈ Sω′} ⊂ L(Y )

is R-bounded. The same holds for the part of A in the space Y := (D(A),R(A))θ,p.

Proof. We apply Theorem 6.5 to the family of functions {λ(λ+z)−1 | λ /∈ Sω′}. �

Dore has shown in [8] that in fact an injective sectorial operator A always
has a bounded (scalar-valued) H∞-calculus in the “vertical” interpolation spaces
(X,D(A) ∩ R(A))θ,p and for invertible operatrs A, Clément and Prüss in [4]
have extended his result to the operator-valued case, showing in addition the R-
sectoriality of the part of A in the interpolation space. Theorems 6.4 and 6.5 are
far-reaching generalizations of these facts.

We now show that in general one cannot leave out the R(A)-part in the inter-
polation, i.e., the conclusion of Theorem 6.4 is false in general for the interpolation
spaces (X,D(A))θ,p.

Example 6.7. Let A be an unbounded, invertible sectorial operator on a Hilbert
space X := H such that the (scalar) H∞-calculus for A is not bounded. Such an
operator can be constructed by using conditional bases, as in [18] or [22]. Then
it is clear that also A−1 cannot have a bounded H∞-calculus. Form the diagonal
operator

A := diag(A,A−1) :=
(
A 0
0 A−1

)
on the space X := X ⊕ X. Clearly we have (X ,D(A))θ,p = (X,D(A))θ,p ⊕ X
with the induced operator Aθ,p being the diagonal operator diag(Aθ,p, A−1). Since
obviously f(A) = diag(f(A), f(A−1)), A cannot have a bounded H∞-calculus on
(X ,D(A))θ,p for any pair (θ, p).
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To see that also R-sectoriality can fail, take X a UMD-space which has an uncon-
ditional basis but which is not isomorphic to a Hilbert space. (The spaceX = Lp(R)
with p 6= 2 will do.) By a result of Kalton and Lancien [15] and the character-
ization of maximal regularity by Weis [24] there exists an unbounded invertible
sectorial operator A on X with ωA < π

2 such that the set {isR(is, A) | s ∈ R} is
not R-bounded. Hence the set {isR(is, A−1) | 0 6= s ∈ R} not R-bounded as well.
The product construction from above shows that {isR(is,Aθ,p) | 0 6= s ∈ R} is
not R-bounded in L ((X ,D(A))θ,p). The problem here is located at 0 since each
translate t+Aθ,p is actually R-bounded as the next result shows.

Remark 6.8. The last example shows that — at least as it stands — Theorem 1 of
[4] is not quite correct. In fact in their proof the authors only consider the “good”
part of the norm (in the sense our heuristic principle 2) from the Introduction) and
disregard the X-norm.

Corollary 6.9. Let A be an invertible, sectorial operator on the Banach space
X, and let ϕ ∈ (ωA, π), θ ∈ (0, 1), and p ∈ [1,∞]. Then the operator valued
H∞(Sϕ, CA)-calculus for A on the spaces Y := (X,D(A))θ,p is bounded (as is made
precise in Theorem 6.4). Moreover, if p <∞ this calculus is even R-bounded in the
sense of Theorem 6.5. In particular, the induced operator Aθ,p on Y is R-sectorial,
i.e., the conclusion of Corollary 6.6 holds.

7. Non-injective Operators

We now examine what can be said in the situation when the sectorial operator
A is no longer supposed to be injective. The following description of the spaces
(X,D(Aα))θ,p was obtained in [11].

Proposition 7.1. Let A ∈ Sect(ω) and Reα > 0, θ ∈ (0, 1), p ∈ [1,∞]. Then

(X,D(Aα))θ,p =
{
x ∈ X | t−θReαψ(tA)x ∈ Lp

∗((0,∞);X)
}

with the equivalence of norms

‖x‖(X,D(Aα))θ,p
= ‖x‖X +

∥∥t−θReαψ(tA)x
∥∥
Lp

∗
,

where ψ ∈ O(Sϕ) is any function such that ψ, z−αψ ∈ E(Sϕ) and ϕ ∈ (ω, π) is
arbitrary.

Note that if A is injective, this follows from Theorem 6.3. The reason why we
could prove Theorems 6.4 and 6.5 was essentially that the norms of the spaces in
question where of the form ‖tαψ(tA)x‖Lp

∗
. The breakdown of these theorems in the

space Y := (X,D(Aα))θ,p (shown in Example 6.7) is due to the fact that the norm
of X plays its part in the norm of Y . However, as again Example 6.7 suggests, the
problem is located at 0 and not at ∞. This means that as long as we are dealing
with functions f which are good at 0 (and bounded at ∞) we expect f(A) to be
bounded on Y . This intuitive reasoning is made precise by the following results.
First we deal with a single function.

Proposition 7.2. Let A ∈ Sect(ω) and Reα > 0, θ ∈ (0, 1), p ∈ [1,∞]. Let
ϕ ∈ (ω, π) and f ∈ H∞(Sϕ, CA) ∩ A(Sϕ, CA). Then (X,D(Aα))θ,p ⊂ D(f(A)) and
f(A) restricts to a bounded operator on (X,D(Aα))θ,p.

Proof. Replacing f by f − f(0) we can assume f(0) = 0 without restriction. Hence
for small β > 0 we have z−βf ∈ H∞

0 (Sϕ, CA). This implies D(Aβ) ⊂ D(f(A))
by a functional calculus generality. On the other hand it is well known that
(X,D(Aα))θ,p ⊂ D(Aβ) if β > 0 is sufficiently small (see [17, Appendix] for a
proof using functional calculus). This proves (X,D(Aα))θ,p ⊂ D(f(A)). To com-
plete the proof of the proposition, we are left to show that (X,D(Aα))θ,p is invariant
under f(A). Choose ψ ∈ E(Sϕ) to describe (X,D(Aα))θ,p as in Proposition 7.1. Let
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γ ∈ H∞
0 (Sϕ) be arbitrary. Then also the function (γψ) satisfies the hypothesis of

Proposition 7.1. Moreover, for x ∈ (X,D(Aα))θ,p we have∥∥t−θReα(γψ)(tA)f(A)x
∥∥
X
≤ sup

t>0
‖(γtf)(A)‖

∥∥t−θReαψ(tA)x
∥∥
X

which by Corollary 3.6 shows that f(A)x ∈ (X,D(Aα))θ,p. �

The above proof does not give any bound on the norm of f(A) in L(Y ). The
problem is in estimating ‖f(A)x‖X in terms of ‖x‖(X,D(Aα))θ,p

. When aiming at
uniform or even R-boundedness results we therefore need some kind of uniformity
at 0. This is made precise in the following theorem.

Theorem 7.3. Let A be a sectorial operator on the Banach space X, and ϕ ∈
(ωA, π). Suppose one is given a family of functions F ⊂ H∞(Sϕ, CA) ∩ A(Sϕ, CA)
with the following two properties:

1) supz∈Sϕ supf∈F ‖f(z)‖ <∞.
2) There is β > 0 such that

sup
z∈Sϕ

sup
f∈F

∥∥z−β (f(z)− f(0))
∥∥ < ∞.

Then the family of operators {f(A) | f ∈ F} is unifomly bounded on each of the
spaces (X,D(Aα))θ,p, where Reα > 0, θ ∈ (0, 1), p ∈ [1,∞].

Proof. Choose 0 6= ψ, z−αψ ∈ E(Sϕ) so that, by Proposition 7.1, the interpolation
space (X,D(Aα))θ,p is described via ψ. Now choose γ ∈ H∞

0 (Sϕ) such that zβγ ∈
E(Sϕ) and

∫∞
0

(γψ)(t) dtt = 1 (Lemma 2.4). Define

h(z) :=
∫ 1

0

(γψ)(sz)
ds

s
and g(z) :=

∫ ∞

1

(γψ)(sz)
ds

s

as in Lemma 2.3. Then 1 = h(z) + g(z), hence

f(z) = (fh)(z) + z−β(f(z)− f(0))(zβg)(z) + f(0)g(z).

We will deal with the three summands separately. The last leads to the family of
operators {f(0)g(A) | f ∈ F} which by condition 1) is uniformly bounded (even in
L(X)). The same argument works for the second summand, since zβg ∈ H∞

0 (Sϕ)
and we have condition 2). So only the first summand is left and we claim that there
is a constant c such that

‖(fh)(A)x‖X ≤ c
∥∥t−θReαψ(tA)x

∥∥
Lp

∗((0,∞);X)
(f ∈ F , x ∈ (X,D(Aα)θ,p).

Now

(fh)(z) =
∫ 1

0

(γtf)(z)ψ(tz)
dt

t
,

and for x ∈ (X,D(Aα))θ,p we have∫ 1

0

‖(γtf)(A)ψ(tA)x‖X
dt

t

≤ sup
t>0

‖(γtf)(A)‖L(X)

∫ 1

0

∥∥t−θReαψ(tA)x
∥∥
X
tθReα dt

t

≤ sup
t>0

‖(γtf)(A)‖L(X)

∥∥t−θReαψ(tA)x
∥∥
Lp

∗((0,∞);X)

∥∥tθReα
∥∥
Lp′

∗ ((0,∞);X)

by Hölder’s inequality. Since the functions
∫ 1

1/n
f(z)(γψ)(tz) dtt allow an estimate∥∥∥∥∥

∫ 1

1/n

f(z)(γψ)(tz)
dt

t

∥∥∥∥∥ ≤ c′ |z|ε (z ∈ Sϕ)
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for some c′, ε > 0 independent of n, we obtain

(fh)(A)x =
∫ 1

0

(γtf)(A)ψ(tA)x
dt

t
.

(Cf. the proof of [11, Lemma 9].) Finally we employ Corollary 3.6 to prove the
claim.

To sum up, we have established a uniform estimate

‖f(A)x‖ ≤ C ‖x‖(X,D(Aα))θ,p
(x ∈ (X,D(Aα))θ,p, f ∈ F).

The remaining estimate∥∥t−θReαψ(tA)f(A)x
∥∥
Lp

∗(0,∞);X)
≤ C ′ ‖x‖(X,D(Aα))θ,p

is obtained as in the proof of Proposition 7.2. �

We now turn to the question of R-boundedness.

Theorem 7.4. Let A be a sectorial operator on the Banach space X, and ϕ ∈
(ωA, π). Suppose one is given a family of functions F ⊂ H∞(Sϕ, CA) ∩ A(Sϕ, CA)
with the following two properties:

1) supz∈Sϕ
[[
f(z) | f ∈ F

]]R
X→X <∞.

2) There is β > 0 such that

sup
z∈Sϕ

[[
z−β (f(z)− f(0)) | f ∈ F

]]R
X→X < ∞.

Then the family of operators {f(A) | f ∈ F} is R-bounded on each of the spaces
(X,D(Aα))θ,p, where Reα > 0, θ ∈ (0, 1), p ∈ [1,∞).

Proof. We proceed exactly as in the proof of Theorem 7.3. So we choose ψ, γ as
above and fix also θ, p. Let us for short write

‖x‖ψ :=
∥∥t−θReαψ(tA)x

∥∥
Lp

∗((0,∞);X)
(x ∈ (X,D(Aα))θ,p.

It suffices to establish constants C1, C2, C3 with

E
∥∥∥∑

j∈J
εjfj(A)xj

∥∥∥
γψ
≤ C1 E

∥∥∥∑
j∈J

εjxj

∥∥∥
ψ
,

E
∥∥∥∑

j∈J
εjfj(A)xj

∥∥∥
X
≤ C2 E

∥∥∥∑
j∈J

εjxj

∥∥∥
X

+ C3 E
∥∥∥∑

j∈J
εjxj

∥∥∥
ψ

for all finite subsets J ⊂ N, functions fj ∈ F and vectors xj ∈ (X,D(Aα))θ,p. The
first inequality is established as in the proof in the injective case (Theorem 6.5),
employing Theorem 3.4.

To prove the second inequality, we use the approach from the proof of Theorem
7.3, namely to write

fj(A)xj = (fjh)(A)xj +
[
fj(z)− f(0)

zβ

]
(A)(zβg)(A)xj + fj(0)xj

for all j ∈ J . As above, the second and the third summand are easy because of the
conditions 1) and 2). With the help of Theorem 3.4 the first summand is estimated
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in the following way:

E
∥∥∥∑

j∈J
εj(fjh)(A)xj

∥∥∥
X

= E
∥∥∥∥∑

j∈J
εj

∫ 1

0

(fjγt)(A)ψ(tA)xj
dt

t

∥∥∥∥
X

≤
∫ 1

0

E
∥∥∥∑

j∈J
εj(fjγt)(A)ψ(tA)xj

∥∥∥
X

dt

t

≤ C ′
∫ 1

0

E
∥∥∥∑

j∈J
εjψ(tA)xj

∥∥∥
X

dt

t

≤ C ′ E
∫ 1

0

∥∥∥t−θReαψ(tA)
∑

j∈J
εjxj

∥∥∥
X
tθReα dt

t

≤ C ′ E
∥∥∥∑

j∈J
εjxj

∥∥∥
ψ

∥∥tθReα
∥∥
Lp′

∗ (0,∞)

with C ′ := M(A,ϕ)c(γ) supz∈Sϕ
[[
f(z) | f ∈ F

]]R
X→X . This completely proves the

theorem. �

As a corollary we obtain that the part Aθ,p of A in (X,D(Aα))θ,p is always
“R-sectorial at ∞”.

Corollary 7.5. Let A be a sectorial operator on the Banach space X, let Reα >
0, θ ∈ (0, 1), p ∈ [1,∞) and ϕ ∈ (ωA, π). Then for any ε > 0 the set{

λR(λ,Aθ,p) | λ /∈ Sϕ, |λ| ≥ ε
}

is R-bounded in L((X,D(Aα))θ,p).

We note again that by Example 6.7 we cannot always have “R-sectoriality at 0”.

8. Consequences

Da Prato-Grisvard Theorem. Let us emphasize that our results yield Da Prato-
Grisvard type theorems on “abstract maximal regularity” in interpolation spaces, cf.
[4]. We just sketch the setting and the result, without going into details. Suppose
on X there are given two sectorial operators A,B which commute in the resolvent
sense and such that ωA+ωB < π. An abstract maximal regularity result would state
that the operator A+B with domain D(A)∩D(B) is closed. (This has to do with
the maximal regularity problem for evolution equations, see [17, 1.18].) In general
one needs more conditions on A and/or B to have this property, but Da Prato
and Grisvard have shown in [5] that one has always maximal regularity in the real
interpolation space (X,D(A))θ,p provided one of the operators is invertible. In fact
one shows that the operator A+B is even sectorial when restricted to these spaces.
The functional calculus approach to this problem lies in identifying (λ+A+B)−1 as
fλ(A) with fλ(z) = (λ+ z+B)−1. Our Corollary 6.9 then covers the case that A is
invertible, Theorem 7.3 the case that B is invertible. However, we even have a result
when neither A nor B is invertible: if A is injective one has maximal regularity in
the “horizontal” interpolation spaces (D(Aα),R(Aα))θ,p as well as in the vertical
spaces (X,D(Aα) ∩ R(Aα))θ,p. Moreover, applying some kind of composition rule,
we also obtain results on the boundedness of the H∞-calculus of the operator A+B
on the spaces in question (so that one can iterate the procedure). For the details
to this approach we refer to [17], see also [4].

McIntosh’s Theorem. Already in the Introduction we quoted the “classical” the-
orem of McIntosh from [21]. We now want to give a proof of this theorem (both
parts a) and b)) which does not use adjoints. Note that part a) is covered by The-
orem 4.3 (equivalence) and Theorem 6.4 (boundedness of the functional calculus).
Therefore, we only have to show part b).



20 MARKUS HAASE

Let H is a Hilbert space and A an injective sectorial operator on H with A ∈
BIP(H). Then, by easy functional calculus, also A−1 ∈ BIP(H). A standard result
in interpolation theory says that one has

[H,D] 1
2

= D(A
1
2 ) and [H,R] 1

2
= D((A−1)

1
2 ) = R(A

1
2 ),

where we use the notation [X,Y ]θ to denote the complex interpolation spaces. Now,
another standard result yields the identities

[H,D] 1
2

= (H,D) 1
2 ,2

and [H,R] 1
2

= (H,R) 1
2 ,2
,

since only Hilbert spaces are involved (see [19, Cor. 4.3.12]). Hence we have

A
1
2 (1 +A)−1(H) = D(A

1
2 ) ∩ R(A

1
2 ) = (H,D) 1

2 ,2
∩ (H,R) 1

2 ,2

= (D,R) 1
2 ,2

= (1 +A)−1(H, Ṙ) 1
2 ,2

= A
1
2 (1 +A)−1

(
H( 1

2 ),H(− 1
2 )

)
1
2 ,2

= A
1
2 (1 +A)−1H0,2.

Hence H = H0,2 and this is exactly what we wanted to prove.

Appendix: Extrapolation Spaces for Injective Sectorial Operators

In this appendix we will present a method for constructing extrapolation spaces.
We start with a totally general situation and come later to its application to injective
sectorial operators.

Suppose one is given a Banach space X and a bounded linear operator T ∈ L(X)
which is injective. The space R(T ) is then a Banach space endowed with the norm∥∥T−1x

∥∥
X

, and T : X −→ R(T ) is an isometric isomorphism. Now one considers
the commuting diagram

X
id // X

X

T

OO

T // R(T )

and renames some of its components:

X−1
T−1 // X

X

ι

OO

T // R(T )

The map ι is bounded and injective, i.e., it is an embedding and after some set-
theoretical work, we can view X−1 as a proper superspace of X. We arrive at the
commuting diagram

X−1
T−1 // X

X
T // R(T )

R(T ) T // R(T 2)
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which shows that T−1

∣∣
X

= T . Hence no confusion can arise in renaming T−1 by T .
When we define X1 := R(T ), X2 := R(T 2) . . . we obtain

X−1
T // X

X
T // X1

X1
T // X2

with T being an isometric isomorphism on every stage. Iterating this procedure
yields an upwards directed series of new spaces (X−n)n∈N, i.e.,

X = X0
� � // X−1

� � // X−2
� � // . . . � � // X−n

� � // . . .

where as before we can always view the embeddings as proper inclusions. Moreover,
we have (compatible) isometric isomorphisms T : X−n −→ X−n−1.

As a last extension we finally construct the algebraic inductive limit of the di-
rected family (X−n)n∈N

U := X−∞ := lim−→n∈N X−n =
⋃
n∈N

X−n.

The space U may be called the universal extrapolation space corresponding to T .
On U we define the following notion of convergence. Let (xα)α∈Λ ⊂ U be a net
(over some directed set Λ) and x ∈ U . Then

xα → x in U :⇐⇒
∃n ∈ N, α0 ∈ Λ : x, xα ∈ X−n (α ≥ α0) and ‖xα − x‖X−n → 0.

(This will not give a proper topology on U but is well adapted to our purposes, cf.
Remark 8.1 below.) One easily sees that the limit of a net in U is unique, and that
sum and scalar multiplication are “continuous” with respect to the so-defined notion
of convergence. Finally, since the operator T is defined on each space X−n, n ∈ N,
it is a forteriori defined on the whole of U . The so-defined mapping T : U −→ U is
obviously surjective, whence it is an algebraic isomorphism, continuous with respect
to the notion of convergence defined above.

Remarks 8.1. 1) Our construction of extrapolation spaces can be generalized.
Let X be a Banach space and T ⊂ L(X) a set of pairwise commuting, injective
bounded linear operators on X, closed under multiplication. To each T ∈ T
one can trivially construct a 1-step extrapolation space XT ⊃ X together
with an extension of T to an isometric isomorphism T : XT −→ T . For two
elements S, T ∈ T , XST can be regarded a common superspace of XT , XS ,
since ST = TS. Hence the set of spaces (XT )T∈T is upward directed, and the
inductive limit U := lim−→T XT is an extrapolation space, on which all operators
T ∈ T become isomorphisms.

2) Our notion of convergence on the universal space U is adapted to our purposes
but is very unlikely to be induced by a proper vector space topology on U .
Of course one thinks of the inductive limit topology as an alternative, but
apart from very special cases (e.g., where one has weakly compact embeddings
X−n ↪→ X−(n+1)) one can not guarantee that this topology is Hausdorff. This
is so unpleasant a feature that we wanted to avoid it at any cost.

We now apply this abstract procedure to the case of an injective sectorial operator
A on X. The operator T which is constitutive for the extrapolation method is
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defined by
T := A(1 +A)−2 = (1 +A)−1(1 +A−1)−1

which is injective, since A is. Moreover, R(T ) = D(A) ∩ R(A). By the abstract
method described above, we obtain a sequence of nested spaces

X = X0 ⊂ X−1 ⊂ X−2 ⊂ · · · ⊂ X−n ⊂ . . . U

with U being the “universal” space. Recall that T extends to a “topological”
isomorphism on U .

Let us now extend the operator A to the whole of U . Using the isometric iso-
morphism T : X−1 −→ X, one can just transfer the operator A to X−1 by defining

A−1 := T−1AT with D(A−1) := T−1D(A).

By construction, A−1 is an injective sectorial operator on X−1, isometrically similar
to A. Clearly, X ⊂ D(A−1). Moreover, A is the part of A−1 in X, i.e.,

D(A) = {x ∈ X | A−1x ∈ X} and A−1x = Ax (x ∈ D(A)).

(This is due to the fact that the operator T (considered as an operator on X)
commutes with A in the sense that TA ⊂ AT .) The inverse of A−1 is given by
[A−1]−1 = T−1A−1T with the appropriate domain D(A−1

−1) = R(A−1) = T−1R(A).
Iterating this procedure we obtain a sequence of isometrically similar sectorial

operators A−n on X−n, with each A−n being the part of A−(n+1) in X−n. Since
X−n ⊂ D(A−(n+1)), by abuse of notation we obtain an extension of A to the whole
of U which we again denote by A. This extension has the pleasant feature that it
is invertible, i.e., A : U −→ U is an isomorphism, continuous with respect to the
notion of convergence we introduced above.

We now can define within U an array of spaces as follows. Already within X we
have the following natural spaces:

• D := D1 := D(A) with norm ‖x‖D := ‖(1 +A)x‖.
• R := R1 := R(A) with norm ‖x‖R :=

∥∥(1 +A−1)x
∥∥.

• D ∩R := D(A) ∩ R(A) with the norm
‖x‖D∩R =

∥∥(2 +A+A−1)x
∥∥ =

∥∥T−1x
∥∥.

• D2 := D(A2) with the norm ‖x‖D2
=

∥∥(1 +A)2x
∥∥.

• R2 := R(A2) = D(A−2) with the norm ‖x‖R2
=

∥∥(1 +A−1)2x
∥∥.

These can be arranged into a diagram.

X

D

xxxxxxxxx
R

FFFFFFFFF

D2

}}}}}}}}
D ∩R

xxxxxxxxx

FFFFFFFFF
R2

AAAAAAA

1+A
??������� A //

Here a downward meeting of two lines means intersection and an upward meeting
of two lines means sum of the spaces. E.g., X = D + R and D = D2 + (D ∩
R). The operator A + 1 acts as an isometric isomorphism in the ↗-direction,

i.e. D2
A+1 //D

A+1 //X or D ∩R A+1 //R . (One can replace A + 1 by A + λ for
each λ > 0, but then the isomorphisms seize to be isometric.) Furthermore, the

operator A acts as an isometric isomorphism in the →-direction, e.g., D A //R or

D2
A //D ∩R .

Via the isometric isomorphism T : X−1 −→ X this diagram can be transported
to X−1. That is, we form the spaces

• D−1 := T−1(D) with the norm ‖u‖D−1
= ‖Tu‖D and
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• R−1 := T−1(R) with the norm ‖u‖R−1
= ‖Tu‖R

and obtain
X−1

D−1

wwwwwwwww
R−1

GGGGGGGGG

T

��
X

vvvvvvvvv

HHHHHHHHH

D

uuuuuuuuuu
R

IIIIIIIIII

D2

yyyyyyyy
D ∩R

vvvvvvvvvv

HHHHHHHHHH
R2

DDDDDDDD

Note that we already know D−1 = D(A−1), R−1 = R(A−1). By applying T−1 again
and again, we generate the spaces D−2, D−3 . . . and R−2, R−3, . . . . Now, since A
is an isomorphism on U , we define

X(n) := A−n(X) with norm ‖x‖X(n) :=
∥∥A−nx∥∥

X
.

We will frequently write

D(n) := X(n) and R(n) := X(−n)

for n ∈ N, and Ḋ := D(1) and Ṙ := R(1) in the case n = 1. These spaces are
called the homogeneous spaces associated with the injective sectorial operator A.
The following diagram illustrates the situation.

U

X−2

=

D−2 R−2

. . . X−1 . . .

. . . D−1 R−1 . . .

// D(2)
A // Ḋ

A // X
A // Ṙ

A // R(2) //

D R

D ∩R
Of course, T , A, (A + 1) and (A−1 + 1) act as isometric isomorphisms in the

directions ↓,→,↗,↖, respectively.
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As a matter of fact, the construction of the B-calculus for A (see Section 2)
can be done in each of the spaces X−m, m ∈ N, and the resulting operators are
consistent, i.e., f(A−(m+1))

∣∣
X−m

= f(A−m). Hence, instead of regarding f(A) as
an unbounded operator in X we can view it as a bounded operator from X to X−n
for some n, and in fact from X−m to X−(m+n) for each m ∈ N. As a consequence,
f(A) is a (continuous) operator defined on the whole of the space U , and we obtain
an algebra homomorphism

(f 7→ f(A)) : B(Sϕ, CA) −→ L(U).

The following lemma is important and straightforward to prove (cp. (3) in Section
2).

Lemma 8.2. Let f ∈ B(Sϕ, CA). Then

D(f(A)) = {x ∈ X | f(A)x ∈ X},

i.e., the operator f(A) considered as an operator in X is the part in X of f(A)
considered as an operator on U .

Now note that the function zα is contained in B for each α ∈ C. The resulting
operators Aα are isomorphisms on U , and in fact

(α 7−→ Aα) : C −→ L(U)

is a representation of the abelian group (C,+) on U . Consequently, we can gener-
alize the definition of the homogeneous spaces:

X(α) := A−α(X), with norm ‖x‖X(α) = ‖Aαx‖X
for all α ∈ C. These are the homogeneous fractional domain spaces. Similar to the
last section we write D(α) := X(α) and R(α) := X(−α) for Reα > 0. Obviously we
have X(α) ⊂ X−1 whenever |Reα| < 1.

Lemma 8.3. Let A be an injective sectorial operator on the Banach space X. Then
for Reα > 0 one has

a) D(α) ∩X = D(Aα) and ‖Aαx‖+ ‖x‖ ∼ ‖(1 +A)αx‖.
b) R(α) ∩X = R(Aα) and ‖A−αx‖+ ‖x‖ ∼ ‖(1 +A)αA−αx‖.
c) D(α) ∩R(α) = D(Aα) ∩ R(Aα) with ‖Aαx‖+ ‖A−αx‖ ∼

∥∥(1 +A)2αA−αx
∥∥.

d) D(Aα) + R(Aα) = X.

Proof. a) The identity D(α) ∩X = D(Aα) follows from Lemma 8.2 and the equiva-
lence of norms is just the well known fact D(Aα) = D((A+1)α) which can be easily
derived using the functional calculus (see [17, Lemma 15.22] or [14, Chapter 3]).

b) is the same as a), with A replaced by A−1. One has to prove the identity
(A + 1)αA−α = (1 + A−1)α which follows from the general composition rule [13,
Thm. 7.1]

c) Let x ∈ D(α)∩R(α). Then y := A−αx,Aαx = A2αx ∈ X, whence y ∈ D(A2α).
But as is well-known, A2α = AαAα even as operators in X, and so x = Aαy ∈ X.
This shows D(α)∩R(α) ⊂ X and together with a) and b) this implies the stated set
equality. From a) we have the norm equivalence∥∥A2αx

∥∥ + ‖x‖ ∼
∥∥(1 +A)2αx

∥∥
(which holds for x ∈ D(A2α)). Now we replace x by A−αx, x ∈ D(Aα) ∩ R(Aα)
and we are done.

d) Take n > Reα and expand I = [A(1 +A)−1 + (1 +A)−1]2n. �
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