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Exercise 1: Weak Derivatives

Compute the weak derivative of the function u(z) = |z| on [—1,1].
Hint: Begin with the right hand side (—1)(9¢, u)o of (6.3.1) and integrate it.

Solution:

Let ¢ € C3°([—1,1]). Then

—/_11 ¢ (v)u(r)dr = qb d:v—/ ¢ (r)zdx
/ &' (x a:dx—/ ¢ (z)xdx

= [z(2)|”, - / 19(z)dz - [w6()], + / 1o(z)dz

As ¢ € C§°([—1,1]), we know that ¢(—1) = ¢(1) = 0 and thus the term [xqb(x)ril -

[mgb }0 vanishes. Hence

1

(—1)(86, u)o = / sgn(@)é(z)dz = (v, B)o,

1

-1, <0,
where v(z) :=sgn(xz) = ¢ 0, x =0, is the sign function of z.
1, x>0,

Exercise 2: Variational Formulation and Galerkin

Consider again the one-dimensional Poisson equation

{ —d'(z) = fa) , e,

u(z) =0 , x €09,
‘ 1, z € (0,%]
with Q = (0,1) and f(x) = !
-1, z € (5,1)~

a) Explicitly derive the variational formulation of this problem.



b) Consider as N-dimensional trial space S, the space spanned by the basis {¢1, ..., ¥n}
with

%7 T € [zj-1,25),
2/}J(‘Tj) = %7 VIS [:CJijJrl)u
0, otherwise,

Wher60:$o<$1:N+r1<---<$N:NL+1<$N+1:1andh:xi—:ri_1:N+rl.
(This basis is also called the nodal basis).
Calculate the entries of the stiffness matrix A, and the right-hand side b, for this
basis (you can assume that N is odd).

Solution:

a) It holds

= /0 —u”(x)v(x)dx:/o f(x)v(z)dz Vv e H,

= [ =/ (z)v(z) (1)—1—/0 o' (z)v' (x)dx /0 f(x)v(z)dz Vv € Hy

= ) u'(a:)v’(x)dx—/o f(x)v(z)dx Vv € H,
O S

b) Stiffness Matrix:
We have to calculate a(v;, ;) = f Yi(z)y)(z)dr for all 4, j = 1,..., N. Note that

%7 MRS [xj—hxj)?
%(95) = _Tla S [xj7xj+1)7
0, otherwise,

From the definition of the basis functions, the supports of ¥ and ¢} only intersect
if j=4,j=14i—1orj=1i+1. Hence all entries a(¢;,1;) of Ay for |i — j| > 1 are
zero. For the other entries, we have

o) = [ i@ = [ @@ [ e
i 1 2 Tit1 Tit1 1 2
:/xi_l (ﬁ) d“L (‘ﬁ) dx:/xi_l (z> &
_2
= |
a(i i) = | d@ia@de= [ gl (e)de

Tit+1 1 1 1
/xz. (‘z) <ﬁ) v =%



Ti+1 T

a(i—1, ;) = Vi (2)Yi(2x)de = i1 (@) () da

Ti—1 Ti—1

-G (a)ee= i

so that the stiffness matrix A; has the form

Right Hand Side:
Since N is odd, x Ny = % The basis function N1 is symmetric around this point,

so that for the right hand side at ¢ = % it holds

(f,¥i)o = /.i+1 f(@)Yi(z)dx = /l i(x)dr — .M Yi(x)dz = 0.
Similarly, we have
(f,¢i)o = / - f(z)(z)de = ‘i vi(x)dz = h Vi < N;L 1,
(f,i)o = /:Zjl f(z)(z)de = /::11 —i(x)de = —h Vi > %



