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Preface

This is a slightly extended version of my manuscript to the lecture Numerical
Finance that was given at the University Ulm several times.

The current version corresponds to the lecture that I gave in the sum-
mer term 2007. It was given in the framework of the international Master
programe in Finance, but it was of course open to the standard diploma
curriculum in Mathematik and Wirtschaftsmathematik.

This manuscript can be just a first introduction to a rapidly developing
field. It is highly recommended also to consult the literature. I have given
a list of text books in the bibliography. Additional information can also be
found via the web page of the institute, i.e.,

www.mathematik.uni-ulm.de/numerik

Finaly, I wish to thank Michael Lehn, Mario Rometsch and Dr. Shaowu
Tang for their very good work as assistants to the lecture and for many very
valuable comments. I am particularly grateful to my colleague Prof. Dr.
Rüdiger Kiesel for providing several examples from mathematical finance.
My students Timo Tonn and Johannes Ruf made several helful remarks which
I kindly acknowledge. Petra Hildebrand fought with my hand-writing and
typed the first version of this manuscript in LATEX.
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Chapter 1

Introduction

At a first glance, one may ask why numerical methods in financial mathemat-
ics are needed at all. On one hand, traders prefer formulae since influence of
parameters can easily be detected. On the other hand, sophisticated models
require numerical simulations since explicit formulae are not possible. For
such simulations, on may argue that highly sophisticated software packages
are available that do all computations needed. As an example, we just men-
tion two main fields in financial mathematics in which numerical methods
are needed, namely:

• Calculation of prices, values etc. with a given (often complicated) for-
mula on a computer; as an example let us mention that ‘over-the-
counter’ (OTC) derivatives are tailor-made for certain specific applica-
tions. Hence, there no standard software can be used in this case.

• Computation of an approximate solution to problems that do not have
a closed formula such as

– certain linear or non-linear systems of equations,

– ordinary and/or partial differential equations,

– problems of optimization,

– differential-algebraic equations (DAEs),

– variational inequations,

– and so on.
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In all these possible applications, the user (the person that makes use of the
results of a numerical computation) in particular is interested in

• Exactness and reliability of the results:
If a result of a numerical computation is the basis for further decisions,
the user has to know how ‘good’ this result is, namely how close the
numerical approximation is to ‘the’ ‘exact’ solution. A precise error
statement (e.g. an estimate of the relative error of the desired quanitiy)
is a necessary information for the further use of the numerical results.

• Stability:
Often a numerical computation is based on input data. Not only in
applications from financial mathematics those input data are not avail-
able at all or are at least subject to stochastical influences. This means,
one cannot expect to have exact input data, they will in general contain
errors. Consequently, the numerical computation must not be sensitive
to small errors in the input data in the sense that small errors in the in-
put cause large errors in the output. This topic is known in Numerical
Mathematics as stability.

• Efficiency:
In a large range of applications one needs a numerical computation not
sometime but within a short period of time. There are even applications
in which the computation has to be performed in real time, i.e., in the
same time, the process to be simulated takes in reality. This demand
is only achievable if the numerical method used is highly efficient.

From these different demands, particular numerical questions and prob-
lems arise, namely:

• Reliability of computed approximations:
In order to give a precise error estimate for the quanitity under consid-
eration, an error analysis of the corresponding numerical methods and
algorithms is required. This in particular leads to the mathematical
field of Approximation Theory.

• Stability of the numerical methods:
The study of the stability of numerical methods is an own field within
Numerical Analysis, sometimes also called pertubation theory.
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• Efficiency:
This topic is especially relevant for high-dimensional, highly complex,
or time-critical problems (e.g. problems of control, real time problems).
The study of these kind of questions is called Complexity Theory which
is also a well-established field within Numerical Analysis.

From the above introduction, we see that a good knowledge and the
correct use of numerical tools is very important for the user. In particular,
also a practitioner should know which numerical tool is useful for which
kind of problem. An incorrect use may not only yield to extremely large
computing times (which might cause that the numerical results are worthless)
but the numerical simulation may also have nothing to do with the underlying
problem (which means that the numerical results are wrong).

Finally, it turns out that applictions from finance sometimes require nu-
merical methods that are well-known from other fields of application. As an
example, the valuation of certain exotic options lead to so-called convective-
diffusion or hyperbolic problems that are standard in fluid dynamics. In this
sense, the described numerical methods are of broader interest than only
finance.
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Chapter 2

Numerical Generation of
Random Numbers

The modelling of financial processes often requires also to take into account
stochastical influences, e.g., the seemingly random development of a stock
price in the future. In order to simulate a stochastical behaviour within a
numerical simulation, one has to realize randomness on a computer, i.e., the
generation of random numbers.

Possible applications (among others) include:

• Numerical realization and simulation of stochastic processes. This field
in fact has a huge area of applications far beyond financial mathe-
matics. Let us just mention traffic simulation, medicine, science and
engineering.

• Monte–Carlo–Methods. We will come to these methods for a specific
application later, they require in particular the availability of random
numbers.

The main problem is that a computer is a deterministic calculating ma-
chine, i.e., any algorithm, any process on the computer is deterministic.
Thus, the nature of a computer is in contrast to the generation of random
numbers. Because of this one usually talks of pseudo random numbers, i.e.,
numbers that are generated in a deterministic way but that reflect a random
behaviour in a ‘good’ way. Moreover, often random numbers mimicing a
given distribution are required. First we analyze the generators of pseudo
random numbers for uniformly distributed numbers. Other distributions will
then be realized with the aid of suitable transformations.
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2.1 Congruence Methods

We start with the maybe most simple family of methods, the so-called con-
gruence methods.

Definition 2.1.1 For M ∈ N set ZM := {0, . . . ,M − 1}. A congruence
method of first order constructed by an initial value y0 ∈ ZM with a function

f : ZM → Z (2.1.1)

is a sequence (yn)n∈N ⊂ ZM defined by the rule

yn+1 := f(yn) mod M . (2.1.2)

This method is called linear, if f is affine-linear, i.e., if there exist a, b ∈ Z

such that f(x) = ax+ b. �

For the congruence method we can now easily prove the following prop-
erties.

Theorem 2.1.2 Let the sequence (yn)n∈N be generated by the congruence
method. Then, the following statements hold:

(a) The created sequence (yn)n∈N has a period with the maximal length M .

(b) For the linear congruence method with b = 0 (the so called Prime-
Modulo-Generator) ym = 0 must be excluded for all m ∈ N.

Proof:

(a) Because of #ZM = M there exist at least two identical elements in
{y0, . . . , yM}, i.e. ∃ 0 ≤ i ≤ M − 1 , ∃ 1 ≤ p ≤ M such that yi, yi+p ∈
{y0, . . . , yM} and therefore yi = yi+np for all n ∈ N.

(b) For ym = 0 (for some m ∈ N) and b = 0 we obtain

f(ym) = aym + b = 0 = ym ,

so that ym = yn for all n ≥ m, i.e., we obtain a constant sequence,
which of course is non-random. �
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The periodicity of the generated sequence is of course a serious drawback
of the congruence method. Thus, in practice M should be chosen as large
as possible in order to obtain a maximal length of the period. However,
Theorem 2.1.2 (a) gives only an upper bound for the length of the period,
in practice it could even be much smaller as we have seen in (b). The next
result gives a precise statement for the length of the period of the Prime-
Modulo-Generator.

Theorem 2.1.3 Let M be a prime number. Then, the Prime-Modulo-Ge-
nerator yn+1 = ayn mod M has the smallest period M −1 if a is a primitive
root of M , i.e., if

(ai − 1)

{
6≡ 0 mod M , if 1 ≤ i < M − 1,
≡ 0 mod M , if i = M − 1.

Proof: By Theorem 2.1.2 (b) we can assume y0 6= 0. For the sequence
(zn)n∈N with z0 := y0, zn := f(zn−1) = azn−1 we obviously have zn = anz0.
Thus yn = zn mod M = y0 holds if and only if an ≡ 1 mod M . Thus, by
assumption on a we have n = M − 1 which is the smallest period. �

Example 2.1.4 We consider the case M = 11 with the choices of the pa-
rameters a = y0 = 5. Note that in this case we have a5 = 3125 = 11×284+1,
which implies a5 mod 11 ≡ 1, i.e., we expect that the periodic length is equal
to 5. In fact:
y1 = 25 mod 11 = 3
y2 = 15 mod 11 = 4
y3 = 20 mod 11 = 9
y4 = 45 mod 11 = 1
y5 = 5 mod 11 = 5 = y0

Example 2.1.5 The generator RANDU, which still is often used in mathe-
matical software packages is a Prime-Modulo-Generator with a = 216 +3 and
M = 231 (see exercises).

Example 2.1.6 An example of a non-linear congruence method is the in-
verse congruence method, where we have

f(x) = ax̄+ b , a, b ∈ ZM ,M prime,
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is used and x̄ is defined for a given x ∈ ZM as

{
x̄ = 0 , if x = 0,
xx̄ ≡ 1 mod M , else.

Obviously, the calculation of x̄ is the most expensive part from the numerical
point of view. This can e.g. be done with the euclidean algorithm.

If the lenght of the period is M , the calculated pseudo random numbers
are obviously uniformly distributed. If they are normalized through yi

M
on

the unit interval [0, 1], they can be subjected to statistical tests in order to
check if the desired distribution is in fact matched. We will describe this in
the next section.

2.2 Frequency and Gap Tests

Once a sequence of random numbers is generated, one of course wants to
check if this sequence is of the desired distribution. For the uniform distribu-
tion one may look at a graphical visualization, where each random number
within an interval is plotted with a different vertical coordinate. Such a vi-
sualization is shown in Figure 2.1. Even though this graphical visualization
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1
Distribution of 2000 pseudo random numbers using Matlab

Figure 2.1: Visualization for the random number generator of Matlab.

gives a first idea, it clearly has a number of serious drawbacks. First of all,
it is more or less restricted to the uniform distribution. Moreover, and more
seriously, it does not give any quantitative information. Thus, we describe in
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this section how standard statistical tests can be used in order to investigate
the quality of generated sequences of pseudo random numbers.

2.2.1 The χ2-Test

Let us briefly recall the well-known χ2-test from statistics:
Divide [0, 1] into m + 1 subintervals Ji = [xi, xi+1), 0 = x0 < x1 < . . . <
xm+1 = 1 and define the quantity

Bi := #tν in the interval Ji

(tν are the pseudo random number, ν = 1, . . . , n). For the test to be mean-
ingful every Bi should be at least of the size 5 to 10. Further let

Ei :=
n

m+ 1

be the expected number of tν ’s in Ji in case of an equal distribution. Then,
we define

χ2
(n) :=

m∑

i=0

(Bi −Ei)
2

Ei

and we have

χ2
(n)

d−→
n→∞ χ2

m

where χ2
m is the chi-square distribution with density

fm(x) :=

{ (
x
2

)m
2 e−

x
2

xΓ(m
2 )
, x > 0,

0, s ≤ 0,

and Γ(x) :=
∞∫

0

tx−1e−t dt is the Gamma function.

A significant test results, if this test is realized for a large number (say N)
of realizations of a random number generator. Then, the quantity pi of the
calculated χ2-values in the intervals

[i− 1

2
, i+

1

2
) , i = 1, 2, . . .

are counted. If the points (i, pi/N) are “close” to the probability density-
function fm, the random number generator has passed the χ2 test. A possible
quantiative measure could be the L2-norm.

12



0 5 10 15 20 25 30 35
0

0.02

0.04

0.06

0.08

0.1

0.12
χ2−Test for the Matlab random number generator M=10000, N=1000, m=10

Exact distribution
χ2−test

Figure 2.2: A χ2-test for the random number generator of Matlab. Obvi-
ously, the test was succesful.

Example 2.2.1 Figure 2.2 shows the result of a χ2-test for the random num-
ber generator of Matlab. The code for the χ2-test is also written in Mat-

lab.

2.2.2 Gaps

Definition 2.2.2 For a given interval J ⊂ [0, 1] a sequence (tn)n∈N0 is
said to have a gap of length k, if there exists some n ∈ N0 such that
tn, . . . , tn+k−1 /∈ J , but tn+k ∈ J . �

For a corresponding test, choose h ∈ N, and count the number of gaps of
length 0, 1, . . . , h − 1, h. On this sequence of pseudo random numbers, the
above χ2-test is applied.

For further information on random number generation and corresponding
tests, we refer to [10].

2.3 Discrepancy

We have seen statistical tests to check the distribution of pseudo random
numbers. We have concentrated on the uniform distribution. So far, we do
not have a measure how good a uniform distribution is matched. We will
now introduce such a measure.
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Definition 2.3.1 Let X := {x1, . . . , xN} ⊂ [0, 1]m be a sequence of normal-
ized pseudo random vectors.

(a) Let Q be the set of all quads in [0, 1]m. Then, we call

D(X) := sup
Q∈Q

∣
∣
∣
∣

#{xi ∈ X : xi ∈ Q}
#X

− vol (Q)

∣
∣
∣
∣

the extreme discrepancy of X.

(b) For X = {x1, x2, . . .}, we also use the abbreviation

DN := D({x1, . . . , xN}).

If lim
N→∞

DN = 0, then we say that X consists of uniformly distributed

points. �

The idea behind the latter definition is that for a set of uniformly dis-
tributed points the portion of those points lying in a quad Q should at least
almost correspond to the volume of Q. Of course the quantity D(X) is not
so easy to compute since the determination of the supremum over all quads
might be a delicate and in particular expensive task. Thus, one also considers
the following measure.

Definition 2.3.2 Let Q∗ =
m∏

i=1

[0, yi), 0 < yi ≤ 1, be a quad with one corner

in 0 and denote by Q∗ the set of all these quads. Then, the quantity

D∗(X) := sup
Q∗∈Q∗

∣
∣
∣
∣

#{xi ∈ X : xi ∈ Q∗}
#X

− vol (Q∗)

∣
∣
∣
∣

is called star discrepancy of X. �

Obviously, the star discrepancy is easier to access. The next result shows
that it is in fact an approximation of the discrepancy.

Proposition 2.3.3 The following estimates hold

(a) 0 ≤ DN ≤ 1,

(b) D∗
N ≤ DN ≤ 2mD∗

N ,
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(c) D∗
N ≥ 1

2N
for m = 1.

Proof: We leave the proof as an easy exercise. �

In Definition 2.3.1 (b) we just require that DN tends to zero for N → ∞.
This is a statement of pure asymptotic character. In practice one is of course
also interested that already a moderate number of pseudo random numbers
is almost uniformly distributed. Hence, one is interested how fast DN tends
to zero, i.e., what is the rate of decay. This is reflected by the following
definition.

Definition 2.3.4 A sequence (xk)k∈N ⊂ [0, 1]m is called of low discrepancy
if

DN ≤ Cm
(logN)m

N
(2.3.1)

with a constant 0 ≤ Cm <∞ independent of N . A deterministic sequence of
numbers is called a set of quasi random numbers if (2.3.1) holds. �

Remark: In moderate dimensions m, the above estimate basically means

DN ≈ O(N−1).

However, the curse of dimensionality shows up due to the term (logN)m. It
is widely believed (see [10], p. 32) that

D∗
N ≥ Bm

(logN)m

N

with a constant Bm depending only on m. This means that

O(N−1(logN)m)

would be the optimal rate.

Some examples

Example 2.3.5 For m = 1 and xi := 2i−1
2N

, i = 1, . . .N , we obtain D∗
N = 1

2N
.

In fact, let Q∗ = [0, y) , 0 < y ≤ 1 so that vol (Q∗) = y and

xi ∈ Q∗ ⇐⇒ 2i−1
2N

< y ⇐⇒ 2i− 1 ≤ 2Ny

⇐⇒ i ≤ 2Ny+1
2

.
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Hence, we have

D∗(X) = sup
0<y≤1

{
2Ny + 1

2N
− y

︸ ︷︷ ︸

= 2Ny+1
2N

− 2Ny
2N

= 1
2N

}

=
1

2N
.

By Proposition 2.3.3 (c) this is optimal. On the other hand, the sequence
(xi), i ∈ N has to be computed for every N from scratch which of course is
highly inefficient if N grows. Hence, it would be better if the numbers could
be set in a dynamical way that allows for updating. The next example shows
one way to achieve this.

Definition 2.3.6 Let b ≥ 2 be an integer and for i ∈ N consider the b-adic
representation of i to the base b, namely

i =

j
∑

k=0

dk b
k , dk ∈ {0, 1, . . . , b− 1},

where the upper index j of course depends on i (or, on a computer, on the
finite arithmetic). Then, the mapping φb defined by

φb(i) :=

j
∑

k=0

dk b
−k−1

is called radical-inverse function. �

The radical-inverse function can be interpreted as a ‘reflection at the radix
point’, i.e., i 7→ x ∈ Q, 0 < x < 1. If the number of digits j in i is increased,
the highest power of b is increased which in turns increases the fineness of the
rational numbers i, i.e., new numbers are dynamically inserted. Combining
different radical-inverse functions yields the following sequence.
The sequence

1

2
,

1

4
,

3

4
,

1

8
,

5

8
,

3

8
,

7

8
,

1

16
, . . .

known as van der Corput sequence can be generated by xn := φ2(n). In
general, a sequence defined by

xn := φb(n)

is called van der Corput sequence. It can be shown that all these sequences
are low discrepancy sequences.
An extension to several space dimensions is given by the following definition.
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Definition 2.3.7 Assume that p1, . . . , pm are coprime integers. Then, the
vectors

xi := (φp1(i), . . . , φpm
(i)) ∈ Rm , i = 1, 2, . . .

are called Halton sequence.

2.4 Transformed Random Variables

So far we have considered ‘only’ uniformly distributed quasi random numbers.
A (very) simple method to construct an approximately normally distributed
sequence of random numbers from a uniformly distributed sequence Ui ∼
U [0, 1] is the following

X :=
12∑

i=1

Ui − 6.

One easily obtains by the central limit theorem that approximately X ∼
N (0, 1). Obviously, this is not a very sophisticated method and, as we shall
see next, transformation methods are in fact much better.

2.4.1 Inversion

The quite simple idea of this approach is to invert the particular distribution
function.

Theorem 2.4.1 Let U ∼ U [0, 1] and F be a uniformly continuous, strictly
monotone distribution function. Then there exists the inverse F−1 : [0, 1] →
R and F−1(U) is distributed according to F .

Proof: It is easily seen that for F−1(z) = x

U ∼ U [0, 1] ⇐⇒ P (U ≤ ξ) = ξ for 0 ≤ ξ ≤ 1
⇐⇒ P (F−1(U) ≤ x) = P (U ≤ F (x)) = F (x). �

Remark 2.4.2 The statement of Theorem 2.4.1 also applies for more gen-
eral distribution functions.

Even though this straightforward apporach seems to yield the desired
result, there is a serious drawback. E.g. for the normal distribution there is
no Gaussian error-integral, in particular neither for F (x) nor for f = F−1(x) a
closed formula exists. Thus one has to solve the non-linear problem f(x) = u

17



numerically e.g. by an iterative method (biselection, secant method, Newton).
Moreover, it can easily be seen that for ξ ≈ 1 small modifications in ξ
cause large modifications in x, i.e., instabilities occur. As an alternative,
one may compute a numerical approximation G(u) ≈ F−1(u) e.g. by rational
approximation in order to reflect the poles correctly.

2.4.2 Transformation of Random Variables

As an alternative, we now consider transformation methods. The key result
behind this approach is the following theorem. For simplicity sake, we will
first state and prove it in the 1D case.

Theorem 2.4.3 Let X be a random variable with probability density func-
tion (pdf) f(x) and cumulative distribution function (cdf) F (x). Further let
be h : S → B, S,B ⊂ R, where S denotes the support of f , i.e.,

S := supp f := {x ∈ R : f(x) 6= 0}.
If h is strictly monotone, we have
(a) Y := h(X) is a random variable with cdf F (h−1(Y )).

(b) If h−1 is absolutely continuous, then

f(h−1(y))

∣
∣
∣
∣

dh−1(y)

dy

∣
∣
∣
∣

(2.4.1)

is the pdf of h(X) for almost all y.

Proof:

(a) Because h is strictly monotonously increasing, this also holds for the
inverse and we obtain for the distribution of Y that P (Y ≤ y) =
P (h(X) ≤ y) = P (X ≤ h−1(y)) = F (h−1(y)).

(b) Because h−1 is absolutely continuous, the density of Y = h(X) is equal
to the derivative of the distribution function almost everywhere. By
the chain rule, we obtain

d

dy
F (h−1(y)) = F ′(h−1(y))

︸ ︷︷ ︸

=f(h−1(y))

(
d

dy
h−1(y)

)

and the absolute value in (2.4.1) is necessary in order to obtain a pos-
itive density, see [14]. �
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Now we apply Theorem 2.4.3 to a given sequence of random numbers
X ∼ U [0, 1]. Let f be the corresponding pdf, i.e.,

f(x) :=

{
1, if 0 ≤ x ≤ 1,
0, else,

i.e., S = supp f = [0, 1]. Assume that we are interested in a sequence of
random numbers Y with probability density function g(y). Thus, we define
h−1 as in (2.4.1), i.e.,

∣
∣
∣
∣

dh−1(y)

dy

∣
∣
∣
∣
= g(y)

so that Y := h(X) is the desired sequence. Let us describe two particular
examples.

Example 2.4.4 (Exponential distribution) It is well-known that the proba-
bility density function is

g(y) =

{
λe−λy for y ≥ 0,
0 for y < 0,

where λ is the free parameter. Thus, B := [0,∞) = R∗
0 and S := [0, 1].

Hence h : S → B is defined by y := h(x) := − 1
λ

log x and thus h−1(y) = e−λy

for y ≥ 0. Hence,

f(h−1(y))
︸ ︷︷ ︸

=1

∣
∣
∣
∣

d

dy
h−1(y)

∣
∣
∣
∣
= |(−λ)e−λy| = g(y),

and h−1 : B → S (note that both sides are = 0 for y < 0). According to
Theorem 2.4.3, we see that h(x) is exponentially distributed.

Example 2.4.5 (Standard normal distribution) It is well–known that the
probability distribution function is

g(y) =
1√
2π

exp

(

−1

2
y2

)

!
=

∣
∣
∣
∣

d

dy
h−1(y)

∣
∣
∣
∣
,

where the latter equation is the one to be satisfied by Theorem 2.4.3. This is
a differential equation for h−1 that does not have an analytical solution. Thus
one has to resort to numerical solution methods, see Numerical Mathematics
II.
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Without proof, we quote the generalization of Theorem 2.4.3 to the mul-
tivariate case.

Theorem 2.4.6 Let X be a sequence of random variables on Rn with den-
sity function f(x) > 0 on S = supp f . Moreover, assume that h : S →
B, S,B ⊂ Rn is explicitly invertible and Y := h(X) is the transformed se-
quence. If h−1 is continuously differentiable on B, then Y has the density
function

f(h−1(y))| detJ h−1(y)| , y ∈ B,

where J h−1(y) is the Jacobi-Matrix of h−1, (J h−1(y))i,j = ∂
∂yj

(h−1(y))i. �

2.4.3 Normally Distributed Random Variables

Since normally distributed pseudo random variables are highly relevant in
many applications, we give a corresponding number generator for this case
here. We apply the above described transformation method in order to gener-
ate normally distributed random numbers. This is the method of Box–Muller
which was introduced in 1952.

We now describe this method. Define the function h : [0, 1]2 → R2 by

h1(x1, x2) :=
√−2 log x1 cos 2πx2 = y1

h2(x1, x2) :=
√−2 log x1 sin 2πx2 = y2.

It is readily seen that

h−1(y1, y2) =

[
exp

{
−1

2
(y2

1 + y2
2)
}

1
2π

arctan y2

y1

]

=

[
x1

x2

]

and the Jacobi-Matrix is given by

J h−1(y) =

(
∂xi

∂yj

)

i,j

=







(−y1) exp
{
−1

2
(y2

1 + y2
2)
}

1
2π

1

1+
y2
2

y2
1

·
(

− y2

y2
1

)

(−y2) exp
{
−1

2
(y2

1 + y2
2)
}

1
2π

1

1+
y2
2

y2
1

· 1
y1






.
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Hence, we obtain

detJ h−1(y) = 1
2π

exp
{
−1

2
(y2

1 + y2
2)
}
[

−y1
1

1 +
y2
2

y2
1

· 1

y1
− y2

1

1 +
y2
2

y2
1

· y2

y2
1

︸ ︷︷ ︸

=−1

]

= −
(

1√
2π

exp
{
−1

2
y2

1

})(
1√
2π

exp
{
−1

2
y2

2

})

which is the probability density function of the standard normal distribution.
Hence h(X) is normally distributed. The corresponding algorithm then reads
as follows.

Algorithm 2.4.7 (Box-Muller)

(1) Generate two variables U1 ∼ U [0, 1] and U2 ∼ U [0, 1];

(2) Set Θ := 2πU2 and ρ=

√−2 logU1;

(3) Compute Z1 := ρ cos Θ and Z2 := ρ sin Θ, which are two independent
standard normal distributed random numbers. �

A modification of this is the method of Marsaglia, see [14, Chap. 2.3.2]

2.5 The Mersenne twister

We now briefly describe a modern pseudo random number generator which
is maybe nowadays the most standard one also used in software packages like
MATLAB or MATHEMATICA. The so-called Mersenne twister was intro-
duced in 1997 by M. Matsumoto and T. Nishimura. The main advantages
are:

• efficiency: very fast generation;

• quality: it passes several tests for statistical randomness and overcomes
known drawbacks of other generators.

The name comes from the fact that the period length is a Mersenne prime,
i.e.,

Mn = 2n − 1.
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The commonly used is called MT19937 with n = 19937 with 32-bit word
length, but there is also the variant MT19937-64 with 64-bit word length.
Note that the period length is

219937 − 1 ≈ 4.3 · 106001

which obviously is sufficient for many applications. Moreover, it can be shown
that the generated sequence is a low discrepancy one.

The iteration is defined by

xk+n = xk+m ⊕ (xu
k | xℓ

k+1)A, k = 0, 1, . . . ,

where ⊕ denotes the bitwise XOR operation,

• n is the degree of recurrence (624 for MT19937),

• m the number of parallel sequences, 1 ≤ m ≤ n (397 for MT19937)

• u, ℓ additional tempering bit shifts (u = 11, ℓ = 18 for MT19937).

Next, we define (xu
k | xℓ

k+1) and A, to be precise

A =

(
0 In−1

an (an−1, . . . , a0)

)

with In−1 being the (n−1)-dimensional identity and in the standard matrix-
vector multiplication bitwise XOR replaces addition. For MT19937 one uses

a = 9908B0DF16 = (an, . . . , a0), n = 624.

This means

xA =

{
x≫ 1, if x0 = 0,
(x≫ 1) ⊕ a, if x0 = 1,

where x≫ u denotes the u-bit shiftright. Next,

• xu
k denote the upper w − r bits of xk

• xℓ
k+1 the lower r bits of xk+1,
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where w = 32 and r = 31 is used in MT19937.
Thus, if x = (xw−1, . . . , x0), we have

xu = (xw−1, . . . , xr)

xℓ = (xr−1, . . . , x0)

and (Xu | Xℓ) is the concatenation.

A second step is performed in order to compensate for the reduced dimen-
sionality of equidistribution. Such a strategy is called tempering and was
introduced by Matsumoto and Kurita in 1994. Formally, the tempering can
be written as z = xT . In the case of the Mersenne twister this is realized by
the following successive transformations

y := x⊕ (x≫ u)

y := y ⊕ ((y ≪ s) AND b)

y := y ⊕ ((y ≪ t) AND c)

y := y ⊕ (g ≫ ℓ)

and in MT19937 one uses u, ℓ as above, (s, b) = (7, 9D2C568016) and (t, c) =
(15, EFC6000016). This form is called twisted generalized feedback shift reg-
ister (GFSR).
As already mentioned in [9] it was proven that this sequences reach the op-
timal period length.
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Chapter 3

Numerical Cubature and
Monte Carlo and Quasi-Monte
Carlo Methods

Many important applications of mathematical modelling in financial math-
ematics require the computation of integrals. These usually highly dimen-
sional integrals are often so complex that this cannot be done analytically.
Hence, one has to resort to numerical methods. We start with an example
that shows of which type these integrals might be. This also clearly shows
the numerical challenges.

Example 3.0.1 (Mortgage-Backed Securities (MBS)) MBS are a promi-
nent example of asset–backed securities and widely used in the USA. An MBS
is a fixed-income security whose performance is related to a pool of customer
mortgages. The bank, who is giving out a mortgage to a customer, faces its
prepayment risk, e.g. the risk that the customer pays back his mortgage pre
(mostly to refinance in order to benefit from low interest rates). Thus there
is only a supposed behaviour that depends on external parameters. Hence a
stochastical modeling is appropriate and required.

The value of the bond coincides with the expected return, i.e., an expecta-
tion rate which mathematically is an integral. Let us illustrate the numerical
problem for a concrete example. Let the duration of the bond be 30 years, i.e.,
360 months. We denote by rk the interest rate per month k, 1 ≤ k ≤ d = 360.
This is a random variable and we assume that it is log-normally distributed,

24



i.e.,

rk = rk−1e
σZk−σ2

2 ,

(Rendleman-Bartter interest-model). Here Zk are independent and standard-
normally distributed. Moreover, we denote the discounting coefficient by

dk =
k−1∏

i=0

1

1 + ri

.

The repay rate is modelled by

wk = wk(rk) = K1 +K2 arctan(K3rk +K4), K2 ·K3 = 0.

This results in the following model for the cash flow per month k :

Mk = C(1 − w1) . . . (1 − wk−1)

(

1 − wk + wk

k−1∏

i=1

1
1+ri

)

= C(1 − w1) . . . (1 − wk−1)(1 − wk + wkdk),

where C is the investment at the beginning of the contract. Hence, we obtain
the current value of a MBS as

W =
d∑

k=1

dkMk =
d∑

k=1

dk(Zk)Mk(Zk).

Denoting by f(z1) . . . f(zd) the d-dimensional N0,1-density, a straightforward
calculation for the expectation yields

⇒ E(W ) =

∞∫

−∞

. . .

∞∫

−∞
︸ ︷︷ ︸

d

d∑

k=1

dk(Zk)Mk(Zk)f(z1) . . . f(zd) dz1 . . . dzd

=

∫

[0,1]d

W̃ (u) du , (3.0.1)

where u = (u1, . . . , ud), and

W̃ (u) =
d∑

k=1

Mk(φ
−1(uk))dk(φ

−1(uk)), W̃ : Rd → R.

This shows that we have to compute an integral in a 360-dimensional space.
Obviously, this has to be done by a numerical method.
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3.1 Product Formulas (are useless here)

In the latter example, we have to integrate a moderately complicated function
over an easy domain (a cube), but in an extremely high-dimensional space.
The simplest approach to do this is to use a 1D quadrature rule from any
text book on numerical analysis and to use a product formula built on this.
We will now show that this would result in an extremely unefficient method.

Let us again consider the above example, i.e., we want to calculate (3.0.1)
numerically. To this end, we consider the following 1D quadrature formula
for a function f : [0, 1] → R

Qn[f ] =

n∑

k=1

γif(ti),

i.e., a quadrature formula for the approximation of
1∫

0

f(x) dx with weights

γi ∈ R and quadrature points ti ∈ [0, 1]. These formulas are now put together
to obtain a cubature formula for a function F : [0, 1]d → R

Id[F ] :=

∫

[0,1]d

F (x1, . . . , xd) dx1 . . . dxd

=

1∫

0

. . .

1∫

0
︸ ︷︷ ︸

d

F (x1, . . . , xd) dx1 . . . dxd

≈
1∫

0

. . .

1∫

0
︸ ︷︷ ︸

d−1

n∑

i=1

γiF (ti, x2, . . . , xd) dx2 . . . dxd

≈ . . . ≈
n∑

i1=1

. . .

n∑

id=1

γi1 . . . γidF (ti1 , . . . , tid) =: Q
[d]

nd[F ]. (3.1.1)

We now study the error of the latter product formula.

Definition 3.1.1 For a given 1D quadrature formula Qn (3.1.1) is called
product formula. The respective quadrature and cubature errors are

Rn[f ] := I1(f) −Qn[f ] , R
[d]

nd[F ] := Id[F ] −Q
[d]

nd[F ] , (3.1.2)
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for the functions f : [0, 1] → R and F : [0, 1]d → R.

Example 3.1.2 Before we study the error, let us just give a feeling for the
complexity of the numerical problem. Let us assume that the parameter n
reflects the exactness and also the complexity of Qn[f ] e.g. the number of
quadrature points. For n = 1 (i.e., one quadrature point in [0, 1], i.e., ap-
proximation by constants) one cannot expect a high order of exactness. Thus,
let us consider the next higher case n = 2. For the above case of d = 360,
this would amount to

2360 ≈ 2.34 · 10108

evaluations of the function F to be integrated, which obviously is highly inef-
ficient.

Moreover, there are also bad news concerning the behaviour of the error.
One expects of course that the error decreases for increasing n. In addi-
tion, the rate of convergence of the 1D method should be preserved in the
multivariate case. This however is not true as the following result shows.

Theorem 3.1.3 For every sequence of quadrature formulas Q1, Q2, . . . with

|Rn[f ]| ≤ Cp

np
‖f (p)‖∞

and every sequence (δn)n∈N, δn ց 0, there exists a function F : [0, 1]d → R

with ‖F‖∞ ≤ 1, ‖F (p,...,p)‖∞ ≤ ∞ and

R
[d]

nd [F ] ≥ δn
np

for an infinite number of n. �

We omit the proof of the latter theorem, refer e.g. to [11] and just remark
that the counterexample is closely related to the famous example given by
Runge, i.e., the function 1

1+x2 ∈ C∞(R) for which the polynomial interpola-
tion fails.

We conclude from the above discussion that for N = nd sampling points
as for a product rule, the error is of the order O(N− p

d ) which cannot be
improved. Thus, product rules are useless for our kind of applications.
This means that the rate of convergence becomes slower for increasing space
dimensions d → ∞. Hence, the high-dimensional case is as bad as it can
only be, namely
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• the amount of work increases exponentially and

• the rate of convergence decreases.

3.2 Monte–Carlo methods

Monte–Carlo methods are nowadays widely used in stochastical modelling
and simulation. We describe their use in numerical finance and also give a
precise error estimate in the sequel.

Example 3.2.1 The midpoint rule reads

QMi
n [f ] =

1

n

n∑

i=1

f

(
2i− 1

2n

)

,

i.e., the quadrature points ti = 2i−1
2n

are uniformly distributed over the unit
interval. For the corresponding product formula we would thus use the grid
points (

2i1 − 1

2n
, . . . ,

2id − 1

2n

)

∈ [0, 1]d , ij ∈ {1, . . . , n} .

In the above example, one would place nd points uniformly over the unit
cube [0, 1]d. The idea is now to distribute these points in a random manner
but in such a way that the random numbers are uniformly distributed. Hence,
a method of the form

QMC
n [F ] :=

1

n

n∑

i=1

F (xi) , n = 1, 2, . . .

with independent uniformly distributed random numbers xi ∈ [0, 1]d is called
Monte-Carlo-Method (MC) for the approximation of Id[F ]. Correspondingly,
we denote

RMC
n [F ] := QMC

n [F ] − Id[F ]

the error of the quadrature.

Theorem 3.2.2 If Id[F ] <∞, Id[F
2] <∞, then it holds

P
(

lim
n→∞

RMC
n [F ] = 0

)

= 1 .
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Proof: The proof is a consequence of the Strong Law of Large Numbers. �

Moreover, from of the Central Limit Theorem it follows with

σ2
F := Id[F

2] − Id[F ]2

that

lim
n→∞

P

(
σF√
n
a < RMC

n [F ] <
σF√
n
b

)

=
1√
2π

b∫

a

e−
t2

2 dt,

i.e., we can expect an order of 1√
n

= n− 1
2 . For high dimensional problems

we have that 1
2
≫ p

d
, i.e., the expected rate of convergence of a Monte–

Carlo method is better compared with the above mentioned product formu-
las. However, the order 1

2
is of course a serious drawback.

Remark 3.2.3 With the use of so–called “antithetic variates” the variance
σF can be reduced so that the method is (quantitatively) improved. However,
this affects only the constant of the O-Symbol, the slope of N−1/2 of the error
stays the same.

For the required random numbers one can use one of the already intro-
duced random number generators. From this point of view a Monte–Carlo
Method on a computer could be called pseudo Monte–Carlo method.

3.3 Quasi–Monte–Carlo Methods

The standard Monte–Carlo method obviously has some drawbacks, namely

• the convergence statement is of probabilistic nature;

• the rate of convergence is low.

The idea to improve this is now as follows. If randomly chosen quadrature
points lead to the above error estimate, one can expect to find particular
quadrature points (or grids) so that the error behaves better. This leads to
so-called Quasi–Monte–Carlo (QMC) methods.
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Definition 3.3.1 A cubature formula Qn[f ] = 1
n

n∑

i=1

f(xi) for a sequence

X = (xi)i=1,...,n of quasi random numbers is called Quasi-Monte-Carlo for-
mula (QMC formula). Here, quasi random means that X is a previously
chosen sequence.

The ultimate goal for a QMC formula is of course to reach a best pos-
sible exactness with minimal amount of work. This means that we look for
particular good sequences X, sometimes also called nets.

We are now going to analyze this method rigorously in order to be able
to compare the different methods. To this end, we have to introduce some
notation and definitions.

Definition 3.3.2 For a function f : [0, 1]d → R, f ∈ C1([0, 1]d) we call

V (d)(f) :=

∫

[0,1]d

|f (1,...,1)(u1, . . . , ud)|du , u = (u1, . . . , ud)
T (3.3.1)

the Vitali variation of f .

Definition 3.3.3 Set J
(d)
k := {(i1, . . . , ik) : 1 ≤ i1 < i2 < . . . < ik ≤ d} and

for I ∈ J
(d)
k let fI(u) := f(u)|uik

=1,k /∈I , i.e., ({1, . . . , d}\I is the index set of
frozen indices)

fI(u1, . . . , ud) := f(v1, . . . , vd), where vi :=

{
ui, i ∈ I,
1, else,

which means that fI : Rk → R, I ∈ J
(d)
k .

Then, the quantity

V (f) :=

d∑

k=1

∑

I∈J
(d)
k

V (k)(fI) (3.3.2)

is called Hardy-Krause variation of f .

Before we can give the error estimate, we introduce some further notation:
For I ⊂ J

(d)
k , let

f (I) :=
∂

∂xi1

. . .
∂

∂xik

f , duI := duik . . . dui1 ,

∫

I

f =

1∫

ti1

. . .

1∫

tik

f.

30



Now we are ready to formulate and prove the main error estimate.

Theorem 3.3.4 (Koksma-Hlawka inequality) Let Rn denote the error
of a QMC formula with respect to X = {xi}n

i=1 ⊂ Rd. Then, we have

|Rn[f ]| ≤ D∗
n(X) V (f) . (3.3.3)

We need some preparations for the proof of the latter theorem, which is
a famous estimate.

Lemma 3.3.5 For t1, . . . , td ∈ [0, 1] we have

f(t1, . . . , td) − f(1, . . . , 1) =
d∑

k=1

(−1)k
∑

I∈J
(d)
k

∫

I

f
(I)
I (u) duI . (3.3.4)

Proof: By induction over d. For d = 1 the fundamental theorem of calculus
gives

f(t) − f(1) = (−1)

1∫

t

f ′(u) du,

which coincides with (3.3.4), since here J
(1)
1 = {1} and fI ≡ f , f

(I)
I = f ′.

For d > 1, we split the sum in the right-hand side of (3.3.4) into 3 parts.
In the following, we refer to the notation in Definition 3.3.3 above.

a) k ≥ 1 , d /∈ I ⇒ vd = 1, hence this part reads

d−1∑

k=1

(−1)k
∑

I∈J
(d−1)
k

∫

I

f
(I)
I (u1, . . . , ud−1, 1) duI .

b) k = 1 , I = {d} ⇒ vd = ud, hence the sum becomes

(−1)

1∫

td

f (0,...,0,1)(1, . . . , 1, ud) dud = f(1, . . . , 1, td) − f(1, . . . , 1).
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c) k > 1 , d ∈ I ⇒ vd = ud, hence we have for this part by the fundamen-
tal theorem of calculus

(−1)

d−1∑

k=1

(−1)k
∑

I∈J
(d−1)
k

∫

I

1∫

td

f
(I∪{d})
I∪{d} (u) dud duI

=
d−1∑

k=1

(−1)k
∑

I∈J
(d−1)
k

∫

I

f
(I)
I (u1, . . . , ud−1, td) duI

−
d−1∑

k=1

(−1)k
∑

I∈J
(d−1)
k

∫

I

f
(I)
I (u1, . . . , ud−1, 1) duI .

The right-hand side of (3.3.4) is the sum of these 3 parts which gives:

d−1∑

k=1

(−1)k
∑

I∈J
(d−1)
k

∫

I

f
(I)
I (u1, . . . , ud−1, td) duI + f(1, . . . , 1, td) − f(1, . . . , 1).

We now apply the induction hypothesis on the first term of the right-hand
side of (3.3.4) and obtain

f(t1, . . . , td−1, td)− f(1, . . . , 1, td) + f(1, . . . , 1, td) − f(1, . . . , 1)
= f(t1, . . . , td) − f(1, . . . , 1),

which proves the claim. �

Now we are ready to give the proof of the Koksma–Hlawka inequality.

Proof of Theorem 3.3.4: Since Rn[f(1, . . . , 1)] = 0 for n ≥ 1 we have
by (3.3.4)

Rn[f ] =
d∑

k=1

(−1)k
∑

I∈J
(d)
k

Rn[hI(f
(I); ·)] (3.3.5)

where

hI(f
(I); t1, . . . , td) =

∫

I

f
(I)
I (u) duI .
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We first consider a QMC formula for such kind of functions. Since

hI(f ; t1, . . . , td) =
∫

[0,1]d
CI(t, u)fI(u) du

where CI(t, u) :=

{
1, if uiν ≥ tiν ∀ν,
0, else,

we have

Rn[hI(f ; ·)] =

∫

[0,1]d

fI(u)Rn[CI(·, u)] du

≤
(

sup
u∈[0,1]d

Rn[CI(·, u)]
)
∫

[0,1]d

fI(u) du

≤ D∗
n(X)

∫

[0,1]d

fI(u) du ,

i.e., by (3.3.5)

|Rn[f ]| ≤ D∗
n(X)

∣
∣
∣
∣
∣
∣
∣

∑

k=1

(−1)k
∑

I∈J
(d)
k

∫

[0,1]d

f
(I)
I (u) du

∣
∣
∣
∣
∣
∣
∣

≤ D∗
n(X)V (f) . �

Remark 3.3.6 One can show that the Koksma–Hlawka estimate is in fact
sharp, i.e., there exist functions f for which one has “=” in (3.3.4). Further
details can e.g. be found in [11], [10], p. 20.

To be precise, one can find in [10] the following statement: For any
x1, . . . , xn ∈ [0, 1]s and any ε > 0 there exists

f ∈ C∞([0, 1]s), V (f) = 1

and ∣
∣
∣
∣
∣
∣
∣

1

N

N∑

k=1

f(xk) −
∫

[0,1]s

f(x)dx

∣
∣
∣
∣
∣
∣
∣

> D∗
N(X)V (f) − ε.

Now it remains to construct adequate sequences X. We will now describe
some examples.
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3.4 (t,m, s)-nets

Let us recall the Koksma–Hlawka inequality from Theorem 3.3.4, namely

|Rn[f ]| ≤ D∗
n(X)V (f).

For a given function f , its variation V (f) is a given number that we cannot
influence. What we can try is to minimize D∗

n(X) so that the right-hand
side of the above estimate is optimal at least for a class of functions f whose
variance is of a similar order. Hence, we look at pseudo-random sequences
of particular low discrepancy.

A first idea could be to use the Halton sequence introduced in Definition
2.3.7. However, one can show that

D∗
N(X) ≤ S

N
+

1

N

s∏

i=1

(
bi − 1

2 log bi
logN +

bi + 1

2

)

, N ≥ 1,

where bi are the first prime numbers and s is the spatial dimension. From
this, one gets

D∗
N(X) = O(N−1(logN)s),

so that the curse of dimensionality comes back into play even in the Koksma–
Hlawka inequality.

Remark 3.4.1 From several experiments one nowadays assumes that the
above estimate is sharp. There are also some modifications of the Halton
sequence such as the Hammersby point set, which, however, are not able to
overcome the above described problem.

Definition 3.4.2 Let b ≥ 2 be a base and s ≥ 1 as above the dimension. An
interval

E =
s∏

i=1

[aib
−di , (ai + 1)b−di) ⊆ [0, 1]s

is called elementary interval, where ai, di ∈ N, 0 ≤ ai < bdi, 1 ≤ i ≤ s.

For the volume, one obviously has

λ(E) =

s∏

i=1

b−di = b−|d|,
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Figure 3.1: b = 2, s = 2, |d| = 2.
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where d = (di)i=1,...,s, |d| =
s∑

i=1

dj.

Definition 3.4.3 Let 0 ≤ t ≤ m, m, t ∈ N and b ≥ 2 be a base. A (t,m, s)-
net in base b is a set P ⊆ [0, 1]s of bm points such that

#{E ∩ P} = bt for every elementary interval

E in base b with λ(E) = bt−m.

Example:

Figure 3.2: b = 2, s = 2, t = 0, m = 2.

Theorem 3.4.4 ([10] Thm. 4.10) One has

D∗
N(P ) ≤ B(s, b)btN−1(logN)s−1 + O(btN−1(logN)s−2)

for N = bm and

B(s, b) =







(
b−1

2 log b

)s−1

, s = 2 or b = 2, s = 3, 4,

1
(s−1)!

(
⌊b/2⌋
log b

)s−1

, else .

In the above sense, (t,m, s)-nets are optimal.

Remark 3.4.5 (a) For m ≥ 2, a (0, m, s)-net can only exist in the case

s ≤ b+ 1.

(b) There is an extension to infinite sequences, so-called (t, s)-sequences
[10].

(c) Public software is available.
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3.5 The Smolyak method

The Smolyak method is a deterministic method that has been used for various
applications (under different names), not only for numerical cubature. The
idea is starting from a 1D-method to construct an efficient nD-method using
a clever setting of the grid points. In this regard, the Smolyak method can
be seen as a special case of a QMC method. This is also known as sparse
grids which is also a well-known method used for the numerical solution of
partial differential equations.

Definition 3.5.1 Let Li[f ] :=
n1∑

ν=1

cν,if(xν,i), xν,i ∈ R , i = 1, . . . , d, be a

linear functional, then

(L1 ⊗ . . .⊗ Ld)[f ] :=
n1∑

ν1=1

. . .

nd∑

νd=1

cν1,1 . . . cνd,d f(xν1,1, . . . , xνd,d)

is called tensor product of the operators L1, . . . , Ld.

Obviously, the standard product in formula (3.1.1) is of this form, i.e.,

Q
[d]

nd[F ] = (Qn ⊗ . . .⊗Qn
︸ ︷︷ ︸

d−times

)[F ] .

Remark 3.5.2 As already mentioned above, the concept of Smolyak can be
applied to many problems having a product-structure. Here we only look at
the particular application to quadrature, resp. cubature.

Definition 3.5.3 Let Q(1), Q(2), . . . , be a sequence of quadrature-formulae
with ni quadrature points and Q(0)[f ] = 0 (i.e. n0 = 0) and set

∆(i) := Q(i+1) −Q(i) . (3.5.1)

Then

Q(k, d) :=
∑

|i|≤k

∆(i1) ⊗ · · · ⊗ ∆(id), i = (i1, . . . , id), (3.5.2)

is called k-th Smolyak-Quadrature-Formula, where, as usual, we set

|i| :=

d∑

ν=1

iν .
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Figure 3.3: Idea for the building of a sparse grid (first two figures) and one
particular example of a sparse grid.

This is shown in Figure 3.3 above.

Definition 3.5.4 A sequence Q(1), Q(2), . . . of quadrature formulae with re-
spect to the quadrature points X(i) is called nested, if X(i) ⊆ X(i+1) holds for
the sampling points X(i), i = 1, 2, . . ..

To analyze the error of a Smolyak formula, we define the following space
of functions of mixed maximal smoothness order r ∈ N on Rd

F r
d :=

{

g : Rd → R : ‖g‖r :=

∥
∥
∥
∥

∂|i|g

∂xi1
1 . . . ∂x

id
d

∥
∥
∥
∥
<∞ , if iν ≤ r

}

.

For a linear functional L ∈ L(F r
d ,R), consider the standard operator norm,

namely

‖L‖r := sup
06=f∈Fr

d

|L[f ]|
‖f‖r

.

Now we start with 1D quadrature formulae satisfying the following error
estimate

|R(i)
n [f ]| ≤ cr

nr
i

‖f‖r , f ∈ F r
1 , (3.5.3)

see Theorem 3.1.3.

Theorem 3.5.5 Let Q(1), Q(2), . . . be nested such that (3.5.3) holds and the
number of knots can be bounded by

a2i ≤ ni ≤ A2i . (3.5.4)
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Then,

|R(k, d)[f ]| ≤ Cd,r
(logn(k, d))(d−1)(r+1)

n(k, d)r
‖f‖r , (3.5.5)

holds for all f ∈ F r
d , where n(k, d) is the number of quadrature points of

Q(k, d) and the constant Cd,r does not depend on f .

For the proof we again need some preparations:

Lemma 3.5.6 Let Li be linear functionals on F r
1 , then

‖L1 ⊗ · · · ⊗ Ld‖r = ‖L1‖r · · · ‖Ld‖r. (3.5.6)

Proof: We proceed by induction over d. For d = 1 nothing has to be done.
For d ≥ 2 and f ∈ F r

d , we consider the following function

g := (L2 ⊗ · · · ⊗ Ld)[f ] ∈ F r
1 ,

since one component is left free.
If the functions have the representation

Lih =

ni∑

νi=1

Cνi,i h(xνi,i),

we easily obtain

∂

∂x1

g(x1) =
n2∑

ν2=1

· · ·
nd∑

νd=1

cν2,2 . . . cνd,d
∂

∂x1

f(x1, xν2,2, . . . , xνd,d)

= (L2 ⊗ · · · ⊗ Ld)

[
∂

∂x1

f(x1, ·, . . . , ·)
]

(xν2,2, . . . , xνd,d) ,

where h = ∂
∂x1
f(x1, ·, . . . , ·) ∈ F r

d−1 with ‖h‖r ≤ ‖f‖r. Then, using the
induction hypothesis, we get

‖g‖r ≤ ‖(L2 ⊗ · · · ⊗ Ld)‖r‖f‖r = ‖L2‖r · · · ‖Ld‖r‖f‖r.

Now, we get

|(L1 ⊗ · · · ⊗ Ld)[f ]| = |L1[g]| ≤ ‖L1‖r ‖g‖r ≤ (‖L1‖r · · · ‖Ld‖r) ‖f‖r .
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This finally implies

‖L1 ⊗ · · · ⊗ Ld‖r ≤ ‖L1‖r · · · ‖Ld‖r . (3.5.7)

Using the definition of the operator norm, we get that for any ε > 0, there
exists a function fi = fi(ε) such that

Li[fi] ≥ ‖Li‖r ‖fi‖r(1 − ε).

Using these functions fi for all i,, we set

f(u1, . . . , ud) := f1(u1) · · ·fd(ud) = (f1 ⊗ · · · ⊗ fd)(u1, . . . , ud),

thus
‖f‖r = ‖f1‖r · · · ‖fd‖r

and

|(L1 ⊗ · · · ⊗ Ld)[f ]| = |L1[f1] · · ·Ld[fd]|

≥ ‖L1‖r · · · ‖Ld‖r‖f1‖r · · · ‖fd‖r(1 − ε)d ,

which yields the assertion with (3.5.7) if we consider ε→ 0+. �

The next result will be needed in order to estimate the number of cubature
points which in turns is required to analyze the rate of convergence.

Lemma 3.5.7 Under the hypothesis of Theorem 3.5.5 we have

n(k, d) ≤ Ad 2k+d

(
d+ k − 1

d− 1

)

.

Proof: Let X(k, d) be the cubature points of Q(k, d), X(i) the cubature
points of Q(i) as before and Y (i) the cubature points of ∆(i) = Q(i+1) − Q(i)

in (3.5.1). Because of the nestedness we have

#Y (i) = #∆(i) = #(Q(i+1) −Q(i)) = #X(i+1) ,

thus by the bound on ni in (3.5.4) and the nestedness of the cubature points

#X(k, d) = #

(

∑

|i|=k

Y (i1) ⊗ · · · ⊗ Y (id)

)

=
∑

|i|=k

(#X(i1+1)) · · · (#X(id+1))

=
∑

|i|=k

ni1+1 · · ·nid+1

≤ ∑

|i|=k

A · 2i1+1 · · · · · A2id+1 =
∑

|i|=k

Ad2|i|+d.
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Because of

#{(i1, . . . , id) ∈ Nd : |i| = k} =

(
d+ k − 1

d− 1

)

=

(
d+ k − 1

k

)

(3.5.8)

(for a proof see below) we conclude

#X(k, d) ≤ Ad2k+d

(
d+ k − 1

d− 1

)

.

It remains to prove (3.5.8). We first show that

k∑

n=0

(
n

d

)

=

(
k + 1

d+ 1

)

(3.5.9)

for all d ≥ 1 by induction. For k = 0 the claim holds because of
(
0
d

)
=

(
1

d+1

)
= 0 for all d ≥ 1. For k ≥ 1, we conclude by the induction hypothesis

k+1∑

n=0

(
n

d

)

=

(
k + 1

d

)

+

k∑

n=0

(
n

d

)

=

(
k + 1

d

)

+

(
k + 1

d+ 1

)

=

(
k + 2

d+ 1

)

so that (3.5.9) is shown.
Now let Nd

k := #{(i1, . . . , id) ∈ Nd : |i| = k}, then obviously we have

N1
k = #{(k)} = 1 =

(
1 + k − 1

1 − 1

)

=

(
k

0

)

= 1

and again by induction

Nd
k =

k∑

m=0

Nd−1
k−m =

k∑

m=0

Nd−1
m =

k∑

m=0

(
d− 1 +m− 1

d− 2

)

=

(
d+ k − 1

d− 1

)

,

which proves (3.5.8) in view of (3.5.9). �

Now one final auxiliary result in preparation for the proof of the main
result.

Lemma 3.5.8 Under the hypotheses of Theorem 3.5.5 we have

‖R(k, d)‖r ≤ C̃r2
−r(k+d)(1 + 2r)d−1

(
d+ k

d− 1

)

.
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Proof: Again by induction we obtain for a multi-index i = (i1, . . . , id)

Q(k, d+ 1) =
∑

|i|≤k



∆(i1) ⊗ . . .⊗ ∆(id) ⊗
k−|i|
∑

ν=0

∆(ν)





=
∑

|i|≤k

(
∆(i1) ⊗ . . .⊗ ∆(id) ⊗Q(k+1−|i|))

thus

Id+1−Q(k, d+1) = (Id−Q(k, d))⊗I1+
∑

|i|≤k

∆(i1)⊗. . .⊗∆(id)⊗(I1−Q(k+1−|i|)).

Because of Lemma 3.5.6, (3.5.3) and (3.5.4) we have by the triangle inequality

‖∆(iν)‖r = ‖Q(iν+1) −Q(iν )‖r ≤ ‖Q(iν+1) − I1‖r + ‖Q(iν) − I1‖r

= ‖R(iν+1)
niν+1

‖r + ‖R(iν)
niν

‖r

≤ cr
nr

iν+1

+
cr
nr

iν

≤ cr
ar

(2−r(iν+1) + 2−riν) =
cr
ar

2−r(iν+1)(1 + 2r).

Next using ‖I1‖r = 1 we have using the triangle inequality and Lemma 3.5.6

‖R(k, d+ 1)‖r = ‖Id+1 −Q(k, d+ 1)‖r

≤ ‖R(k, d)‖r +
∑

|i|≤k

‖∆(i1) ⊗ . . .⊗ ∆(id) ⊗ R(k − |i|, 1)‖r

≤ ‖R(k, d)‖r +
∑

|i|≤k

‖∆(i1)‖r . . . ‖∆(id)‖r‖R(k − |i|, 1)‖r

<∼ ‖R(k, d)‖r +
∑

|i|≤k

(1 + 2r)d 2−r(|i|+d)2−r(k+1−|i|)
︸ ︷︷ ︸

=2−r(k+d+1)

︸ ︷︷ ︸

=(1+2r)d2−r(k+d+1)(d+k
d )

.
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Now, finally

‖R(k, d)‖r <∼
d−1∑

m=0

2−r(k+d+1) (1 + 2r)m

︸ ︷︷ ︸

≤(1+2r)d−1

(
m+ k

m

)

≤ 2−r(k+d+1)(1 + 2r)d−1

d−1∑

m=0

(
m+ k

m

)

︸ ︷︷ ︸

(d+k
d−1)

,

which completes the proof. �

Now we have all tools at hand and come to the proof of the main result
in this section.

Proof of Theorem 3.5.5: Set q := d + k. According to Lemma 3.5.7
we have for the number of cubature points

n(k, d) ≤ Ad2k+d

(
q − 1

d− 1

)

≤ Ad2k+d qd−1

(d− 1)!
, (3.5.10)

thus in the worst case q ∼ logn and n ∼ 2k+d qd−1

(d−1)!
, or, equivalently 2−(k+d) ∼

n−1(log n)d−1. Now it results from Lemma 3.5.8:

‖R(k, d)‖r ≤ C̃r(1 + 2r)d−12−r(k+d)

(
q

d− 1

)

= Cr,d 2−(k+d)(r+1)
︸ ︷︷ ︸

2(k+d)

(
q

d− 1

)

︸ ︷︷ ︸

∼n

∼
(

(log n)d−1

n

)r+1

<∼ Cr,d
(logn)(d−1)(r+1)

nr
,

which proves the desired statement. �

So far, the Smolyak method can be based upon any sequence of univari-
ate quadrature formulae as long as the assumptions of Theorem 3.5.5 are
satisfied. That still leaves some freedom to choose particular formulae, i.e.,
to choose particular sequences of quadrature points (knots). Let us now
describe some well-known and widely used sequences.
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Figure 3.4: Sparse grids based on the trapezoidal, the Clenshaw-Curtis, Pat-
terson and Gauss-Legendre rules, see also Table 3.1. This picture was taken
from the homepage of T. Gerstner, Univ. Bonn.

3.5.1 Equidistant Points

Typically, one uses Newton–Cotes formulae in 1D, in the most simple situa-
tion, this is just the trapezoidal rule. Subdividing [0, 1] into ri subintervals
results in

ni = ri + 1

knots. The Degree of Exactness (DoE) is then also n + 1.

3.5.2 Gauß–Points

As well-known, we obtain the optimal DoE of 2ni − 1 with ni knots.

3.5.3 The Clenshaw-Curtis grids

hese are widely used grids that have been introduced already in 1960. The
CC-grids correspond to the settings

n1 = 1 , nk = 2k−1 + 1 for k ≥ 2,

[3]. For the cubature points XCC(k, 2) one typically chooses the roots of the
Chebyshev orthogonal polynomials.

One further example is the Konrad-Patterson sequence, which uses the
Stieltjes quadrature points. In Figure 3.4, we show the sparse grid points
induced by the different constructions and Table 3.1 gives a summary of
these.
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Name Abscissas DoE

Newton-Cotes equidistant ni + 1
Chenshow-Curtis Chebyshev ni − 1
Patterson (1968) Stieltjes 3

2
ni − 1

Gauss Legendre 2ni − 1

Table 3.1: Univariate quadrature formulae used for sparse grids construction.
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Chapter 4

Numerical Computation of
European Options

One key subject in mathematical finance is the modelling of stocks, deriva-
tives and in particular option pricing. Nowadays there is a whole variety
of different financial products, all of which require a careful mathematical
modelling. Here we describe the numerical simulation of the pricing prob-
lem of European options that will lead us also to the numerical solution of
(stochastic) partial differential equations.

4.1 Option Pricing: A Very Short Introduc-

tion

Since this is a lecture on numerical finance, we do not go into the details of the
modelling of certain financial derivatives and refer to the lectures concerning
mathematical finance. However, we give a very short introduction in order
to describe which kind of mathematical problems occur in the option pricing
problem. Here, we particularly focus on the description of the particular
nature of problems that have to be treated numerically.

An option is a financial instrument depending on an underlying (e.g. a
share, packets of shares, an index or a currency). Often options have a
limited short term lifetime. The customer acquires the right to buy (Call) or
sell (Put) the underlying for a previously agreed exercise price K (strike) at
the date T (maturity). Let us collect some notation first.
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Figure 4.1: Payoff functions for a call (left) and a put (right) option.

• S = S(t) = St denotes the stock price of the underlying;

• if an exercise of the option is only allowed at the date T , we talk of an
European option;

• for a call there are two scenarios, namely if
K < S = S(T ): the option is exercised and the benefit is S −K;
K ≥ S: the option will not be exercised and is hence worthless.

This shows that the value of the call at maturity can be described as

V (S, T ) =

{
0, if ST ≤ K,
ST −K, if ST > K

}

= (ST −K)+, (4.1.1)

where f+ = max{f, 0} is the broken power function. Often V (S, T ) is also
called payoff function. Correspondingly, the payoff function of a put is given
by

V (S, T ) = (K − ST )+ = (ST −K)−. (4.1.2)

Before we proceed, let us collect some standard notation. Typically r > 0
denotes the riskless interest rate which also reflects the return that can be
gained e.g. for fixed-interested bonds. The margin of fluctuation of S is
typically denoted by σ, which is known as the volatility (always per year).

Under certain assumptions (e.g. that ST is lognormally distributed for
details, we refer e.g. to [14]), this leads to the famous Black-Scholes-Equation
for the value function V , which is the following differential equation

∂

∂t
V (S, t) +

1

2
σ2S2 ∂

2

∂S2
V (S, t) + rS

∂

∂S
V (S, t) − rV (S, t) = 0 (4.1.3)
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equiped with the end condition

V (S, T ) = “payoff” like (4.1.1) or (4.1.2) (4.1.4)

and boundary conditions

V (0, t) = 0 , V (S, t) → S for S → ∞ (for the Call) . (4.1.5)

This is a linear initial boundary value problem (PDE) for V . For (4.1.3,
4.1.4, 4.1.5) an analytical solution is known. However, when cost for deal
(charges, taxes) k are also modelled, the additional non-linear term

−
√

2

π

kσS2

√
σt

∣
∣
∣
∣

∂2

∂S2
V

∣
∣
∣
∣

is added on the left-hand side of (4.1.3). For this no analytical solution is
known and one has to resort to numerical solution techniques.

The next sections are governed with different numerical methods for solv-
ing problems like the Black-Scholes equations. We start with the most simple
ones.

4.2 Binomial Methods

Binomial methods are the first, very simple approach for the following special
case of the above mentioned problem. In financial mathematics, it is also
termed as binomial model since it is a simplified model for the option, in
particular simpler than Black–Scholes. In many applications, the user is
only interested in V (S0, 0), the today’s value of the option with respect to the
actual rate S0. One uses a simple tree-like structure to model the behaviour
and to develop a solution method.

The first step is to introduce a discretization in time, i.e., the continuous
interval [0, T ] is now splitted by introducing knots ti = i∆t , i = 0, . . . ,M .
Here, M denotes the number of time steps and ∆t = T

M
denotes the time

step size. Then, S(t) is approximated by (approximate) values Si := S(ti) of
S at the knots ti.

The method relies on a number of assumptions which are now collected.

Assumption 4.2.1 (i) Within a time period ∆t of time, the value of S
can only jump to uS (u > 1) or dS (0 < d < 1) (u means an increase
of the rate -up-, d represents a decrease of the rate -down-);
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(ii) The probability for the increase of the stock is p (note that this is merely
a notational assumption since p will drop out from the formulas);

(iii) The expected return corresponds to the riskfree rate of interest r, i.e.,

E(Si+1) = Sie
r∆t. (4.2.1)

(iv) No dividends are paid.

Note that sometimes the notation 1+u, 1+d is used since this is consistent
with 1 + r in the standard model for the return.

The idea is now to compare expectation rates and variances for the con-
tinuous and the discrete model. Using (i) and (ii) in Assumption 4.2.1, we
obtain by (4.2.1)

puSi + (1 − p)dSi = E(Si+1) = Sie
r∆t,

so

er∆t = pu+ (1 − p)d. (4.2.2)

For variances in the continuous model it holds (for details see exercises)

E(S2
i+1) = S2

i e
(2r+σ2)∆t ,

thus
Var (Si+1) = E(S2

i+1) − E(Si+1)
2

= S2
i e

(2r+σ2)∆t − S2
i e

2r∆t

= S2
i e

2r∆t(eσ2∆t − 1).

In the discrete model we have

Var (Si+1) = p(uSi)
2 + (1 − p)(dSi)

2 − S2
i (pu+ (1 − p)d)2 ,

so that we obtain by (4.2.2)

e2r∆t(eσ2∆t − 1) = pu2 + (1 − p)d2 − (pu+ (1 − p)d)2

︸ ︷︷ ︸

=e2r∆t

,

(where the assumption on the expectation is used) thus

e2r∆t+σ2∆t = pu2 + (1 − p)d2. (4.2.3)
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Now (4.2.2, 4.2.3) are 2 equations for the 3 unknowns d, u, p and one addi-
tional equation is required to close the system. Often one uses (a little bit
arbitrarily)

u · d = 1. (4.2.4)

One could also use p = 1
2

which offers the advantage that the corresponding
process is a Martingale in that case. If (4.2.4) holds, we have by (4.2.2) with
the abbreviation α := er∆t

α = pu+ (1 − p)
1

u

= p

(

u− 1

u

)

+
1

u

= p

(
u2 − 1

u

)

+
1

u
,

hence

p =

(

α− 1

u

)
u

u2 − 1
=
αu− 1

u2 − 1

1 − p =
u2 − 1 − αu+ 1

u2 − 1
=
u2 − αu

u2 − 1
.

Thus, we obtain for the right-hand side of (4.2.3)

pu2 + (1 − p)d2 =
αu− 1

u2 − 1
u2 +

u2 − αu

u2 − 1

1

u2

=
1

u2 − 1

[

αu3 − u2 + 1 − α

u

]

= αu− 1 +
α

u

and with (4.2.3)

α2eσ2∆t = αu− 1 +
α

u

⇐⇒ uα2eσ2∆t = αu2 − u+ α

⇐⇒ 0 = αu2 − u(1 − α2eσ2∆t) + α

⇐⇒ 0 = u2 − u (α−1 + αeσ2∆t)
︸ ︷︷ ︸

=:2β

+1 (4.2.5)

50



which yields

u = β +
√

β2 − 1 , d =
1

u
= β −

√

β2 − 1 , (0 < d < 1 < u).

We may summarize our findings as follows







α = er∆t

β = 1
2
( 1

α
+ αeσ2∆t))

u = β +
√

β2 − 1

d = 1
u

= β −
√

β2 − 1

p = αu−1
u2−1

=
α− 1

u

u− 1
u

u
u

= α−d
u−d

.

(4.2.6)

The algorithm consists of three different phases, namely the forward
phase, the valuation of the tree and the backward phase which we now de-
scribe.
Forward phase: Calculation of the grid, initialization of the tree

- u and d are known, hence S(t1), . . . , S(tM) can be computed, by using
S0 as the root of the tree;

- for every time ti, i = 1, . . . ,M there are i+ 1 possibilities as shown in
the following figure.

Sj,i = S0u
jdi−j, j = 0, . . . , i i = 1, 2, . . . ,M. (4.2.7)

j=2
ddS duS uuS

dS uS

S 0

1

2

0

i

j=1j=0

j=0 j=1

On these grid points, we now compute approximate values for V , i.e.,
Vj,i = V (ti, Si,j), and we search for V0,0 = V (t0, S0).
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Evaluation of the tree: The value V (S, tM) of the option at the final time
tM is known through the final condition (the payoff function), i.e.

Vj,M = (Sj,M −K)+ (Call), Vj,M = (K − Sj,M)+ (Put). (4.2.8)

Backward phase: compute Vj,i, i = M−1,M−2, . . . , 0 from Vj,M . Because
of (4.2.2) we obtain

Sj,ie
r∆t = puSj,i + (1 − p)dSj,i

= pSj+1,i+1 + (1 − p)Sj,i+1 ,

which we also transfer for V :

Vj,i = e−r∆t(pVj+1,i+1 + (1 − p)Vj,i+1). (4.2.9)

This corresponds to the Martingale property, see Exercises.
Putting all pieces together, we obtain the following algorithm:

Algorithm 4.2.2 Input: r, σ, S0, T,K,M , choice if Call or Put

• ∆t = T
M
, u, d, p like (4.2.6)

• S0,0 := S0

• Sj,M = S0,0u
jdM−j , j = 0, 1, . . . ,M , Sj,i like (4.2.7), i = 1, . . . ,M ,

j = 0, . . . , i
Vj,M like (4.2.8)

• for i = M − 1, . . . , 0: Vj,i like (4.2.9), j = 0, . . . , i

Output: V0,0: as approximation for V (S0, 0).

This obviuos advantage of binomial methods ist their easy realization.
On the other hand, the model is very simple and thus restricted.

4.3 Finite Difference Methods

Finite difference methods are maybe the simplest numerical methods for ap-
proximately solving ordinary and partial differential equations. In this sec-
tion, we give an introduction to these methods focussing on their application
to the above mentioned examples from mathematical finance.
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Before we do so, we reformulate the boundary conditions in (4.1.5). The
problem in (4.1.5) for the numerical treatment is the asymptotic behaviour of
the boundary condition which cannot be handled directly. However, (4.1.5)
can also be written as

V (0, t) = 0 , V (S∞, t) = S∞ −K (4.3.1)

for the call and
V (0, t) = K , V (S∞, t) = 0 (4.3.2)

for the put, where K,S∞ < ∞. If we neglect the derivative with respect to
time (i.e., we consider the stationary process), then (4.1.3) with boundary
conditions like (4.3.1,4.3.2) takes the following form
{
Lu(x) := −(a(x)u′(x))′ + b(x)u′(x) + c(x)u(x) = f(x) , x ∈ (0, 1),

u(0) = u(1) > 0,
(4.3.3)

where we assume c(x) ≥ 0 for all x in order to ensure that a unique solution
exists.
To be precise, the unknown is

u(x) ≡ V (S) = V (S, t) for fixed t,

and the coefficients read

a(x) = −1

2
σ2x2

b(x) = (r − 2σ2)x

c(x) = −r
and the right-hand side is f ≡ 0.

The most simple method for the numerical solution of (4.3.3) is the clas-
sical finite difference method in which the interval (0, 1) is replaced by a set
of gridpoints (or nodes) and the derivatives are approximated by differential
quotients. For simplicity, we first consider an equidistant grid, i.e.,

xi = i · h , N ∈ N , N ≥ 1, i = 0, . . . , N, (4.3.4)

where h = 1
N

denotes the stepsize. Then,

ωh := {xi = ih : i = 1, . . . , N − 1} (4.3.5)

denotes the set of interior gridpoints, γh := {x0, xN} the boundary points and
ω̄h := ωh∪γh the full grid. For the approximation of the derivatives one uses
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• the forward difference

(D+u)(x) :=
1

h
(u(x+ h) − u(x)),

• the backward difference

(D−(u)(x) :=
1

h
(u(x) − u(x− h)),

• the symmetric or central difference

(D0u)(x) :=
1

2h
(u(x+ h) − u(x− h))

• the second difference

(D−D+u)(x) := 1
h2 (u(x+ h)

−2u(x) + u(x− h)).

For the diffusion part with non-constant coefficients, i.e., −(a(x)u′(x))′

one usually uses

D−(a(x)D+u)(x) =
1

h
(a(x)D+u(x) − a(x− h)D+u(x− h))

=
1

h2
(a(x)u(x+ h) − a(x)u(x)

−a(x− h)u(x) + a(x− h)u(x− h))

=
1

h2
(a(x)u(x+ h) − (a(x) + a(x− h))u(x)

+a(x− h)u(x− h))

or an approximation of the flux a(x)u′(x) like in Numerik II.
Our next aim is to study the convergence of finite difference methods. As

a preparation, we have

Lemma 4.3.1 The following error estimates hold

(i) (D0u)(x) = u′(x) +Rh2 with |R| ≤ 1
6
‖u′′′‖C[0,1], if u ∈ C3 [0, 1].

(ii) (D+D−u)(x) = u′′(x) +Rh2 with |R| ≤ 1
12
‖u′′′′‖C[0,1], if u ∈ C4[0, 1].
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Proof: Using Taylor’s formula, we have

u(x± h) = u(x) ± hu′(x) + h2u
′′(x)

2
± h3R3,

u(x± h) = u(x) ± hu′(x) + h2u
′′(x)

2
± h3u

′′′(x)

6
+ h4R4,

with the following remainder terms

R3 =
h−3

3!

x±h∫

x

[u′′(ξ) − u′′(x)](x± h− ξ) dξ,

R4 =
h−4

4!

x±h∫

x

1

2
[u′′′(ξ) − u′′′x)](x± h− ξ)2dξ.

This already yields the desired claim. �

Remark 4.3.2 Note that the above estimates require u ∈ C3[0, 1] and u ∈
C4[0, 1], respectively.

Setting gi := g(xi) for any function g : [0, 1] → R, and Dui := (Du)(xi),
we obtain the classical finite difference method

−D−aiD
+ui + biD

0ui + ciui = fi , i = 1, . . . , N − 1 ,

u0 = uN = 0 .

Due to

−D−aiD
+ui + biD

0ui + ciu =

=
1

h2
(−aiui+1 + (ai + ai−1)ui − ai−1ui−1)

+
bi
2h

(ui+1 − ui−1) + ciui

=

(

−ai−1

h2
− bi

2h

)

︸ ︷︷ ︸

=:ri

ui−1 +

(
ai + ai−1

h2
+ ci

)

︸ ︷︷ ︸

=:di

ui +

(

− ai

h2
+
bi
2h

)

︸ ︷︷ ︸

=:ti

ui+1,

we obtain a tridiagonal system Lhuh = fh to determine the unknown vector
uh = (uh(x1), . . . , uh(xN )) = (uh,1, . . . , uh,N−1), where the matrix Lh is given
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by

Lh =










d1 t1
r2 d2 t2

. . .
. . .

. . .

rN−2 dN−2 tN−2

rN−1 dN−1










∈ R(N−1)×(N−1)

and the right-hand side reads fh =
(

f(xi)
)

i=1,...,N−1
= (fh,1)i=1,...,N−1.

In order to actually compute the approximation uh, we obviously have
to numerically solve a linear system of equations with a tridiagonal matrix.
Using a direct method like Gauß would fill up the sparse matrix and yield an
overall amount of work of O(N3) for a N ×N -tridiagonal matrix. Since the
number of non-zero elements in the matrix is O(N), this is highly inefficient,
especially when N grows. One could resort to iterative methods, but for
tridiagonal matrices there is also a very efficient direct method. Note that
this approach is restricted to the 1D-case x ∈ [0, 1] ⊂ R only!

4.3.1 A recursion method for tridiagonal matrices

The idea to solve a tridiagonal system of the form Lhuh = fh is that the
LU-decomposition of a tridiagonal matrix can be given explicitly, namely

Lh =












α1 0
r2 α2

. . .
. . .
. . .

. . .

rN−2 αN−2

0 rN−1 αN−1
























1 γ1 0
. . .

. . .

. . .
. . .
. . .

. . .

1 γN−2

0 1













(αi 6= 0)

where
α1 = d1,
γi = ti

αi
, i = 1, . . . , N − 2,

αi = di − γi−1ri , i = 2, . . . , N − 1.

We leave the proof as an exercise. From this we obtain the following recursion

v1 = f1

α1
, vi = 1

αi
(fi − rivi−1) , i = 2, . . . , N − 1,

uN−1 = vN−1 ui = vi − γiui+1 i = N − 2, . . . , 1.
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One can easily see that this method amounts to O(N) operations which
clearly is optimal.

4.3.2 Convergence Theory

Setting as usual

‖v‖∞ := max
1≤i≤n

|vi|, v := (v1, . . . , vn)T ∈ Rn,

we have

Definition 4.3.3 (i) The finite difference method is called convergent of
order k, if there exists C > 0 such that

‖Rhu− uh‖∞ ≤ Chk

where Rh : C[0, 1] → R, Rhu = (u(x1), . . . , u(xN−1)) is the restriction
of the exact solution to the computational grid and uh = (u1, . . . , uN−1)
denotes the numerical approximation.

(ii) The finite difference method is called consistent of order k (with respect
to ‖ · ‖∞) if there exist C > 0 with

‖LhRhu−RhLu‖∞ ≤ Chk .

(iii) The method is called stable if Lhuh = fh always implies the estimate
‖uh‖∞ ≤ C ‖Rhf‖∞ (continuous dependence of the solution on the
data).

Now we can give the first result which is essential for the convergence analysis.

Theorem 4.3.4 If u ∈ C4[0, 1], then the classical finite difference method is
consistent of order 2.

Proof: An easy calculation shows

LhRhu−RhLu =
1

h2
(−a(xi − h)u(xi + h) + (a(xi) + a(xi−1))u(xi)

−a(xi − h)u(xi − h))

+b(xi)
1

2h
(u(xi + h) − u(xi − h)) + c(xi)u(xi)

+(a(xi)u
′(xi))

′ − b(xi)u
′(xi) − c(xi)u(xi)

= (a(xi)u
′(xi))

′ − (D−aD−u)u(xi)

+b(xi)(D
0u(xi) − u′(xi)) ,
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so that we obtain by Lemma 4.3.1 the estimate

|(LhRhu− RhLu)(xi)| ≤
1

12
‖a‖C[0,1]h

2‖u′′′′‖C[0,1] +
1

6
h2‖b‖C[0,1]‖u′′′‖C[0,1]

which proves the assertion. �

Remark 4.3.5 The proof of Lemma 4.3.1 shows that the statement of The-
orem 4.3.4 also holds if u′′′ is only Lipschitz continuous, i.e., u ∈ C3,1[0, 1].

Remark 4.3.6 It is a central statement of the analysis of finite difference
methods that consistency and stability imply convergence of the particular
method. However, a rigorous proof of this goes far beyond the scope of the
present lecture.

Remark 4.3.7 Again it should be noted that the above regularity assump-
tions (u ∈ C4[0, 1] or u ∈ C3,1[0, 1]) pose serious restrictions. An alternative
is the weak formulation and Finite Elements.

4.4 Discretization in Time

Now, we consider the time dependent problem (where here for simplicity
we assume a(x) ≡ 1, b(x) = c(x) = 0): determine u(x, t), with x ∈ (0, 1),
t ∈ (0, T ) such that







∂
∂t
u(x, t) − ∂2

∂x2u(x, t) = f(x, t) in (0, 1) × (0, T ),
u(x, 0) = u0(x), x ∈ (0, 1)
u(0, t) = u1(t) , u(1, t) = u2(t), t ∈ (0, T ).

(4.4.1)

Problem (4.4.1) is known as heat equation.
The simple idea is to use a finite difference method both with respect to
space and time:

xi = ih , i = 0, . . . , N , h = 1
N
,

tk = k∆t , k = 0, . . . ,M , ∆t = T
M
.

Setting fk
i := f(xi, t

k), we are looking for an approximation uk
i of u(xi, t

k).
Note that we always use a subscript to denote the discretization index in
space and a superscript for the time discretization.
The grid points can be visualized as follows
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i+1

t

xx x

t
k+1

t
k

x

u i
k+1

i−1 i

For a fixed time tk we again consider

D−D+uk
i :=

1

h2
(uk

i−1 − 2uk
i + uk

i+1)

and define a six point scheme (with a free parameter 0 ≤ σ ≤ 1) by

1

∆t
(uk+1

i − uk
i ) = D−D+(σuk+1

i + (1 − σ)uk
i ) + f̃k

i , (4.4.2)

i = 1, . . . , N − 1 , k = 1, . . . ,M − 1

u0
i = u0(xi) ,

uk
0 = u1(t

k) , uk
N = u2(t

k) ,

where f̃k
i denotes an approximation of f(xi, t

k) (e.g. f̃k
i = fk

i ).
For certain choices of σ, we obtain the following important special cases:

(i) Explicit Euler method: (with γ := ∆t
h2 ) : σ = 0 , f̃k

i := fk
i :

uk+1
i = (1 − 2γ)uk

i + γ(uk
i−1 + uk

i+1) + ∆t fk
i

(ii) Purely implicit Euler method: σ = 1 , f̃k
i := fk

i :

(1 + 2γ)uk+1
i − γ(uk+1

i+1 + uk+1
i−1 ) = uk

i + ∆t fk
i

(iii) Crank-Nicolson method: σ = 1
2
, f̃k

i := f(xi, t
k + ∆t

2
)

2(γ + 1)uk+1
i − γ(uk+1

i+1 + uk+1
i−1 ) = 2(1 − γ)uk

i + γ(uk
i+1 + uk

i−1)

+ 2∆t f(xi, t
k +

∆t

2
).
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t

k+1

k

(i) (iii)(ii)

Figure 4.2: Finite difference methods in time for the special choices of σ.

In (i), the approximation (uk+1
i )i=1,...,N−1 on the new time level can be com-

puted directly from the data (uk
i )i=1,...,N−1 on the previous time step. In the

other two cases, one has to solve a linear system of equations to proceed in
time. The three variants are shown in Figure 4.2.

Theorem 4.4.1 For the consistency error on Q := (0, 1)× (0, T ), we obtain
the following orders

(i) O(h2 + ∆t) for arbitrary σ, f̃ i
k = f(xi, t

k) and for u ∈ C4,2(Q̄).

(ii) O(h2 + ∆t2) for the Crank-Nicholson method for u ∈ C4,3(Q̄).

Proof: We only prove (ii) here. Using Taylor’s formula, we obtain

1

∆t
(u(x, t+ ∆t) − u(x, t)) = ut(x, t) +

1

2
utt(x, t)∆t+ O(∆t2)

as well as

1

2h2
{u(x− h, t+ ∆t) − 2u(x, t+ ∆t) + u(x+ h, t+ ∆t)

−u(x− h, t) + 2u(x, t) − u(x+ h, t)} =

=
1

2
{2uxx + ∆tuxxt + O(∆t2 + h2)} ,

f(x, t+
∆t

2
) = f(x, t) +

∆t

2
ft + O(∆t2) .

Thus, we obtain for the consistency error

Ccons = ut − uxx − f +
1

2
∆t(utt − uxxt − ft)

︸ ︷︷ ︸

=0

+O(∆t2 + h2)

since ut = uxx + f ⇒ utt = uxxt − ft,
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which proves the theorem. �

Now, in view of Remark 4.3.6, we come to the analysis of the stability.

Theorem 4.4.2 We have

max
k

max
i

|uk+1
i | ≤ max

x
|u0(x)| + ∆t

k∑

j=0

max
i

|f̃ j
i | ,

i.e., the method is stable with respect to the discrete supremum-norm, pro-
vided that 1 − 2(1 − σ)γ ≥ 0.

Proof: Rewrite (4.4.2) in the following form

−γσuk+1
i−1 + (2σγ + 1)uk+1

i − σγuk+1
i+1 = F k

i ,

where the right-hand side only contains known terms, i.e.,

F k
i := (1 − σ)γuk

i−1 + (1 − 2(1 − σ)γ)uk
i + (1 − σ)γuk

i+1 + ∆t f̃k
i .

For simplicity we consider homogeneous boundary conditions, i.e., u(0) =
u(1) = 0. Since the matrix

A =








2σγ + 1 −γσ 0

−γσ . . .
. . .

. . .
. . . −γσ

0 −γσ 2σγ + 1








is strictly diagonal dominant, i.e.,

|aii| >
n∑

j=1
j 6=i

|aij |

we obtain

‖A−1‖ ≤ 1

min
k

(

akk −
∑

j 6=k

|aj,k|
) = 1.
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We leave the proof of the latter inequality as an exercise. Then we have
max

i
|uk+1

i | ≤ max
i

|F k
i | as well as

max
i

|F k
i | ≤ max

i
|uk

i | + ∆t max
i

|f̃k
i |

which is now applied to k, k − 1, . . . , 0. �

Now we obtain the following error estimates.

Theorem 4.4.3 Let (1 − σ)∆t
h2 ≤ 1

2
and u ∈ C4,2(Q̄) and f̃k

i = f(xi, t
k), the

we have
max

i,k
|u(xi, t

k) − uk
i | ≤ C(h2 + ∆t) .

For the Crank-Nicholson method (σ = 1
2
) we have for ∆t

h2 ≤ 1 the estimate

max
i,k

|u(xi, t
k) − uk

i | ≤ C(h2 + ∆t2) .

Proof: The statement is an immediate consequence of the Theorems 4.4.1
and 4.4.2. �

Remark 4.4.4 The stability condition (1− σ)∆t
h2 ≤ 1

2
is always valid for the

purely implicit method (σ = 1). For σ 6= 1 this condition yields a restriction
for the relation of the stepsize with respect to time and space.
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Chapter 5

Stochastic Differential
Equations (SDE)

Many applications — not only in finance — lead to a model that also includes
probabilistic effects. We have seen one example in option pricing where e.g.
a model for the underlying of the form

dS = rS dt+ σS dW

was used. In this chapter, we give an introduction to numerical methods for
SDEs.

5.1 Introduction to SDEs

There are two main classes of equations that include random effects in dif-
ferential equations, namely

• random differential equations (RDE),

• stochastic differential equations (SDE).

An RDE takes the form

ẋ(t) =
d

dt
x(t) = a(ω)x(t) + b(t, ω), x(t) = x(t, ω) (5.1.1)
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where a(·) and b(t, ·) are random variables and b is continuous for all t and
ω. For a given initial value x(θ, ω) = x0(ω), the solution is given as

x(t, ω) = ea(ω)t



x0(ω) +

t∫

0

e−a(ω)sb(s, ω)ds



 (5.1.2)

i.e., the sample paths are obviously differentiable with respect to t. Hence,
RDEs are solved sample by sample and this also holds for corresponding nu-
merical methods. I.e., as soon as an ω ∈ Ω is realized, any numerical method
for ordinary differential equations can be used.

The solution of an SDE however, inherits the nondifferentiability of sam-
ple paths from the stochastic process. In many applications, SDE model the
random fluctuation in the dynamics of the system.

Example 5.1.1 If Xt denotes the velocity of a particle in one direction, the
Langerin equation reads

d

dt
Xt = −aXt + bξt, (5.1.3)

where aXt denotes the velocity-depending force and bξt the molecular force
with intensity b driven by a white noise process ξt. In this model, it is assumed
that external forces do not depend on the state Xt of the system. Symbolically,
(5.1.3) is written as a SDE as

dXt = −aXt dt+ bWt (5.1.4)

which is a short-hand notation for the stochastic integral equation

Xt = Xt0 −
t∫

t0

aXsds+

t∫

t0

bdWs, (5.1.5)

where the second integral is an Itô stochastic integral.

The above example is a particular case of the general SDE

dXt = a(Xt) dt+ b(Xt)dWt (5.1.6)
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where the b(Xt) ≡ b models additive noise, otherwise multiplicative noise.
Again, (5.1.6) is a short-hand notation of the integral equation

Xt = Xt0 +

t∫

t0

a(Xs)ds+

t∫

t0

b(Xs)dWs. (5.1.7)

In the case of constant or linear coefficients, i.e., b(Xs) ≡ b and b(Xs) =
bXs, respectively, the Itô calculus can be used to derive analytical solutions,
namely

Xt = e−atX0 + e−at

t∫

0

easb dWs, b(Xs) ≡ b, (5.1.8)

Xt = X0 exp

{(

a− 1

2
b2
)

t+ bWt

}

, b(Xs) = bXs. (5.1.9)

These solutions are pathwise unique, i.e.,

P ( sup
0≤t≤T

|X̃t −Xt| > 0) = 0, ∀t > 0, (5.1.10)

where X̃t is any other solution with the same initial value and continuous
sample paths.

Definition 5.1.2 (a) If the Wiener process Wt, t ≥ 0 is given, the solution
Xt of the SDE is called a strong solution.

(b) If we are given a(·) and b(·), a point (Xt,Wt) (i.e., we can choose an
appropriate Wiener process) is called weak solution.

Remark 5.1.3 (a) Some SDEs have no strong but only weak solutions.

(b) Obviously, (5.1.8) and (5.1.9) correspond to special cases of constant
and linear coefficients. In the general situation, no closed formula for
the solution exists, one has to resort to numerical methods.
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5.2 Existence and uniqueness of strong solu-

tions

We consider the general SDE

dXt = a(t, Xt)dt+ b(t, Xt)dWt, (5.2.1)

i.e.,

Xt = Xt0 +

t∫

t0

a(x,Xs)ds+

t∫

t0

b(x,Xs)dWs. (5.2.2)

In order to obtain existence and uniqueness, we pose the following assump-
tions

A1 (Measurability): a = a(t, x) and b = b(t, x) are jointly L2-measurable
in (t, x) ∈ [t0, T ] × R.

A2 (Lipschitz condition): There exists a constant K > 0 such that

|a(t, x) − a(t, y)| ≤ K(x− y)
|b(t, x) − b(t, y)| ≤ K(x− y)

for all t ∈ [t0, T ] and x, y ∈ R.

A3 (Linear growth bound): There exists a constant K > 0 such that

|a(t, x)|2 ≤ K2(1 + |x|2), |b(t, x)|2 ≤ K2(1 + |x|2)

for all t ∈ [t0, T ] and x, y ∈ R.

A4 (Initial value): Xt0 is At0-measurable with E(|Xt0|2) <∞.

Theorem 5.2.1 (a) If A1 and A2 hold, the solutions to (5.2.2) correspond
to the same initial value and the same Wiener process are pathwise
unique.

(b) Under assumption A1–A4 the SDE (5.2.1) has a pathwise unique strong
solution Xt on [t0, T ] with

sup
t0≤t≤T

E(|Xt0 |2) <∞.
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Proof: (a) Using the Gronwall lemma, (b) with a method of successive
approximations. For details, we refer to [7], 129–134. �

Remark 5.2.2 Under some stronger assumptions, one can obtain Gronwall-
like estimates for moments ofXt, in particular the existence of such moments.
One can also show stability results, i.e., the continuous dependence of the
solution of a SDE on the data.

Remark 5.2.3 For special cases, one can show even stronger results e.g. for
diffusion processes, or certain linear SDEs.

5.3 Stochastic Taylor Expansions

Several numerical methods are based upon a Taylor expansion, e.g. New-
ton’s method or some single step methods for ordinary differential equations
(ode). Hence, we now describe the stochastic analogon of the classical Taylor
expansion.

In order to do so, we review the classical Taylor expansion in a slightly
different way. Let Xt be the solution of the initial value problem

d

dt
Xt = a(Xt), t ∈ [t0, T ], Xt0 = x0, (5.3.1)

i.e.,

Xt = Xt0 +

t∫

t0

a(Xs)ds. (5.3.2)

Now, consider a function f : R → R. The chain rule gives

d

dt
f(Xt) =

d

dt
Xt ·

∂

∂x
f(Xt) = a(Xt)

∂

∂x
f(Xt), (5.3.3)

i.e.,

f(Xt) = f(Xt0) +

t∫

t0

Lf(Xs)ds, (5.3.4)
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with the operator L := a ∂
∂x

. Now, we can apply this formula for f = L = ∂
∂x

t∫

t0

Lf(Xs)ds =

t∫

t0






Lf(Xt0) +

s∫

t0

L(Lf)(Xz)dz






ds

= (t− t0)Lf(Xt0) +

t∫

t0

s∫

t0

L2f(Xz)dz ds

and again

t∫

t0

s∫

t0

L2f(Xz)dz ds =

t∫

t0

s∫

t0






L2f(Xt0) +

z∫

t0

L3f(Xu)du






dz ds

= L2f(Xt0)

t∫

t0

(s− t0)ds+ R3

=
1

2
(t− t0)

2L2f(Xt0) + R3

with the remainder

R3 =

t∫

t0

s∫

t0

z∫

t0

L3f(Xu)du dz ds.

Proceeding like this results in the classical Taylor formula in integral
form

f(Xt) = f(Xt0) +

r∑

ℓ=1

(t− t0)
ℓ

ℓ!
Lℓf(Xt0)

+

t∫

t0

sr+1∫

t0

. . .

s2∫

t0

Lr+1f(Xs1)ds1 . . . dsr+1.

(5.3.5)

The choice L ≡ ∂
∂x

results in the well-known formula.
In order to develop a stochastic counterpart we consider

• Xt to be an Itô process
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• the stochastic counterpart of the chain rule, namely the Itô formula.

Theorem 5.3.1 (Itô formula) Let U : [0, T ] × R → R have continuous
partial derivatives ∂

∂t
U, ∂

∂x
U, ∂2

∂x2U . Moreover, let Yt = U(t, Xt), 0 ≤ t ≤ T ,
where Xt satisfies

dXt(ω) = e(t, ω)dt+ f(t, ω)dWt(ω)

with
√

|e|, f ∈ Lω
T := {g : g is jointly L × A-measurable, g(t, ·) is At-

measurable ∀t ∈ [0, T ] and
T∫

0

g(s, ω)2ds <∞ w.p. 1 }. Then,

Yt − Ys =

t∫

s

{
∂U

∂t
(u,Xu) + eu

∂U

∂x
(u,Xu) +

1

2
fu2∂

2U

∂x2
(u,Xu)

}

du

+

t∫

s

fu
∂U

∂x
(u,Xu)dWu

(5.3.6)

w.p.1 for any 0 ≤ s ≤ t ≤ T .

Proof: [7], 92–95. �

The deterministic ode in (5.3.2) is replaced by the SDE

Xt = Xt0 +

t∫

t0

a(Xs)ds+

t∫

t0

b(Xs)dWs, (5.3.7)

where a and b are smooth real-value functions with linear growth. Similar as
above (exercise), one deduces the following Itô expansion for f ∈ C2(R):

f(Xt) = f(Xt0) +

t∫

t0

L0f(Xs)ds+

t∫

t0

L1f(Xs)sWs (5.3.8)

for t ∈ [t0, T ], where

L0 = a
∂

∂x
+
b2

2

∂2

∂x2
, L1 = b

∂

∂x
. (5.3.9)

Generalizations and more details can be found in [7] and also in [14].

69



5.4 The Euler–Maruyama approximation

Recall the explicit Euler method for the initial value problem

d

dt
Xt = a(t, Xt) t ∈ [t0, T ], Xt0 = x0,

which reads
Yn+1 = Yn + ∆na(tn, Yn), Y0 = x0,

where t0 = τ0 < τ1 < . . . < τn < . . . < τN = T is a discretization in time and

∆n := τn+1 − τn (5.4.1)

is the time step. Then, Yn ≈ X(τn) and the explicit Euler scheme converges
of linear order.

Let us consider an analogous approach for the SDE

dXt = a(t, Xt)dt+ b(t, Xt)dWt,

which is called Euler Maruyama method.

Yn+1 = Yn + a(τn, Yn)∆n + b(τn, Yn)(Wτn+1 −Wτn
), Y0 = X0. (5.4.2)

The main difference to the deterministic Euler method is that we now need
to generate the random increments

∆Wn := Wτn+1 −Wτn
, (5.4.3)

e.g. by a random number gemerator. If W is a Wiener process, these incre-
ments are independent Gaussian with

E(∆Wn) = 0, Var (∆Wτn
) = ∆n. (5.4.4)

Example 5.4.1 In order to illustrate some of the main features of this nu-
merical method consider Xt as the solution of the linear SDE

dXt = aXt dt+ bXt dWt, (5.4.5)

i.e., drift a(t, x) = ax and diffusion b(t, x) = bx. Note that (5.4.5) has the
explicit solution

Xt = X0 exp

{(

a− b2

2

)

t+ bWt

}

(5.4.6)
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for a given Wiener process Wt which allows for comparisons of exact and
numerical solution. In fact, the Euler scheme reads

Yn+1 = Yn + aYn∆n + bYn∆Wn, ∆Wn ∼ N (0,∆n). (5.4.7)

On the other hand, (5.4.6) gives

Xτn
= X0 · exp

{(

a− b2

2

)

τn + b

n∑

i=1

∆Wi−1

}

(5.4.8)

for the exact solution.

When performing this example with two values for the time step parameter

δ := max
n

∆n (5.4.9)

with ∆n defined by (5.4.1) e.g. for an equivalent subdivision with

δ = ∆n ≡ ∆ =
T − t0
N

, N ∈ N, (5.4.10)

one expects that the quality of the solution is improved for finer masks, e.g.
by going from ∆ = 2−2 to ∆ = 2−4. However, the true observation is

• the approximation at the end point T is improved;

• the overall aproximation on the interval [t0, T ] is not improved.

Definition 5.4.2 Let Xt be the exact solution of a SDE and Yn its numerical
approximation on [t0, T ], then

ε = E[|XT − Y (T )|] (5.4.11)

is called absolute error. As an estimator, one often uses the quantity

ε̂ :=
1

N

N∑

k=1

|XT,k − YT,k| (5.4.12)

for N different simulations (depending on different sample paths of the Wiener
process).
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A typical result of a numerical experiment reads as follows

∆ 2−4 2−5 2−6 2−7

ε̂1 0.5093 0.4446 0.3265 0.2292
ε̂2 0.4692 0.3788 0.2234 0.1477

where different initial values (seeds) for the random number generator have
been used. Here, N = 25 was fixed in both cases. From these results, it is
clear that one wants to obtain an error indicator that is independent e.g. on
the seed and on N . This is done by estimating the variance σ2

ε of ε̂.

Idea: arrange the simulations into M batches of N simulations each.

Denote by YT,k,j the value of the k-th generated Euler trajectory in the j-th
batch (k = 1, . . . , N , j = 1, . . . ,M) at time T and byXT,k,j the corresponding
exact solution. Then,

ε̂j :=
1

N

N∑

k=1

|XT,k,j − YT,k,j| (5.4.13)

are independent and Gaussian for N → ∞. Now, the Student t-distribution
can be used to construct confidence intervals. I.e.,

ε̂ :=
1

M

M∑

j=1

ε̂j =
1

MN

M∑

j=1

N∑

k=1

|XT,k,j − YT,k,j| (5.4.14)

is an estimate for the mean of the batch averages and

σ̂2
ε :=

1

M − 1

M∑

j=1

(ε̂j − ε̂)2 (5.4.15)

is an estimater for σ2
ε . The Student t-distribution with M − 1 degrees of

freedom gives an 100(1 − α)% confidence interval for ε as

(ε̂− ∆ε̂, ε̂+ ∆ε̂) (5.4.16)

with

∆ε̂ = t1−α,M−1

√

σ̂2
ε

M
. (5.4.17)
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Remark 5.4.3 Since ∆ε̂ ∼ M−1/2 the number M of batches may be quite
large.

Remark 5.4.4 One can observe numerically that

|ε|, |∆ε̂| <∼ ∆1/2.

We will come back to this point later.

Definition 5.4.5 The random variable ε̂ is decomposed into

ε̂ = εsys + εstat, (5.4.18)

where

εsys := E(ε̂) (5.4.19)

is the systematic error and εstat the statistical error.

Then, we have

εsys = E(ε̂)

= E

[

1

MN

M∑

j=1

N∑

k=1

|XT,k,j − YT,k,j|
]

= E[|XT − YT |] = ε,

i.e., the systematic error coincides with the absolute error in (5.4.11). For
the statistical error

εstat = ε̂− ε,

we have

Var (εstat) = Var (ε̂− ε) = E[(ε̂− ε)2]

=
1

(MN)2

M∑

j=1

N∑

k=1

E[(|XT,k,j − YT,k,j| − ε)2]

=
1

MN
E[(|XT − YT | − ε)2]

=
1

MN
Var (|XT − YT |).

This means that the statistical error depends on the total number MN of
simulations and not separately on M or N .
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5.5 Approximation of Moments

In practice, one may not be interested on a pathwise solution but only on
moments e.g. the expectation or the variance. Again, we consider the SDE

dXt = aXt dt+ bXt dWt (5.5.1)

and consider

µ := E[YT ] − E[XT ] (5.5.2)

as an error quantity. Because of the zero expectation property of the Itô
integral, we obtain for

m(t) := E[XT ]

the equation

d

dt
m(t) = a m(t), (5.5.3)

which implies

m(t) = m(0) · eat (5.5.4)

since (5.5.3) is a deterministic ordinary differential equation. Hence,

E[XT ] = E[X0] · eaT . (5.5.5)

Hence, we estimate the errors as above by

µ̂j =
1

N

N∑

k=1

YT,k,j − E[XT ], j = 1, . . . ,M, (5.5.6)

and

µ̂ :=
1

M

M∑

j=1

µ̂j =
1

MN

M∑

j=1

N∑

k=1

YT,k,j − E[XT ], (5.5.7)

as well as

σ̂2
µ :=

1

M − 1

M∑

j=1

(µ̂j − µ̂)2 (5.5.8)
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so that we obtain the 100(1 − α)% confidence interval

(µ̂− ∆µ̂, µ̂+ ∆µ̂) (5.5.9)

with

∆µ̂ = t1−α,M−1

√

σ̂2
µ

M
. (5.5.10)

Remark 5.5.1 Numerically, one observes

|µ̂|, |∆µ̂| <∼ ∆,

compared to ∆1/2 in Remark 5.4.4.

As in Section 5.4, we decompose µ̂ as

µ̂ = µsys + µstat (5.5.11)

with the systematic error

µsys = E[µ̂] = µ (5.5.12)

and

Var (µstat) = Var (µ̂) =
1

MN
Var (YT ). (5.5.13)

5.6 Strong Convergence and Consistency

Definition 5.6.1 For a given maximum step size δ ∈ (0, δ0), we call

(τ)δ := {τn : n = 0, 1, 2, . . .} (5.6.1)

a time discretization if {τn : n = 0, 1, 2, . . .} are time instants (possibly
random) with

0 ≤ τ0 < τ1 < . . . < τn < . . . <∞, (5.6.2)

sup
n

(τn+1 − τn) ≤ δ, (5.6.3)

nt := max
n

{τn ≤ t} <∞ w.p.1, t ∈ R+. (5.6.4)

Moreover, we assume that τn+1 is Aτn
-measurable where At : t ≥ 0 is a

preassigned increasing family of σ-algebras (generally associated with the Itô
or Wiener process).
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Definition 5.6.2 A cadlag (right continuous with left hand limits) process
Y = {Y (t) : t ≥ 0} is called time discrete approximation with maximum
step size δ ∈ (0, δ0) if it is based on (τ)δ as in Definition 5.6.1 so that Yτn

is
Aτn

-measurable and Yτn+1 can be defined by Yτ0 , . . . , Yτn
, τ0, . . . , τn, τn+1 and

a finite number ℓ of Aτn
-measurable random variables Zn+1,j, j = 1, . . . , ℓ,

n ∈ N0.

We often use the notation Y δ in order to show the dependence of the
maximum step size δ.

Definition 5.6.3 A time discrete approximation Y δ converges strongly to
X at time T if

lim
δ→0+

E[|XT − Y δ(T )|] = 0 (5.6.5)

and it converges strongly with order p > 0 at time T , if

ε(δ) := E[|XT − Y δ(T )|] <∼ δp (5.6.6)

for each δ ∈ (0, δ0) with a constant independent of δ.

Remark 5.6.4 From the experiments in Section 5.4 it seems that the Euler
scheme converges strongly with order p = 1

2
.

Definition 5.6.5 A time discrete approximation Y δ is strongly consistent
if there exists a nonnegative function c = c(δ), lim

δ→0+
c(δ) = 0, such that

E

[∣
∣
∣
∣
E

[
Y δ

n+1 − Y δ
n

∆n

∣
∣Aτn

]

− a(τn, Y
δ
n )

∣
∣
∣
∣

2
]

≤ c(δ), (5.6.7)

E

[
1

∆n
|Y δ

n+1 − Y δ
n − E[Y δ

n+1 − Y δ
n |Aτn

] − b(τn, Y
δ
n )∆Wn|2

]

≤ c(δ) (5.6.8)

for all fixed Y δ
n = y and n ∈ N0.

Remark 5.6.6 (a) As in the case of numerical methods for ode’s, the lo-
cal property consistency is often easier to verify than the global conver-
gence.

(b) Condition (5.6.7) implies that the increment of Y δ converges to that
of Xt. Without noise this is equivalent to the consistency for standard
ode’s.
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(c) Condition (5.6.8) states that the variance of the difference between the
random parts of Y δ and Xt converge to zero.

Theorem 5.6.7 Under the assumptions of Theorem 5.2.1 (b) (existence of
pathwise strong solution), a strongly consistent time discrete approximation
Y δ of an Itô process X with Y δ(0) = X0 converges strongly to X.

Proof: (in the 1D case) with Gronwall, [7], 324–326. �

Proposition 5.6.8 Under the assumptions of Theorem 5.6.7, we have that

sup
0≤s≤t

E[|Y δ
ns

−Xs|2] <∼ δ + c(δ).

As a consequence, if c(δ) ≡ 0, the strong convergence order pconv is related
to the strong consistency order pcons as

pconv =
√
pcons.

Proposition 5.6.9 The Euler scheme is strongly consistent with c(δ) ≡ 0
and is thus strongly convergent with order at least p = 1

2
.

Proof: Exercise. �

5.7 Weak Convergence and Consistency

Definition 5.7.1 A time discrete approximation Y δ converges weakly with
order β > 0 to X at time T if for each function

g ∈ C
2(β+1)
P (Rd) := {h ∈ C2(β+1)(Rd) : h(i) has polynomial growth,

1 ≤ i ≤ 2(β + 1)}

there exists a positive constant C 6= C(δ) and 0 < δ0 <∞ such that

|E[g(XT )] − E[g(Y δ(T ))]| ≤ Cδβ (5.7.1)

for all δ ∈ (0, δ0).

We will see later that strong and weak convergence criteria lead to the
construction of different time discrete approximations which are only efficient
for one of the two criteria. Hence, a good understanding of the particular
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requirements is absolutely necessary.

The following property (again) is often easier to check than weak conver-
gence.

Definition 5.7.2 A time discrete approximation Y δ is weakly consistent if
there exists a function c = c(δ) ≥ 0 with

lim
δ→0+

c(δ) = 0 (5.7.2)

such that

E

[∣
∣
∣
∣
E

[
Y δ

n+1 − Y δ
n

∆n
|Aτn

]

− a(τn, Y
δ
n )

∣
∣
∣
∣

2
]

≤ c(δ) (5.7.3)

and

E

[∣
∣
∣
∣
E

[
1

∆n
(Y δ

n+1 − Y δ
n )(Y δ

n+1 − Y δ
n )T |Aτn

]

−b(τn, Y δ
n )b(τn, Y

δ
n )T

∣
∣
∣
∣

2]

≤ c(δ)

(5.7.4)

for all fixed values Y δ
n and n ∈ N0.

Remark 5.7.3 Obviously, (5.7.3) coincides with the condition (5.6.7) in the
definition of strong consistency. However, (5.7.4) differs from (5.6.8) and is
much weaker because it only involves the variance of the increments, whereas
(5.6.8) requires that the variance of the difference in the increments must
vanish.

Lemma 5.7.4 The Euler approximation is weakly consistent.

Proof: Exercise. �

Theorem 5.7.5 Suppose that the drift coefficent a(x) and the diffusion co-
efficient b(x) satisfy

a, b ∈ C4
P (Rd), |a′(x)|, |b′(x)| <∼ 1. (5.7.5)

Let Y δ be a weakly consistent time discrete approximation with equidistant
time steps ∆n ≡ δ and Y δ(0) = X0 with moment bounds

E[max
n

|Y δ
n |2q] ≤ K(1 + E[|X0|2q]), q ∈ N, (5.7.6)
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E

[
1

∆n
|Y δ

n+1 − Y δ
n |6
]

≤ c(δ), n ∈ N0, (5.7.7)

where c(δ) satisfies (5.7.2).
Then Y δ converges weakly to the given Itô process.

Proof: E.g. [7], 329–331. �

Remark 5.7.6 Under appropriate regularity and decay assumptions on a
and b (i.e., a little bit more than C2), one can show that the Euler scheme is
weakly convergent of order β = 1, see [7], 460–464.

5.8 Stability

Consistency and convergence of a scheme are no guarantee for the efficiency
of the method. Recall the serious upper bounds for the stepsize for stiff
problems (Numerik II). A similar phenomenon arises also for SDEs.
However, the definition of stiff SDE is technically cumbersome. Roughly
speaking, a stiff SDE involves two or more widely differing time scales in the
solutions. This is similar to the deterministic case.

Definition 5.8.1 Let Y δ be a time discrete approximation with Y δ(t0) = Y δ
0

and Ȳ δ a second with Ȳ δ(t0) = Ȳ δ
0 . We call Y δ stochastically numerically

stable for a given SDE if for any [t0, T ] there exists a constant ∆0 > 0 such
that

lim
|Y0−Ȳ0|→0

sup
t0≤t≤T

P (|Y δ
nt
− Ȳ δ

nt
| ≥ ε) = 0 (5.8.1)

for each ε > 0 and each δ ∈ (0,∆0).
We say that Y δ is stochastically numerically stable for the class of SDE for
which Y δ converges.

Lemma 5.8.2 Under the assumptions of Thereom 5.2.1 (b) (existence of
unique pathwise strong solution) the Euler scheme is numerically stable.

Proof: Exercise. �.
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5.9 Higher order methods

The Euler scheme usually gives good numerical results when the drift and
diffusion coefficients are nearly constant. In general, it is however not satis-
factory and higher order schemes are required.
The first idea is to use the stochastic Taylor expansion in Section 5.3 to
obtain a higher order scheme. Recall the Euler scheme from (5.4.2)

Yn+1 = Yn + a∆n + b∆Wn. (5.9.1)

Recalling the stochastic Taylor expansion and the Itô formula, we add the
term

1

2
bb′((∆Wn)2 − ∆n)

so that we obtain the Milstein scheme

Yn+1 = Yn + (a− 1

2
bb′)∆n + b∆Wn +

1

2
bb′(∆Wn)2. (5.9.2)

In fact, recall the Itô formula for

dXt = a(Xt)dt+ b(Xt)dWt

that reads

f(Xt) = f(Xt0) +

t∫

t0

(f ′(Xs)a(Xs) +
1

2
f ′′(Xs)b(Xs)

2)ds

+

t∫

t0

f ′(Xs)b(Xs)dWs.

(5.9.3)

This can be seen by Yt = f(Xt), i.e.,

∂

∂t
U ≡ 0,

∂

∂x
U ≡ f ′,

∂2

∂x2
U ≡ f ′′

as well as
e ≡ a, f ≡ b

(on the left the notation of Theorem 5.3.1), so that

eu = a, fu = b, f 2
u = b2,
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so that (5.9.3) coincides with (5.3.6). We apply (5.9.3) for f(Xt) ≡ a(Xt)
and obtain

a(Xs) = a(Xt0) +

s∫

t0

(a′(Xz)a(Xz) +
1

2
a′′(Xz)b(Xz)

2)dz

+

s∫

t0

a′(Xz)b(Xz)dWz

(5.9.4)

and similarly for f(Xt) = b(Xt). Next, apply (5.9.3) for the identity, i.e.,
f(Xt) = Xt:

Xt = Xt0 +

t∫

t0

a(Xs)ds+

t∫

t0

b(Xs)dWs.

Now insert (5.9.4) and the corresponding formula for b′

Xt = Xt0 +

t∫

t0






a(Xt0) +

s∫

t0

(a′a+
1

2
a′′b2)dz +

s∫

t0

a′b dWz






ds

+

t∫

t0






b(Xt0) +

s∫

t0

(b′a +
1

2
b′′b2)dz +

s∫

t0

b′b dWz






dWs.

If we neglect all double integrals, we end up with the Euler–Maruyama
method:

Xt = Xt0 + a(Xt0)(t− t0) + b(Xt0)(Wt −Wt0) +R,

where R = O(h), h = t− t0. One rewrites R in the following form

R =

t∫

t0

s∫

t0

b′b dWz dWs + R̃.

One can show that R̃ = O(h3/2) (exercise). The next step is the following
approximation:

t∫

t0

s∫

t0

b′b dWz dWs ≈ b′(Xt0)b(Xt0)

t∫

t0

s∫

t0

dWz dWs
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and the latter double integral can be computed as (exercise)

t∫

t0

s∫

t0

dWz dWs =

t∫

t0

(Ws −Wt0)dWs

and then

t∫

t0

s∫

t0

dWz dWs =

t∫

t0

Ws dWs −Wt0

t∫

t0

dWs

=
1

2
(W 2

t −W 2
t0) −

t− t0
2

−Wt0(Wt −Wt0)

=
1

2
((Wt −Wt0)

2 − (t− t0)).

This leads to the additional term

bb′
1

2
((∆Wn)2 − ∆n)

as in (5.9.2).

Proposition 5.9.1 The Milstein scheme is strongly consistent for bounded
bb′.

Proof: Exercise. �

Thus, Theorem 5.6.7 implies that the Milstein scheme is strongly conver-
gent of order p = 1 as oposed to the Euler scheme for which we have by
Proposition 5.6.9 just p = 1

2
.

Remark 5.9.2 One can follow similar ideas (namely to detail more terms of
the remainder R̃) in order to obtain higher order Taylor schemes. Examples
of an order 1.5 and an order 2.0 Taylor scheme can be found in [7], 351-359.
Also several general Taylor schemes can be found there.

The drawback of such Taylor schemes is obvious, namely their construc-
tion involves derivatives of various orders of drift and diffusion coefficients
and is thus somewhat complicated.
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The situation is basically the same for deterministic ode’s. There, Runge–
Kutta methods were designed to avoid complicated Taylor schemes. There
are also stochastic Runge–Kutta methods that avoid the use of derivatives in
the same way. However, these schemes are not generalizations of determin-
istic Runge–Kutta schemes.

We consider the Milstein scheme (5.9.2) and want to replace the only ap-
pearing derivative, namely b′(Xt):

b(Xt + ∆Xt) − b(Xt) = b′(Xt)∆Xt + O(|∆Xt|2)
= b′(Xt)(a(Xt)∆n + b(Xt)∆Wt) + O(∆n)

= b′(Xt)b(Xt)∆Wt + O(∆n).

Since E[(∆Wt)
2] = ∆2, we replace ∆Wt by

√

|∆n| and have

b′(Xt)b(Xt) =
1√
∆n

[

b

(

Xt + a(Xt)∆n + b(Xt)
√

|∆n|
)

− b(Xt)
]

+ O(
√

∆n)

so that we obtain a first order stochastic Runge–Kutta scheme

Ŷn = Yn + a∆n + b
√

∆n

Yn+1 = Yn + a∆n + b∆Wn + 1
2
√

∆n
(b(Ŷn, tn) − b(Yn, tn))((∆Wn)2 − ∆n)

(5.9.5)

One can easily show that this scheme is also of first order like Milstein.

Remark 5.9.3 One could try to define a general class of stochastic Runge–
Kutta methods by

Yn+1 = Yn + ∆n

s∑

j=1

dja(Ŷj) + ∆Wn

s∑

j=1

ejb(Ŷj) (5.9.6)

with the increments

Ŷj = Yn + ∆n

s∑

k=1

Djka(Yk) + ∆Wn

s∑

k=1

Ejkb(Yk), j = 1, . . . , s.(5.9.7)

However, it is known that such methods have at most a (strong) convergence
order 1, i.e., not more than (5.9.3). To avoid this, one would need to intro-
duce further random variables to approximate the multiple integrals.
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Chapter 6

Elliptic Partial Differential
Equations

In this chapter, we give a brief introduction to numerical methods for solving
elliptic partial differential equations. This is wide topic and could easily fill
a lecture by its own. We can only focus on some aspects here. We will focus
mainly on the 2D case here. Before we proceed, let us give an example from
mathematical finance leading to such a pde.

Example 6.0.4 (Multi-Factor Models) A short rate model r(t) gives the
short interest rate r(t) in dependence of t. A standard model for this is

dr(t) = a(t, r(t)) dt+ b(t, r(t)) dWt,

where the functions a, b are assumed to fullfill the assumptions for existence
and uniqueness. In particular, this is the only source of risk in this model.

One however observes that not all known short rates can be modelled with
one single term Wt, thus one considers the model

r(t) = R(Xt, t),

where Xt is some Itô-process in Rd. For example in the well-known Vasicek
model one obtains then the following equation for the price function F of a
bond in dependence of r(t)
{
Ft(x, t) + σ(x, t)∆F (x, t) + µ(x, t)∇F (x, t) − R(x, t)F (x, t) = h(x, t)

∀(x, t) ∈ Rd × [0, T ]
(6.0.1)

where h : Rd × [0, T ] is a given function.
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Figure 6.1: Five point stencil

6.1 Finite Difference Methods

In analogy to the 1D-case, we can approximate Ft by finite differences. Again,
we do the same in space and obtain

(∆2u)(x, y) :=
1

h2
[u(x−h, y)+u(x+h, y)+u(x, y−h)+u(x, y+h)−4u(x, y)]

i.e., the well-known five point stencil which is visualized in Figure 6.1. In the
1D case, we have seen that the resulting system matrix is tridiagonal and we
could use a special version of a direct solver in order to obtain an efficient
numerical method. In 2D, we obtain a block-tridiagonal matrix for which
there exists no such nice recursion formula. Here, one has to use iterative
methods such as Gauß-Seidel, Jacobi, cg or pcg-methods.

As we have already seen in the discussion of 1D problems, finite difference
methods are quite simple to derive (and also to implement). But, as we also
have seen in 1D, their use poses quite strong regularity assumptions on the
solution which might not be satisfied in realistic applications. Moreover,
since a finite difference method basically corresponds to a rectangular grid,
the treatment of non-trivial geometric domains is a non-trivial task. Even
more substantial is the following observation.

Example 6.1.1 We consider the Poisson problem on the unit square

−∆u = 0 in Ω = (0, 1)2

u = x2 on Γ = ∂Ω

This problem has a unique solution, but

uxx(0, 0) = 2 6= 0 = uyy(0, 0)
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Ω

Figure 6.2: L-shaped domain.

due to the boundary conditions which contradicts the differential equation.
Thus the solution u cannot be twice continuous differentiable: u 6∈ C2(Ω̄).

Example 6.1.2 Again we consider the Poisson problem, but now on the L-
shaped domain

Ω :=

(

−1

2
,
1

2

)

×
(

−1

2
,
1

2

)

\
[

0,
1

2

]

×
[

0,
1

2

]

which is shown in Figure 6.2. Also this problem has a unique solution which
can be written in polar coordinates as

−∆u = 0 in Ω

u = r
2
3 sin

(
2ϕ−π

3

)
on Γ

It can easily be seen that the first derivatives of u are not bounded, i.e., we
have u 6∈ C1(Ω̄).

The above remarks and the two examples clearly show that in many
situations the classical (strong) formulation of PDEs is not adequate. Obvi-
ously it is not always meaningful to pose a pointwise condition in the partial
differential equation. In the sequel, we will hence introduce certain weak
formulations of elliptic PDEs. Before doing so, we should explain what is
meant by elliptic.

This chapter is mainly based upon [1, 2].
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6.2 Categories of second order PDEs

In the sequel, we consider the general linear second order differential equation
in n variables

−
n∑

i,k=1

ai,k(x)
∂

∂xi

∂

∂xk
u(x) +

n∑

i=1

bi(x)
∂

∂xi
u(x) + c(x)u(x) = f(x). (6.2.1)

In the case ai,k(x) ≡ ai,k, bi(x) ≡ bi, c(x) ≡ c, (6.2.1) is called a PDE with
constant coefficients. Since uxixk

= uxkxi
if u ∈ C2, we can assume without

loss of generality that

A(x) := (ai,k(x))i,k=1,...,n ∈ Rn×n

is symmetric.

Definition 6.2.1 The equation (6.2.1) is called

(i) elliptic in x, if A(x) is positive definite;

(ii) hyperbolic in x, if A(x) has one negative and n−1 positive eigenvalues;

(iii) parabolic in x, if A(x) is positive semidefinite but not definite and the
rank of (A(x), b(x)) is n.

If (6.2.1) is elliptic, one often abbreviates (6.2.1) as Lu = f .

Example 6.2.2 Let Lu = f be elliptic.

(i) The equation utt + Lu = f is hyperbolic.

(ii) The equation ut + Lu = f is parabolic.

(iii) Let A(x) ≡ Id, then Lu = −∆u + b · ∇u+ cu = f is elliptic.

(iv) The wave equation utt = uxx is hyperbolic.

(v) The heat equation ut = uxx is parabolic.

Remark 6.2.3 (i) The PDEs from finance that we have considered so far
are parabolic. If one uses a discretization in time by means of finite
differences, the numerical solution of such problems is reduced to the
solution of elliptic PDEs.

(ii) The treatment of hyperbolic PDEs needs different techniques due to the
presence of shocks, rarefaction waves etc.
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6.3 Variational Formulation of Elliptic PDEs

Introducing suitable discretizations in time, we are left with the treatment
of elliptic PDEs. As we have seen before, the classical (i.e., pointwise) for-
mulation of PDEs might not be the appropriate one. Note that the above
mentioned examples are in fact elliptic. Hence, we introduce the weak (or
variational) formulation of elliptic PDEs in this section.

For u, v ∈ L2(Ω), Ω ⊂ Rd open with piecewise smooth boundary, denote
by

(u, v)0 :=

∫

Ω

u(x) v(x) dx

the standard inner product in L2(Ω) and denote by ‖u‖0 :=
√

(u, u)0 the
induced norm.

We start by the definition of weak derivatives.

Definition 6.3.1 A function u ∈ L2(Ω) has the (weak) derivative v = ∂αu
of order α ∈ Nd, (α = (α1, . . . , αd), |α| := α1+· · ·+αd) in L2(Ω) if v ∈ L2(Ω)
and

(φ, v)0 = (−1)|α|(∂αφ, u)0 ∀φ ∈ C∞
0 (Ω) . (6.3.1)

Next, similar to the classical smoothness spaces Cm(Ω) we define spaces of
weakly differentiable functions as follows.

Definition 6.3.2 For m ≥ 0, m ∈ N we denote by Hm(Ω) the space of all
functions u ∈ L2(Ω) such that ∂αu ∈ L2(Ω) for all α ∈ Nd such that |α| ≤ m.
This space is called Sobolev space of order m. The norm in Hm(Ω) is defined
by

‖u‖m :=
√

(u, u)m, (u, v)m :=
∑

|α|≤m

(∂αu, ∂αv)0. (6.3.2)

The following theorem that we quote from [1, 2] without proof shows
that any Hm(Ω)-function can be approximated by smooth functions to any
desired accuracy.

Theorem 6.3.3 The space Hm(Ω) ∩ C∞(Ω) is dense in Hm(Ω).

Definition 6.3.4 The closure of C∞
0 (Ω) (the space of arbitrarily smooth

functions with compact support in Ω) with respect to the Sobolev norm ‖ · ‖m

is called Hm
0 (Ω).
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Roughly speaking, Hm
0 (Ω) contains those functions in Hm(Ω) with gener-

alized homogeneous boundary conditions on the boundary ∂Ω. Note that
Hm

0 (Ω) is a subspace of L2(Ω), thus point evaluations are not well-defined.
Thus one cannot talk about boundary conditions in the classical sense, namely
pointwise. Generalized boundary conditions are defined by means of the so-
called trace operator, for details see [1, 2].

Let us now consider the following model problem

−∆u = f in Ω, u = 0 on ∂Ω.

For a test function φ ∈ C∞
0 (Ω) we obtain by integration by parts

(f, φ)0 = (−∆u, φ)0 =
d∑

i=1

(

− ∂2

∂x2
i

u, φ
)

0

=
d∑

i=1

(
∂

∂xi
u, ∂

∂xi
φ
)

0

= (∇u,∇φ)0 =: a(u, φ).

Then, u ∈ H1
0 (Ω) is called a weak solution of the model problem, if

a(u, v) = (f, v)0

holds for all v ∈ H1
0 (Ω).

Remark 6.3.5 (i) The bilinear form a(·, ·) is symmetric, i.e., a(u, v) =
a(v, u), positive, i.e., a(u, v) ≥ 0 and a(u, u) > 0 if u 6= 0, bounded,
i.e., |a(u, v)| ≤ C ‖u‖1 ‖v‖1 for all u, v ∈ H1(Ω) and coercive in H1

0 (Ω),
i.e.,

a(u, u) ≥ α ‖u‖2
1.

The latter equation is a consequence of the Poincaré-Friedrichs inequal-
ity.

(ii) The existence of a weak solution follows from the following characteri-
zation theorem:
The linear functional J(v) := 1

2
a(v, v) − (f, v)0 has its minimum in u

if and only if
a(u, v) = (f, v)0 ∀v ∈ H1

0 (Ω) .

(iii) A bilinear form a : H × H → R on a Hilbert space H is called con-
tinuous if it is bounded. A symmetric and continuous bilinear form is
called elliptic if it is coercive.
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(iv) Lax-Milgram Theorem: Let V ⊂ H be a closed and convex subset
and let a(·, ·) be an elliptic bilinear form. Then, the variational problem

J(v) :=
1

2
a(v, v) − 〈ℓ, v〉 → min!

has a unique solution in V for any ℓ ∈ H ′.

(v) For the special case H = L2(Ω) and V = H1
0 (Ω) we obtain the existence

of a weak solution for the general elliptic PDE.

(vi) If u ∈ C2(Ω)∩C0(Ω̄) is a classical solution of Lu = f , u|∂Ω = 01, then
u ∈ H1

0 (Ω) is also a weak solution. On the other hand, if u ∈ H1
0 (Ω) is

a weak solution and in addition u ∈ C2(Ω) ∩ C0(Ω̄), then it is also a
classical solution.

(vii) Reduction to homogeneous boundary conditions (homogenization):
Consider the boundary value problem (bvp) Lu = f , u|∂Ω = g. Choose
some u0 ∈ H1(Ω) such that u0|∂Ω = g and consider the homogeneous
problem

Lw = f1 := f − Lu0, w|∂Ω = 0.

Then u := w + u0 satisfies u|∂Ω = u0|∂Ω = g as well as

Lu = Lw + Lu0 = f − Lu0 + Lu0 = f,

i.e., u is a solution of the original bvp.

6.4 Ritz-Galerkin methods

The introduced variational formulation is a problem posed in a Hilbert space,
in our particular case in a function space which is usually of infinite dimen-
sion. Thus we cannot treat this problem directly on a computer. The idea,
which goes back to Ritz (1908), is to replace the inifinite-dimensional mini-
mization problem in the Hilbert space by a finite one using finite-dimensional
subspaces Sh ⊂ V as trial- and test spaces.

1When we write u|∂Ω we always mean the boundary values in the sense of the trace
operator, [1, 2].

90



Let Sh ⊂ V be a finite-dimensional subspace. We consider the problem
of determining uh ∈ Sh such that

a(uh, vh) = (f, vh)0 ∀vh ∈ Sh . (6.4.1)

By the above remarks, this problem has a unique solution due to the proper-
ties of the bilinear form a(·, ·). If {ψ1, . . . , ψN} is a basis for Sh, N = dim Sh,
(6.4.1) is equivalent to the following problem: Determine zh = (z1, . . . , zN ) ∈
RN such that

Ahzh = bh (6.4.2)

where Ah =
(

a(ψk, ψi)
)

i,k=1,...,N
∈ RN×N is called the stiffness matrix and

bh =
(

(f, ψk)0

)

k=1,...,N
∈ RN is the right-hand side.

Lemma 6.4.1 The stiffness matrix Ah is symmetric positive definite.

Proof: Using bilinearity and coercivity yields

dT
hAdh =

N∑

i,k=1

diAi,kdk

= a

(
N∑

k=1

dkψk,
N∑

i=1

diψi

)

= a(vh, vh) ≥ α‖vh‖2. �

Remark 6.4.2 If the basis {ψ1, . . . , ψN} is local in the sense that

#{k = 1, . . . N : |suppψk ∩ suppψi| > 0} ≤ c≪ N

independent of i, then Ah is also sparse which means that the number of
non-zero elements per row and column is O(1).

We now study the convergence of Ritz-Galerkin methods. The following
central statement shows that the Galerkin solution is as good as the best
approximation to the (unknown) solution out of the trial space Sh. In that
sense, the method is optimal.

Theorem 6.4.3 (Ceá’s lemma) Let the bilinear form a(·, ·) be elliptic on
V , where H1

0 (Ω) ⊆ V ⊆ H1(Ω) and denote the solutions of the variational
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problem in V and Sh ⊂ V by u and uh, respectively. Then, there exists C > 0
such that we have the following inequality

‖u− uh‖1 ≤
C

α
inf

vh∈Sh

‖u− vh‖1 .

Proof: We have
a(u, v) = (f, v)0 ∀v ∈ V
a(uh, vh) = (f, vh)0 ∀vh ∈ Sh ,

which implies the so-called Galerkin orthogonality

a(u− uh, vh) = 0 ∀vh ∈ Sh.

Let vh ∈ Sh, so that with wh := vh − uh ∈ Sh we obtain

a(u− uh, vh − uh) = 0

and by coercivity and boundedness

α‖u− uh‖2
1 ≤ a(u− uh, u− uh)

= a(u− uh, u− vh) + a(u− uh, vh − uh)
︸ ︷︷ ︸

=0

≤ C‖u− uh‖1 ‖u− vh‖1

which proves the theorem. �

Sometimes this method is also simply called Galerkin method and the
solution uh ∈ Sh is called the Galerkin solution or Galerkin approximation.
The finite dimensional space Sh is also called trial space.

6.5 Some Simple Finite Elements

Again, we consider the homogeneous model problem

−∆u = f in Ω, u = 0 on ∂Ω

where Ω = (0, 1)2. The idea is to subdivide Ω into regular triangles of
meshsize h as indicated in Figure 6.3. Using this triangulation of Ω, we
define the trial space

Sh := {v ∈ C(Ω̄) : v is linear in each triangle and v|∂Ω = 0}.
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Figure 6.3: Support of the Courant Finite Element.

In each triangle (element) a vh ∈ Sh takes the form

vh(x, y) = a+ bx+ cy , a, b, c ∈ R ,

i.e., vh is uniquely determined by the value at three different nodes. From
this we can easily see that

N = dim Sh = number of interior grid points

and vh ∈ Sh is globally (i.e., on Ω̄) determined by its values on these N grid
points. The canonical (so-called nodal) basis {ψi}i=1,...,N is defined by

ψi(xj , yj) = δij.

In Figure 6.3, the support of ψZ is shown. Let h denote the mesh size of the
triangles, then we obtain the following values for the derivatives of ψZ (see
Figure 6.3).

triangle I II III IV V VI VII VIII
∂xψZ −h−1 0 h−1 0 0 h−1 0 −h−1

∂yψZ −h−1 0 0 −h−1 0 h−1 h−1 0
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Then, straightforward calculations show that by symmetry we have

a(ψZ , ψZ) =

∫

I−VIII

(∇ψZ)2 dx dy

= 2

∫

I∪III∪IV

[(∂xψZ)2 + (∂yψZ)2] dx dy

= 2h−2

{ ∫

I∪III

dx dy

︸ ︷︷ ︸

=h2

+

∫

I∪IV

dx dy

︸ ︷︷ ︸

=h2

}

= 4

for the diagonal entries of the stiffness matrix and

a(ψZ , ψN) =

∫

I∪IV

∇ψZ · ∇ψN dx dy

=

∫

I∪IV

(∂xψZ∂xψN
︸ ︷︷ ︸

=0

) + ∂yψZ∂yψN )dx dy

= −h−2

∫

I∪IV

dx dy

︸ ︷︷ ︸

=h2

= −1 = a(ψZ , ψO)

= a(ψZ , ψS) = a(ψZ , ψW ).

Finally, we obtain

a(ψZ , ψNW ) =

∫

III∪IV

(∂xψZ∂xψNW + ∂yψZ∂yψNW ) dx dy

=

∫

III

h−1 · 0 + 0 · h−1 +

∫

IV

0 · (h−1) + (−h−1)0 = 0

and again by symmetry

a(ψZ , ψSO) = a(ψZ , ψSW ) = a(ψZ , ψNO).
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This means that in this particular case of a uniform triangulation and
the nodal basis for piecewise linear finite elements the stiffness matrix co-
incides with the matrix arising from the 5-point-stencil in finite difference
methods. This principle, however, is not true in general, i.e., for a finite
element discretization there is in general not an equivalent finite difference
discretization. Finite elements are much more flexible than finite differences
and they allow the treatment of the weak formulation of the bvp.

Some properties of finite elements

1.) Subdivision (or partition) of Ω in triangular or quadrilateral elements.
If all elements are congruent, this is called a regular subdivision.

2.) In 2D, we denote by

Pt :=

{

u(x, y) =
∑

i+k≤t;i,k≥0

ci,kx
iyk

}

the set of all algebraic polynomials of degree at most t. The restriction
of the trial (or shape) functions to an element is a polynomial.

3.) Smoothness: A finite element is said to be of order k if it is in Ck(Ω).

For the example of the Courant Finite Element which is shown in Figure 6.3,
we have t = 1 and k = 0.

Definition 6.5.1 (i) A partition T = {T1, . . . , TM} of Ω in triangular or
quadrilateral elements is called admissible, if

a) Ω̄ =
M⋃

i=1

Ti

b) If Ti ∩ Tj consists of exactly one point, this point is a corner of
both Ti and Tj.

c) If Ti ∩ Tj, i 6= j consists of more than one point, then Ti ∩ Tj is a
common edge of Ti and Tj.

(ii) We write Th if each element has a diameter of at most 2h.
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Figure 6.4: An admissible triangulation (left) and a non-admissible triangu-
lation (right) with a hanging node. (Taken from [1].)

Figure 6.5: A quasi-uniform but non-uniform triangulation. (Taken from
[1].)

(iii) Th is called quasi-uniform if there exists some κ > 0 such that each
T ∈ Th contains a circle with radius

ρT ≥ hT

κ
.

Examples of triangulations are shown in Figures 6.4-6.6.
The following theorem shows how to choose the order of the elements in

order to be contained in a certain Sobolev space. If the finite elements are
contained in the Sobolev space corresponding to the variational formulation,
the elements are called conforming, otherwise non-conforming. For the ellip-
tic second order problem this would mean that the elements are conforming
if Sh ⊂ H1

0 (Ω).
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Figure 6.6: A non-uniform triangulation at a reentrant corner. (Taken from
[1].)

Theorem 6.5.2 Let k ≥ 1 and Ω be bounded. A piecewise C∞-function
v : Ω̄ → R is in Hk(Ω) if and only if v ∈ Ck−1(Ω̄). �

The latter theorem in particular implies that for the elliptic second order
problem we would have k = 1 thus v ∈ C0(Ω̄) which in particular shows that
the Courant Finite Element is conforming.

Definition 6.5.3 For any finite element space there is a set of points in the
sense that the shape functions are uniquely defined by the values at these
points. Those functions that take the value 1 at exactly one of these points
and 0 on all the others are called nodal basis functions or Lagrange elements.

Table 6.1 shows a number of standard finite elements. We also show some
higher order elements in which the point values are not sufficient to define a
shape function uniquely. Also certain derivatives are needed in that case.

Remark 6.5.4 With the aid of affine mappings, one can usually reduce one-
self to one single reference element Tref , i.e., for any Tj ∈ T there exists an
affine mapping Fj : Tref → Tj such that

vh(x)|Tj
= p(F−1

j x)|Tj
, p ∈ Pref , vh ∈ Sh.

6.6 Approximation Results

In this section, we give some results concerning the approximation properties
of the finite element method and also derive some error estimates.
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value of the function

value of the function, 1st and 2nd derivative

normal derivative

Linear triangular element
u ∈ C0(Ω)
Πref = P1, dim Πref = 3

Quadratic triangular element
u ∈ C0(Ω)
Πref = P2, dim Πref = 6

Cubic triangular element
u ∈ C0(Ω)
Πref = P3, dim Πref = 10

Agyris element
u ∈ C1(Ω)
Πref = P5, dim Πref = 21

Linear quadrilateral element
u ∈ C0(Ω)
Πref = P2, u|∂Ti

∈ P1, dim Πref = 4

Quadrilateral serendipity element
u ∈ C1(Ω)
Πref = P3, u|∂Ti

∈ P2, dim Πref = 8

Table 6.1: Standard Finite Elements. (Taken from [1].)

98



Definition 6.6.1 For any partition Th = {T1, . . . , TM} of Ω and m ≥ 1, we
define the grid norm by

‖v‖m,h :=




∑

Tj∈Th

‖v‖2
m,Tj





1/2

.

Obviously, we have ‖v‖m,h = ‖v‖m,Ω for v ∈ Hm(Ω).
The following well-known theorem is a central statement in functional

analysis.

Theorem 6.6.2 (Bramble-Hilbert theorem) Let Ω ⊂ R2 be a domain
with Lipschitz-continuous boundary, t ≥ 2 and let L : H t(Ω) → Y be a
linear, bounded operator on a normed space Y . If Pt−1(Ω) ⊂ Ker(L), then
we have

‖Lv‖Y ≤ c |v|t
for all v ∈ H t(Ω) with a constant c = c(L,Ω). �

We now apply this theorem to the interpolation operator

Ih : H t(Ω) → Sh,

which is defined by interpolation of the input function with respect to the
nodal grid points of the underlying triangulation. Then, we immediatley
obtain the following error estimate.

Theorem 6.6.3 Let t ≥ 2 and Th be a quasi-uniform triangulation of Ω.
Then, we have for the interpolation operator Ih defined by interpolation with
piecewise polynomials of degree t− 1 that

‖u− Ihu‖m,h ≤ cht−m|u|t,Ω

for u ∈ H t(Ω), 0 ≤ m ≤ t and some constant c = c(Ω, Th, t). �

The principle behind the latter theorem can be roughly described as ‘polyno-
mial exactness implies approximation power’. This is also known as Bramble-
Hilbert type argument.

Finally, we give an a priori error estimate which also shows the continuous
dependence of the error on the right-hand side data.
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Theorem 6.6.4 Let Th be a family of quasi-uniform triangulations of a
convex domain Ω. Then, the piecewise linear finite element approximation
uh ∈ Sh satisfies the following estimate

‖u− uh‖1 ≤ ch‖u‖2 ≤ ch‖f‖0 . �

Remark 6.6.5 (i) The above regularity assumption u ∈ H2(Ω) can also
be weakened.

(ii) The computation of an appropriate triangulation is a problem on its
own, in particular for complex geometries Ω.

(iii) The setup of the linear system (stiffness matrix and right-hand side) is
usually done on the reference element.

6.7 Example: 1D Finite Element Discretiza-

tion for the Black-Scholes Equation

A variational formulation in 1D reads a(u, v) = (f, v)0 for all v ∈ H1
0 (Ω),

where Ω = (0, 1) and (e.g.)

a(u, v) = (u′, v′)0,(0,1) + (u′, v)0,(0,1) + (u, v)0,(0,1).

We now subdivide (0, 1) uniformly by equidistant grid points xk
h := kh, where

h = 1
M

, k = 0, . . . ,M , i.e., we have M − 1 interior nodes. An ‘element’ in

1D is hence a subinterval (xk−1
h , xk

h), k = 1, . . . ,M . Next, we consider the
nodal basis as shown in Figure 6.7. We now apply this for the Black-Scholes
equation for european option pricing

∂

∂t
u(t, x) +

1

2
σ2x2 ∂

2

∂x2
u(t, x) + rx

∂

∂x
u(t, x) − ru(t, x) = 0,

where u is the value of the option, x is the asset price, r is the interest rate
and σ is the volatility. We consider the call, i.e., the terminal condition

u(T, x) = max(K − x, 0),

where again K denotes the strike. We rewrite this in coefficient form

∂

∂t
u(t, x) +

∂

∂x

(

c(x)
∂

∂x
u(t, x)

)

+ b(x)
∂

∂x
u(t, x) − ru(t, x) + adau(t, x) = 0,
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1
ψ

k

kh

Figure 6.7: 1D nodal piecewise linear shape function.

which is required for Femlab

∂

∂t
u(t, x)+

∂

∂x

(
1

2
σ2x2 ∂

∂x
u(t, x)

)

+

(

rx− ∂

∂x
(
1

2
σ2x2)

)
∂

∂x
u(t, x)−ru(t, x)=0,

i.e.,

c :=
1

2
σ2x2

b := (r − σ2)x = rx− ∂

∂x
(
1

2
σ2x2)

a := r,

da := −1.

In this form, we can immediately solve this equation in Femlab and we show
the computed solution for K = 40, σ = 0.3, r = 0.12, x = 80 and T = 12 in
Figure 6.8.
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Figure 6.8: Result u of a numerical simluation using Femlab. The horizontal
axis corresponds to x, the vertical to t.
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Chapter 7

American Option Pricing

In contrast to European Options, an American Option can be exercised at
any time t ≤ T . This means that the payoff function is (S denotes again the
price of the underlying asset, K is the exercise price, i.e. the strike)

V am
C (S, t) = (St −K)+ for a call and
V am

P (S, t) = (K − St)
+ for a put.

(7.0.1)

This means, at expiration time T , the payoff coincides with European Op-
tions. Under no-arbitrage assumptions, one can easily show the following
a-priori bounds

V am
P (S, t) ≥ (K − S)+

V am
C (S, t) ≥ (S −K)+ ∀S, t

and trivially
V am ≥ V eur ,

since a European Option is a special case of an American Option.
Agnai, we do not go into details of the modelling of American options but
refer to any lecture on Financial Mathematics and the literature, e.g. [4,
5] which are also the basis for this chapter. Here we concentrate only on
those facts that are relevant for the numerical simulation of these financial
processes.
The contact point Sf is defined as follows

V am

P (Sf , t) = K − Sf (0 < Sf < K) . (7.0.2)
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Note that Sf depends on the time t, i.e., Sf = Sf(t). The contact point Sf (t)
can be characterized by

{
V am

P (S, t) > (K − S)+ for S > Sf (t) ,
V am

P (S, t) = K − S for S ≤ Sf(t) .
(7.0.3)

The location of the manifold Sf(t), t ∈ (0, T ) is unknown a priori. Since this
graph is the interface between the ‘exercise’and the ‘no-exercise’region (see
below), we are faced with a so called free boundary-value problem. These
kind of problems also occur in several other application, e.g., the propaga-
tion of waves in a medium (water waves, acoustic waves), plastic deformation
processes and so on. Most of what is said in this chapter can also be applied
to this kind of ‘industrial’problems
The interpretation of the contact point for a put is as follows. The holder
should exercise as soon as the price of the asset reaches Sf(t). The corre-
sponding time instant tS is called stopping time. For a filtration Ft, a random
variable τ that is Ft-measurable for all t ≥ 0 is called stopping time.

Boundary conditions: The slope ∂V
∂S

with which V am
P (S, t) touches the

straight line K − S at Sf(t) is used as a boundary condition. Note that
K − S has the slope −1 = ∂

∂S
(K − S), hence we require

∂

∂S
V am

P (Sf(t), t) = −1, (7.0.4)

which results in a tangential touching. This is the so-called high contact con-
dition.

For the (somewhat hypothetical) case of a perpetual option (i.e., for ma-
turity T = ∞), we obtain an asymptotic condition (that can be calculated
analytically). We will come to this point later.
In general, we obtain two boundary conditions, namely (7.0.2), (7.0.4).
For the American call, we need to include also dividend yields δ (otherwise
they coincide with a European call option), i.e., the Black-Scholes equation
takes the form

∂

∂t
V (S, t) +

1

2
σ2S2 ∂

2

∂S2
V (S, t) + (r − δ)S

∂

∂S
V (S, t) − rV (S, t) = 0 .(7.0.5)

In fact, one can show that if δ = 0 an early exercise does not pay off for a
call. Since V am

C ≥ S −Ke−r(T−t), we have

V am

C > S −K for t < T and r > 0,
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i.e., for δ = 0 American and European calls are identical: V am
C = V eur

C .
In this case, the corresponding boundary conditions read as follows.

V am

C (Sf(t), t) = Sf(t) −K, (7.0.6)

∂

∂S
V am

C (Sf(t), t) = −1. (7.0.7)

Black-Scholes Inequality

In the derivation of (7.0.5) early exercise was excluded. Following the lines of
argumentation ‘= 0’ is now replaced by ‘≤ 0′’ and we obtain Black-Scholes-
Inequality, which holds for all (S, t).
The inequality can be reformulated taking into account that the contact
boundary Sf divides the half strip into two disjoint regulars.

Put: V am
P = K − S for S ≤ Sf (stop),
V am

P solves (7.0.5) for S > Sf (hold).
(7.0.8)

Call: V am
C = S −K for S ≥ Sf (stop),
V am

C solves (7.0.5) for S < Sf (hold).
(7.0.9)

This shows that also here the Black-Scholes equations have to be solved but
with the additional problem of the free boundary.

7.1 The Binomial Method

We have already seen the binomial method for European options. Now, we
give an easy and straightforward modification to American Options. It just
amounts to including one projection step.
In fact, the only difference is the computation of Vji, the approximation of
V (ti, Sji) where Sji = S0u

jdi−j so that (ti, Sji) can be seen as grid points.
Then, we have

Theorem 7.1.1 Input: r, σ, S0, K,M , choice of put or call

• ∆t = T
M

u, d, p like in the European case

• S00 = S0

• SjM = S00u
jdM−j , j = 0, 1, . . . ,M

Sji = S00u
jdi−j , i = 1, . . . ,M − 1 j = 0, 1, . . . , y
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• Vj,M =

{
(SjM −K)+ for Call
(K − SjM)+ for Put

• Vj,i =

{
max{(Sji −K)+ , e−r∆t(pVj+1,i+1 + (1 − p)Vj,i+1)} , Call
max{(K − Sji)

+ , e−r∆t(pVj+1,i+1 + (1 − p)Vj,i+1)} , Put
i < M

Output: V00 is the approximation of V (S0, 0).

Example: See [14], Exercise 1.6.

7.2 Obstacle Problem

Another numerical method for solving the pricing problem for American
Options uses the Black-Scholes inequality (see above). This can be seen as
a particular instant of an obstacle problem, which is also common in several
areas of application.

Example 7.2.1 Given a membrane on which a force −f acts on some do-
main Ω ⊂ R2. The membrane is fixed on the boundary ∂Ω = Γ and the
displacement of the membrane is bounded in Ω by a given function g (the
obstacle).
Then u is given as the solution of the following system

−∆u ≥ f
u ≥ g

(−∆u − f)(u− g) = 0






in Ω, u/Γ = 0 (7.2.1)

Let us now subdivide Ω into the (unknown) contact zone

D2 := {x ∈ Ω : u(x) = g(x)}

and D1 := Ω\D2. Then we have

{
• in D2 : u = g (⇒ ∆u = ∆g < f)
• in D1 : u > g ⇒ −∆u = f ,

(7.2.2)

i.e., the same behavior as for the Black-Scholes inequality:
if V am > payoff ⇒ Black-Scholes-equation (7.0.1,...,7.0.5) holds,
if V am = payoff ⇒ Black-Scholes-inequality.
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As opposed to (7.2.2), the fomulation (7.2.1) does not involve the unknown
D2, (7.2.1) is also called linear complementary problem. We use this for the
design of a numerical method. If a solution u of (7.2.1) is determined, we
can compute D2 from it.

Variational Inequalities

It is known from the theory of partial differential equations that the classical
(strong) formulation of boundary value problems is often not appropriate.
The same also holds for inequalities.

Example 7.2.2 Consider the 1d elliptic PDE:

−u′′ = f(x), x ∈ (0, 1), u(0) = u(1) = 0,

which leads to the variational formulation of finding u ∈ H1
0 (0, 1) such that

(∇u,∇v)0 =: a(u, v) = (f, v)0 ∀v ∈ H1
0 (0, 1),

which is equivalent to the minimization problem

J(v) :=
1

2
a(v, v) − (f, v)0 → min for v ∈ H1

0 (0, 1).

If the above minimization has to be constrained, i.e., v ∈ H1
0 (0, 1) is replaced

by a (convex) subset K ⊂ H1
0 (0, 1), then we obtain a variational inequality

(its analysis leads to the field of convex analysis).

The general form (which is also appropriate for American option pricing
problems) reads as follows: Let H be a real Hilbert space and K ⊂ H
convex, K 6= ∅. Further, let L : K ⊂ H → H ′ be given. Then, one has to
determine u ∈ K such that

〈L(u), v − u〉 ≥ 0 ∀v ∈ K (7.2.3)

where 〈·, ·〉 is the duality pairing of H and its dual H ′, i.e., for w ∈ H ′,
v ∈ H , the duality pairing is defined by 〈w, v〉 := w(v) ∈ R.

Remark 7.2.3 If K is a linear subspace of H, i.e., v := u ± z ∈ K for
all u, z ∈ K. Inserting this in (7.2.3) yields on one hand 〈L(u), z〉 ≥ 0
and on the other hand, due to the linearity of 〈L(u), ·〉 that 〈L(u),−z〉 =
−〈L(u), z〉 ≥ 0, i.e., we obtain 〈L(u), z〉 = 0 for all z ∈ K, i.e., a variational
equality.
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Example 7.2.4 In Example 7.2.1, we obtain K = {v ∈ H1
0 (Ω) : v ≥

g in Ω a.e.} and

−
∫

Ω

∇u∇(v − u) dx = a(u, v − u) ≥ (f, v − u)0 , ∀v ∈ K . (7.2.4)

i.e., L : K → V ′ is defined on all V > K, i.e.,

〈Lu, v〉 = a(u, v) − 〈f, v〉 .

The relation to the complementarity problem (7.2.1) is as follows. If (in
addition to the above assumptions ) u ∈ H2(Ω), we have by integration by
parts ∫

Ω

∇u∇(v − u) dx =

∫

Ω

(−∆u)(v − u) dx ,

i.e., (7.2.4) reads

(−∆u, v − u)0 ≥ (f, v − u)0 ∀v ∈ K (7.2.5)

and since u ∈ K we have u ≥ g in Ω a.e. Now let ϕ ∈ H1
0 (Ω) , ϕ ≥ 0 in Ω

a.e. Then, setting v := ϕ+ u ∈ K, we obtain

(−∆u, ϕ)0 ≥ (f, ϕ)0 ∀ϕ ≥ 0 , (7.2.6)

i.e., −∆u ≥ f in Ω. Choosing v := g in (7.2.5), we have

(−∆u− f, g − u)0 ≥ 0 as well as
(−∆u − f
︸ ︷︷ ︸

≥0

, g − u
︸ ︷︷ ︸

≤0

)0 ≤ 0, so that in total

(−∆u− f)(g − u) = 0. Hence, u solves the complementary problem (7.2.1).
On the other hand, let u ∈ H2(Ω) solve (7.2.1), then we have from the first
and second equation that

(−∆u− f, v − g)0 ≥ 0 ∀v ∈ K

as well as
(−∆u− f, u− g)0 = 0 ,
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from the third equation. Next, by subtracting the latter two equations yields

0 ≤ (−∆u − f, v − g)0 − (−∆u − f, u− g)0

= (−∆u − f, v − u)0

= a(u, v − u) − (f, v − u)0 ,

i.e., (7.2.4).

Remark 7.2.5 The equivalent minimization problem reads

J(v) :=
1

2
a(v, v) + (f, v)0 → min

v∈K
!

Hence, an obstacle problem may equivalently be formulated as

• free boundary value problem,

• linear complementary problem,

• variational inequality (if u ∈ H2(Ω)),

• minimization problem (if u ∈ H2(Ω)).

7.3 Finite Difference Methods

For notational convenience, we restrict ourselves to the 1D case and consider
the complementary problem analogous to (7.2.1)







−u′′(x) ≥ f(x)

u(x) ≥ g(x)

(−u′′(x) − f(x))(u(x) − g(x)) = 0







∀x ∈ (−1, 1)

u(−1) = u(1) = 0 , u ∈ C1[−1, 1]

(7.3.1)

Again we introduce a simple equidistant grid

∆ := {−1 = x0 < x1 < · · · < xm = 1} , h := 2
m
, m ∈ N

xi = −1 + ih , 0 ≤ i ≤ m,
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and use the central difference approximation

−u′′(xi) ≈ 1
h2 (−u(xi−1) + 2u(xi) − u(xi+1)) , fi := f(xi)

gi := g(xi) ,

i.e., we compute an approximation ui ≈ u(xi) by






u0 = um = 0
(−ui−1 + 2ui − ui+1 − h2fi)(ui − gi) = 0

ui ≥ gi

−ui−1 + 2ui − ui+1 ≥ h2fi






1 ≤ i ≤ m− 1 ,

(7.3.2)

or, in matrix-vector notation






(u− g)T (Au− f) = 0,
u ≥ g,

Au ≥ f,
(7.3.3)

where g := (g1, . . . , gm−1)
T , f := h2(f1, . . . , fm−1)

T , u := (u1, . . . , um−1)
T

and the system matrix

A :=








2 −1 0

−1
. . .

. . .
. . .

. . . −1
0 −1 2







∈ R(m−1)×(m−1).

Note that

(u− g)T (Au− f) =

m−1∑

i=1

(−ui−1 + 2ui + ui+1 − h2fi)(ui − gi) = 0

⇐⇒ (−ui−1 + 2ui + ui+1 − h2fi)(ui − gi) = 0 ∀i

in the case −ui−1 + 2ui + ui+1 ≥ h2fi and ui ≥ gi (i.e., if all signs are equal).
Let us now describe a numerical (iterative) method for the solution of (7.3.3).
First we note that (7.3.3) is equivalent to

min{Au− f, g − u} = 0 (componentwise). (7.3.4)

This means either ui = gu or (Au)i = fi, 1 ≤ i ≤ m − 1. We now consider
the decomposition

A = D − L− U
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where L is the lower left and U the upper right part of A. From now on, we
assume that A is s.p.d, then

Dii = aii > 0 ∀1 ≤ i ≤ m− 1 (7.3.5)

and since
Au− f = D(u−D−1(Lu+ Uu+ f))

the equations (7.3.4) is equivalent to

min{u−D−1(Lu+ Uu+ f), g − u} = 0 , (7.3.6)

or

u = max{D−1(Lu+ Uu+ f), g} . (7.3.7)

The general idea is to modify appropriate iterative methods for Au = f in
such a way that (7.3.7) is incorporated in the iteration.

7.3.1 Classical Iterative Methods

The idea is to construct a suitable fixpoint iteration that converges towards
the solution x∗ of a linear system Ax = b.
If A ∈ Rn×n, choose a regular matrix Q ∈ Rn×n. Then

Ax = b ⇐⇒ Q−1(Ax− b) = 0
⇐⇒ φ(x) := (I −Q−1A)

︸ ︷︷ ︸

=:G

x+Q−1b
︸ ︷︷ ︸

=:c

= x,

i.e., the solution of the linear system of equations is equivalent to the fixpoint
problem φ(x) = x. Then, Banach fixpoint theorem yields a corresponding
iteration:

xk+1 = φ(xk) = Gxk + c.

Then, we have the following standard result.

Lemma 7.3.1 The fixpoint iteration converges for any initial value x0 ∈ Rn

if ρ(G) < 1, where
ρ(G) := max

1≤j≤n
|λj(G)|

denotes the spectral radius of G.
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Proof: Consider the singular value decomposition of G

G = UΣV T

with orthogonal matrices U, V and Σ = diag (σi), σi = λi(G)2 < 1,

⇒ lim
k→∞

Σk = 0

thus
lim
k→∞

Gk = u
(

lim
k→∞

Σk
)

V T = 0 ,

which proves the claim. �

We still have the choice of the matrix Q. We describe some standard and
well-known examples.

Richardson method: This corresponds to the choice Q = αI, α ∈ R,
i.e.,

xk+1 = xk + α(b− Axk)

The particular choice α 6= 1 is known ans damped Richardson iteration.

Jacobi method: With the decomposition A = L + D + U , where D =
diag (A) is the diagonal of A, one uses Q = D−1. This results in the itera-
tion:

xk+1 := (I −D−1A)xk +D−1b = −D−1(L+ U)xk +D−1b.

For this method, we have the following convergence result.

Theorem 7.3.2 If A is strictly diagonal dominant, i.e.,

|aii| >
∑

i6=j

|aij| ∀1 ≤ i ≤ n ,

then the Jacobi iteration converges towards x = A−1b for all x0 ∈ Rn.

Proof: Follows by Lemma 7.3.1 since G = I −D−1A = −D−1(L+R)
and

ρ(D−1(L+R)) ≤ ‖D−1(L+R)‖∞ = max
i

∑

i6=j

∣
∣
∣
∣

aij

aii

∣
∣
∣
∣
< 1 ,
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which proves the theorem. �

Let us now consider the number of operations:

• O(N2) for dense matrices A ∈ RN×N ,

• O(N) for sparse matrices

per step.

Gauß-Seidel method: Again, we use the decomposition A = L + D + U
and set Q = D + L, which yields the iteration:

xk+1 = (I − (D + L)−1A)xk + (D + L)−1b
= −(D + L)−1Uxk + (D + L)−1b,

since
I − (D + L)−1A = (D + L)−1(D + L− A)

= (D + L)−1(D + L−D − L− U).

For this method, the following result is known.

Theorem 7.3.3 The Gauß-Seidel method converges for all s.p.d. matrices
A ∈ Rn×n.

For the proof, we need some preparations. For a s.p.d. matrix A ∈ Rn×n, we
consider the following scalar product.

(x, y)A := xTAy = (x,Ay) , x, y ∈ Rn .

Note that B∗ = A−1BTA is the A-adjoint matrix i.e.,

(Bx, y)A = (x,B∗y)A

for all y, x ∈ Rn. In fact, we have

(Bx, y)A = xTBTAy = xTAA−1BTA
︸ ︷︷ ︸

=B∗

y = (x,B∗y)A .

Any A-selfadjoint matrix B (which means that B∗ = B) is called A-positiv
if

(Bx, x)A > 0 ∀x 6= 0 .
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Lemma 7.3.4 If B := I−G∗G with G ∈ Rn×n, is A-positiv, then ρ(G) < 1.

Proof: By assumption, B is A-positiv, i.e.

0 < (Bx, x)A = (x, x)A − (G∗Gx, x)A = (x, x)A − (Gx,Gx)A

which means that (x, x)A > (Gx,Gx)A. Thus, we have for the A-norm

‖x‖A :=
√

(x, x)A

that ‖x‖A > ‖Gx‖A. Finally

ρ(G) ≤ ‖G‖A := sup
‖x‖A=1

‖Gx‖A

‖x‖A
< 1

since the supremum is attained due to the compactness of the unit ball with
respect to ‖ · ‖A, i.e. ∂B1,A(0) := {x ∈ Rn : ‖x‖A = 1}. �

Proof of Theorem 7.3.3: Show that B := I − G∗G is A-positive for
G = I − (D + L)−1A. Since UT = L, we have

G∗ = I −A−1AT (D + L)−TA
= I − (DT + LT )−1A = I − (D + U)−1A,

and thus by standard calculations

B = I −G∗G = I − (I − (D + U)−1A)(I − (D + L)−1A)
= I − I + (D + U)−1A+ (D + L)−1A− (D + U)−1A

︸ ︷︷ ︸

=(D+U)−1(D+U+L)

=I+(D+U)−1L

(D + L)−1A

= (D + U)−1A− (D + U)−1L(D + L)−1A
= (D + U)−1D(D−1(D + L) −D−1L

︸ ︷︷ ︸

=I+D−1L−D−1L

)(D + L)−1A

= (D + U)−1D(D + L)−1A.

Hence, we obtain

(Bx, x)A = ((D + U)−1D(D + L)−1Ax,Ax)
= (D(D + L)−1Ax, (D + U)−T

︸ ︷︷ ︸

(D+L)−1

Ax)

= (D1/2(D + L)−1Ax, (D1/2(D + L)−1Ax)

= ‖ (D1/2(D + L)−1A
︸ ︷︷ ︸

regular

x‖ > 0
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for x 6= 0 which shows that B is s.p.d. Thus, the claim follows from Lemma
7.3.4. �

Relaxation Methods
For Gauß-Seidel, we have G = I − (D + L)−1A. In order to speed up the
convergence, one can introduce an additional parameter ω > 0 and obtain
the iteration matrix

Gω := I −
(

1

ω
D + L

)−1

A ,

which means in particular, that for ω = 1, we obtain the above mentioned
Gauß-Seidel method. Thus, we obtain the iteration

x(k+1) =

(

I −
(

1

ω
D + L

)−1

A

)

xk +

(
1

ω
D + L

)−1

b .

The method is applied in practice as follows for a given iterate x(k)







For i = 1, . . . , N

z
(k+1)
i = 1

aii

[

−
∑

m<i

aimx
(k+1)
m −

∑

m>i

aimx
(k)
m + bi

︸ ︷︷ ︸

=(−Lx(k+1)−Ux(k)+b)i

]

x
(k+1)
i = x

(k)
i + ω(z

(k+1)
i − x

(k)
i ).

(7.3.8)

This can be seen as follows:

aiix
(k+1)
i = aiix

(k)
i + ω

[

−
∑

m<i

aimx
(k+1)
m −

∑

m>i

aimx
(k)
m + bi − aiix

(k)
i

]

⇐⇒
Dx(k+1) = Dx(k) + ω(−Lx(k+1) − Ux(k) + b−Dx(k))

⇐⇒

(D + ωL)x(k+1) = (D − ω(

=A−L
︷ ︸︸ ︷

U +D))x(k) + ωb

⇐⇒
ω

(
1

ω
D + L

)

x(k+1) = ω

[(
1

ω
D + L

)

− ωA

]

x(k) + ωb
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⇐⇒
x(k+1) =

(

I −
(

1

ω
D + L

)−1

A

)

x(k) +

(
1

ω
D + L

)−1

b.

For ω < 1, this is called a damped iteration, for 1 < ω < 2 it is called over-
relaxated, the method is also known as SOR (successive over relaxation).
Details can be found e.g. in [15] 2, §8.

Theorem 7.3.5 (Ostrowski, Reich) For any s.p.d. matrix A ∈ Rn×n, the
SOR method converges for all 0 < ω < 2.

The proof can be found in any standard textbook on Numerical Analysis. The
question naturally arises what might be an optimal choice for the parameter
ω.

Definition 7.3.6 A matrix A ∈ Rn×n is called consistently ordered if the
eigenvalues of the matrices

J(α) := D−1(αL+ α−1U) (α 6= 0) (7.3.9)

are independent of α, if A = L+D + U .

The following theorem can be found e.g. in [15].

Theorem 7.3.7 If A is consistently oredered, then

ρ(G1) = ρ(J)2 , J = J(1) ,

where G1 = I − (D + L)−1A = −(D + L)−1U is the iteration matrix of the
Gauß-Seidel method. �

Note that −J(1) = −D−1(L + U) is the iteration method of Jacobi, thus
Theorem 7.3.7 says that the Jacobi method roughly needs the double number
of iterations than Gauß-Seidel (if A is consistently ordered).
Now the optimal parameter is characterized by

ρ(Gωopt) = min
ω∈R

ρ(Gω) = min
0<ω<2

ρ(Gω)

and the following result is known (see again [15]).
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Theorem 7.3.8 (Young, Varga) Let A be consistently ordered and assume
that J = J(1) has only real eigenvalues such that ρ(J) < 1 (see Lemma 7.3.1).
Then

ωopt =
2

1 +
√

1 − ρ(J)2
, ρ(Gωopt

) = ωopt − 1 .

�

Remark 7.3.9 Note that tridiagonal- and block-tridiagonal-matrices are con-
sistently ordered which can easily be verified.

7.3.2 Projected SOR-method for Complementary Prob-
lems

Now, we modify the above described SOR-method for solving the comple-
mentary problem

(Au− f)T (u− g) = 0 , u ≥ g , Au ≥ f (7.3.10)

which we have seen to be equivalent to (7.3.7), i.e.,

u = max{D−1(Lu+ Uu+ f), g} ,

if the matrix A = D−L−U is s.p.d. We add a projection step in the SOR-
method(7.3.8) (note: there we have used the decomposition A = D+L+U):







For i = 1, . . . , N do

z
(k+1)
i = 1

aii
(Lu(k+1) + Uu(k) + f)i

u
(k+1)
i = max{u(k)

i + ω(z
(k+1)
i − u

(k)
i ), gi}

(7.3.11)

which is called projected SOR-method.

We aim to prove that (7.3.11) converges towards the solution u of (7.3.10).
We need some preparations. The following proofs are taken from [5].

Lemma 7.3.10 The problem (7.3.10) is equivalent to

u ≥ g , J(u) = min
v≥g

J(v) (7.3.12)

where J(v) := 1
2
vTAv = fTv, if A is s.p.d.
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Proof: Let u be a solution of (7.3.10) and let v ≥ g, then

J(v) − J(u) =
1

2
vTAv − 1

2
uTAu+ fT (u− v)

=
1

2
(v − u)TA(v − u) + uTAv − uTAu+ uTf − vTf

=
1

2
(v − u)TA(v − u)
︸ ︷︷ ︸

≥0 since A is s.p.d.

+vT (Au− f) − uT (Au− f)

≥ (v − u)T (Au− f)

= (v − g)T

︸ ︷︷ ︸

≥0

(Au− f)
︸ ︷︷ ︸

≥0 by (7.3.10)

− (u− g)T (Au− f)
︸ ︷︷ ︸

=0 by (7.3.10)

≥ 0 ,

i.e., J(u) ≤ J(v) for all v ≥ g, i.e., u solves (7.3.12).
On the other hand, let u ≥ g solve (7.3.12). Let v(k) := u + εδk, ε > 0 and
denote by δk = (δ1,k, . . . , δn,k, )

T the k-th canonical vector. This means that
v(k) ≥ u ≥ g and

0 ≤ J(v(k)) − J(u) =
ε2

2
δT
k Aδk + εδT

k (Au− f)

=
ε2

2
akk + ε(Au− f)k , ∀ε > 0,

which implies 0 ≤ (Au − f)k + ε
2
akk → (Au − f)k as ε → 0 for all k, i.e.

Au ≥ f .
Now suppose (Au − f)k > 0 and uk ≥ gk for some k. Choose ε > 0 small
enough such that w(k) := u − εδk ≥ gk. This implies 0 ≤ J(w(k)) − J(u) =
ε2

2
akk − ǫ(Au− f)k < 0 for ε small enough, which finally gives (Au− f)T (u−

g) = 0. �

Theorem 7.3.11 (Cryer) Let A ∈ Rn×n s.p.d., b, f ∈ Rn, 1 < ω < 2,
then {u(k)}k∈N defined by (7.3.11) converges towards the unique solution u
of (7.3.10).

Remark 7.3.12 The latter theorem also states that the complementary prob-
lem (7.3.10) has a unique solution.

Proof of Theorem 7.3.11:
We split the proof in two parts.
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1.) Uniqueness of solution:
Let w1, w2 be two solutions of (7.3.10) and (7.3.12), respectively. Thus,
we have by Lemma 7.3.10

0 = J(w1) − J(w2)
= 1

2
(w1 − w2)

TA(w1 − w2)
︸ ︷︷ ︸

≥0

+ wT
1 (Aw2 − f) − wT

2 (Aw2 − f)
︸ ︷︷ ︸

= (w1 − w2)
T (Aw2 − f)

= (w1 − g)T

︸ ︷︷ ︸

≥0

(Aw2 − f)
︸ ︷︷ ︸

≥0

− (w2 − g)T (Aw2 − f)
︸ ︷︷ ︸

=0

≥ 1
2
(w1 − w2)

TA(w1 − w2) ≥ 0,

i.e., 0 = (w1 − w2)
TA(w1 − w2), which means that w1 − w2 = 0.

2.) Existence of a solution:
The idea is to show convergence of u(k) in (7.3.11)

a) For all i, k there exists some ωk ∈ [0, w] such that for u
(k+1)
i :=

u
(k)
i + ωi,k(z

(k+1)
i − u

(k)
i ) we have

• If gi ≤ u
(k)
i + ω(z

(k+1)
i − u

(k)
i ) and thus ωik = ω.

• If gi > u
(k)
i +ω(z

(k+1)
i −u(k)

i )and thus we have u
(k+1)
i = gi since

u
(k)
i ≥ gi

(because u
(k)
i = max{. . . , gi}), we have z

(k+1)
i − u

(k)
i < 0 and

hence

ωi,k :=
u

(k)
i − gi

u
(k)
i − z

(k+1)
i

≥ 0

and ωi,k < ω. This implies that u
(k)
i + ωi,k(z

(k+1)
i − u

(k)
i ) =

u
(k)
i − u

(k)
i + gi = gi = u

(k+1)
i .

b) Set u(k,i) = (u
(k+1)
1 , . . . , u

(k+1)
i , u

(k)
i+1, . . . , u

(k)
N )T and

Jj := J(u(k,i)), j := N(k − 1) + i

Note that

u(k,i,0) = (u
(k+1)
1 , . . . , u

(k+1)
N )T := u(k,N+1)

and

(u(k,i) − u(k,i−1)) = (u
(k+1)
i − u

(k)
i )δi (7.3.13)
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for δi = (δ1,i, . . . , δN,i)
T . By (7.3.11)

aii(z
(k+1)
i − u

(k)
i ) = (Lu(k+1) + Uu(k) + f)i − aiiu

(k)
i

= −(Au(k,i))i + fi

= −(Au(k,i) − f)i (7.3.14)

Thus, we obtain

⇒ Jj − Jj−1 = J(u(k,i)) − J(u(k,i−1))
= 1

2
(u(k,i) − u(k,i−1))TA(u(k,i) − u(k,i−1))

+(u(k,i) − u(k,i−1))T (Au(k,i) − f)

= 1
2
aii(u

(k+1)
i − u

(k)
i )2 − aii(u

(k+1)
i − u

(k)
i ) (z

(k+1)
i − u

(k)
i )

︸ ︷︷ ︸

= 1
ωi,k

(u
(k+1)
i −u

(k)
i )

= −aii

2

(
2

ωik
− 1
)

(u
(k+1)
i − u

(k)
i )2

≤ − aii

2
︸︷︷︸

>0

(
2

ω
− 1

)

︸ ︷︷ ︸

>0

(u
(k+1)
i − u

(k)
i )2

︸ ︷︷ ︸

≥0

if ωi,k > 0

≤ 0.

If ωi,k = 0 we have u
(k+1)
i = u

(k)
i , hence Jj = Jj−1, i.e., Jj ց

(j → ∞).

On the other hand Jj = 1
2
u(k,i)T

Au(k,i)
︸ ︷︷ ︸

≥0

− fTu(k,i)

︸ ︷︷ ︸

≤c

which implies

the existence of the limit J = lim
j→∞

Jj.

c) A standard estimate yields for any component index i

|u(k+1)
i − u

(k)
i | =

(

2

aii(
2

ωi,k
− 1)

(Jj−1 − Jj)

)1/2

≤




2

min
i
aii(

2
wik
ω − 1)

(Jj−1 − Jj)





1/2

→ 0,

which means that {u(k)
i }k is a Cauchy sequence. Thus, there exists

some ui such that lim
k→∞

u
(k)
i = ui.
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d) If we define

zi : = lim
k→∞

z
(k+1)
i =

1

aii

(Lu+ Uu+ f)i = ui −
1

aii

(Au− f)i

we get

ui = max{ui + ω(zi − ui), gi} = max{ui − ω
1

aii
(Au− f)i, gi}.

Thus, we have min{ ω
aii

(Au− f)i, ui − gi} = 0, which is equivalent
to (7.3.10), which proves the theorem. �
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Chapter 8

Exotic Options

All nonstandard options (i.e., non American and European) are called exotic
options. Nowadays there is a whole variety of such taylor-made options. The
general observation for such options is that transformation methods to simple
pde’s like the heat equations do not work. The corresponding pde has to be
solved directly which causes several numerical difficulties. Let us just collect
some main types of exotic options without going into details and without
claiming completeness:

• compound options

• chooser options

• binary options

• path-dependent options: barrier options, lookback options, Asian op-
tions.

Some of these options can be reduced to the Black–Scholes equation. Here,
we focus on some aspects for those cases where this reduction is not possible.

8.1 Asian Options

As an example, let us consider Asian options whose characteristics is the
dependency of its price from an average of values of the underlying St at
previous times. Asian options can be of European and American style. The
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average can be taken in an arithmetic sense

1

m

n∑

i=1

Sti,
1

T

T∫

0

St dt

or a geometric sense

(
n∏

i=1

Sti

)1/n

, exp




1

T

T∫

0

log(St) dt



 .

Let us denote by S̄ one of these averages.

Definition 8.1.1 With the average S̄ of St, the payoff function of an Asian
option is defined as

(S̄ −K)+, (K − S̄)+ average strike call / put
(ST − S̄)+, (S̄ − ST )+ average price call / put.

For the modelling, the average S̄ is exposed as

At :=

t∫

0

f(Sθ, θ)dθ, (8.1.1)

where f(S, t) models the type of average. The stochastic behaviour of At is
described in the Black–Scholes model as

dAt = aA(t)dt+ bAdWt. (8.1.2)

In (8.1.1) we would just have

aA(t) = f(St, t), bA ≡ 0.

The advantage of (8.1.2) is that Itô’s lemma can be used to derive the fol-
lowing SDE for the price V = V (S,A, t)

dVt =

(
∂

∂t
V + µS

∂

∂S
+

1

2
σ2S2 ∂

2

∂S2
V + f(S, t)

∂

∂A
V

)

dt+ σS
∂

∂S
dWt,(8.1.3)
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or as a pde

∂

∂t
V +

1

2
σ2S2 ∂

2

∂S2
V + rS

∂

∂S
V + f(S, t)

∂

∂A
V − rV = 0. (8.1.4)

Hence, we obtain the additional term

f(S, t)
∂

∂A
V.

Note that no second derivative of V with respect to A is present which makes
the problem convection dominated or even hyperbolic.

First one can reduce the problem to a 1D problem (details see [14], 216-
219, exercise) by introducing the auxiliary variable

Rt :=
1

St

t∫

0

Sθdθ, (8.1.5)

where we restrict ourselves for simplicity to the arithmetic average, i.e.,
f(S, t) = S. Then, one assumes a separation of the form

V (S,A, t) = S ·H(R, t) (8.1.6)

for some function H . Here, R is an independent variable. Then, one gets the
following problem

∂

∂t
H +

1

2
σ2R2 ∂2

∂R2
H + (1 − rR)

∂

∂R
H = 0 (8.1.7)

H = 0 for R→ ∞ (8.1.8)

∂

∂t
H +

∂

∂R
H = 0 for R = 0 (8.1.9)

H(RT , T ) =

(

1 − 1

T
RT

)+

. (8.1.10)

The obvious advantage is the reduction of the dimension of the problem.

8.2 Convection–Diffusion Problems

We can view (8.1.7) as a particular example of a convection-diffusion problem
of the form
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∂tu− (au′ − cu)′ = f (8.2.1)

for u = u(t, x). In fact

(au′ − cu)′ = au′′ + a′u′ − cu′ − c′u

= au′′ + (a′ − c)u′ − c′u.

Such equations appear in many applications e.g. transport, reaction in
porous media, semiconductors and so on. The behaviur of such equations
can be characterised by the global Peclét number

Pe :=
‖c‖∞ diam (Ω)

‖a‖∞
, (8.2.2)

where Ω is the spatial domain, x ∈ Ω. The global Peclét number measures
the proportion of reaction/convection to diffusion. For example, one has

• Pe ∼ 25 (groundwater transport)

• Pe ∼ 107 (semiconductor)

A little bit vague a problem (8.2.1) is called convection dominated if

Pe≫ 1.

Example 8.2.1 For k > 0 consider

{
−(ku′ + u)′ = 0 in Ω := (0, 1)
u(0) = u(1) = 0

(8.2.3)

which has the exact solution

u(x) =
1 − exp(x/k)

1 − exp(1/k)
.

The global Peclét number is given as Pe = 1
k
. Even for moderate values of

Pe (e.g. Pe ∼ 100), we observe a strong boundary layer:
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u(x)

0 1

Let us describe what happens for the numerical solution. Let us consider a
FDM w.r.t. an equidistant grid with step size

h =
1

M + 1

and use control differences for both terms
(

−2k

h
− 1

)

ui−1 +
4k

h
ui +

(

−2k

h
+ 1

)

ui+1 = 0, 1 ≤ i ≤M. (8.2.4)

Using the ansatz ui = λ′ gives an exact solution

ui =
1 −

(
2k+h
2k−h

)′

1 −
(

2k+h
2k−h

)M+1
.

For 2k < h (which is realsitic for k ∼ 10−7) we obtain heavy oscillations in
the numerical solution. These oscillations do not occur in the exact solution.
For 2k > h, the oscillations disappear but one may lack convergence.

Let us describe some of the technical problems that occur here. Let us
consider the pde

−εu′′ + cu′ + ru (8.2.5)

which is of the form (8.2.1). The bilinear form associated to (8.2.5) reads

a(u, v) = (εu′, v′) + (cu′, v) + (ru, v), u, v ∈ H1
0 (Ω) =:?? (8.2.6)

If we assume that

r − 1

2
c′ ≥ r0

for some constant r0 > 0 one can easily show (exercise)

a(v, v) ≥ α̃‖v‖2
ε, α̃ := min{1, r0}

126



where

‖v‖ε := (ε|v|21 + ‖v‖2
0)

1/2 (8.2.7)

is the ε-weighted H1-norm. Performing the complete error analysis gives

‖u− uh‖ε ≤ Chε−3/2, ε→ 0+. (8.2.8)

Note that the factor ε−3/2 can be extremely large.

8.3 SUPG-method

The SUPG (streamline upwind Petrov-Galerkin) method is maybe the most
commonly used method for the numerical solution of convection-dominated
problems. The main idea was introduced by Hughes and Brooks in 1979. In
order to describe the method, we consider the model problem in 2D, namely

Lεu := −ε∆u+ c · ∇u+ ru = f in Ω,
u = 0 on Γ = ∂Ω,

(8.3.1)

with ε > 0, coefficient functions c ∈ C1(Ω̄,Rn), r ∈ C(Ω̄) and a given right-
hand side f ∈ L2(Ω). As above, we assume

r − 1

2
∇ · c ≥ r0 > 0

for some constant r0 > 0. The bilinear form reads

a(u, v) :=

∫

Ω

[

ε∇u · ∇v + c · ∇u v + r uv
]

dx

for u, v ∈ V := H1
0 (Ω), so that the variational formulation reads

u ∈ V : a(u, v) = (f, v)0;Ω, v ∈ V. (8.3.2)

Using a standard finite element discretization with test and trial spaces

Vh := {vh ∈ V : vh|K ∈ Pk(K), K ∈ Th},

we obtain a standard error estimate

inf
vh∈Vh

‖u− vh‖l,K ≤ cerr h
k+1−l
K |u|k+1,K
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if u ∈ Hk+1(Ω) for l ∈ {0, 1, 2}, all K ∈ Th and a constant cerr. This is a
standard finite element error estimate (Jackson inequality). Moreover, there
is also an inverse inequality

‖∆vh‖0,K ≤ cin
hK

|vh|1,K , vh ∈ Vh

for all K ∈ Th. Such an estimate is based upon the finite dimensionality of
Vh. Note that the two constants cerr, cin > 0 do not depend on u and vh, nor
on K.

The basic idea to overcome the above described stability problems is to
add suitable (local) weighted residuals to the variational formulation (8.3.2).
Interpreting the original problem in L2 and restricting it to each element K
gives

Lεu = f a.e. in K, K ∈ Th.

Now we multiply this equation with test functions

τ(vh)|K ,

where τ : L2(Ω) → L2(Ω) is a suitable function to be detailed later. More-
over, we introduce scaling factors

δK ∈ R, K ∈ Th,

and obtain
∑

K∈Th

δk(−ε∆u+ c · ∇u+ ru, τ(vh))0,K =
∑

K∈Th

δK(f, τ(vh))0,K .

This equation is added to the discrete variational problem and we obtain

ah(u, vh) := a(u, vh) +
∑

K∈Th

δk(−ε∆u+ c · ∇u+ ru, τ(vh))0,K

(f, vh)h := (f, vh)0,Ω +
∑

K∈Th

δK(f, τ(vh))0,K

and the following new discrete problem results

uh ∈ Vh : ah(uh, vh) = (f, vh)h, vh ∈ Vh.

If the original and the new discrete problem have unique solutions, we obtain
the error equation (Galerkin orthogonality)

ah(u− uh, vh) = 0, vh ∈ Vh.
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Remark 8.3.1 (a) Well-known choices for τ are

• τ(vh) := c · ∇vh (streamline-diffusion method)

• τ(vh) := −ε∆vh + c · ∇vh + rvh (Galerkin/least Squares).

(b) One can show that the additional term adds some artificial diffusion
which is the reason for the stabilization.

With quite some technicalities, one can prove the following error estimate.

Theorem 8.3.2 Let the parameters be chosen as

δK =

{

δ1
h2

K

ε
, if PeK ≤ 1,

δ2hK , if PeK > 1,

with δ1, δ2 > 0 are independent of K and ε is chosen in such a way that

0 < δK ≤ 1

2

{
h2

K

εc2inv

,
r0

‖r‖0,∞,K

}

.

If the weak solution is in Kk+1(Ω), then

‖u− uh‖sd ≤ C(
√
ε+

√
h)hk |u|k+1,Ω,

where ‖ · ‖sd denotes the streamline diffusion norm

‖u‖2
sd := ε|v|21 + r0‖v‖2

0 +
∑

K∈Th

δk‖c · ∇u‖2
0,K .

�

Remark 8.3.3 (a) The reason for the name Petrov-Galerkin comes from
the fact that the above streamline diffusion method can also be inter-
preted as a variational problem where one uses different test and trial
spaces. This is called a Petrov-Galerkin method.

(b) The major drawback is that still there is a dependence on negative pow-
ers of ε. Alternatives are Finite Volume methods or Discontinuous
Galerkin methods.
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