3.5 The Smolyak method

The Smolyak method is a deterministic method that has been used for various
applications (under different names), not only for numerical cubature. The
idea is starting from a 1D-method to construct an efficient nD-method using
a clever setting of the grid points. In this regard, the Smolyak method can
be seen as a special case of a QMC method. This is also known as sparse
grids which is also a well-known method used for the numerical solution of
partial differential equations.

n1
Definition 3.5.1 Let L;[f] := > cvif(xuy), zp; € R, i =1,...,d, be a
v=1

linear functional, then

ni nd
(Li®. . @L)f] =D ) ot Cupa f@or, - o)

vi=1 vg=1
15 called tensor product of the operators Ly, ..., Ly.

Obviously, the standard product in formula (3.1.1) is of this form, i.e.,
QUIFI = (Qu®...® Q,)F].
~—_——— ——

d—times
Remark 3.5.2 As already mentioned above, the concept of Smolyak can be

applied to many problems having a product-structure. Here we only look at
the particular application to quadrature, resp. cubature.

Definition 3.5.3 Let Q. Q@ ..., be a sequence of quadrature-formulae
with n; quadrature points and QO [f] =0 (i.e. ng = 0) and set
AD = Q) — Q) (3.5.1)
Then
Qlh,d):=> AW @ . A i=(i,.. i), (3.5.2)
i<k

15 called k-th Smolyak-Quadrature-Formula, where, as usual, we set
d
il = i
v=1
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Figure 3.3: Idea for the building of a sparse grid (first two figures) and one
particular example of a sparse grid.
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This is shown in Figure 3.3 above.

Definition 3.5.4 A sequence QM. QP ... of quadrature formulae with re-
spect to the quadrature points X @ is called nested, if X C XD holds for
the sampling points XW i =1,2,.. ..

To analyze the error of a Smolyak formula, we define the following space
of functions of mixed maximal smoothness order r € N on R?

dlilg |

i1 iq
Oz} ...0x

#5={o: R - Re ol = |

<00, ifz’,,gr}.

For a linear functional L € L(F},R), consider the standard operator norm,
namely
|L[/]|

IL|| := sup —5— .
" ozsers 1Sl

Now we start with 1D quadrature formulae satisfying the following error
estimate

RO < ISl f € 7 (3.53)

see Theorem 3.1.3.

Theorem 3.5.5 Let QW Q®), ... be nested such that (3.5.3) holds and the
number of knots can be bounded by

a2’ <n; < A2'. (3.5.4)
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Then,

(logn(k; d)) (d—=1)(r+1)
n(k, d)r

|R(k, d)[f]| < Cay £l (3.5.5)

holds for all f € Fj, where n(k,d) is the number of quadrature points of
Q(k,d) and the constant Cy, does not depend on f.

For the proof we again need some preparations:
Lemma 3.5.6 Let L; be linear functionals on Fi, then
L1 ® -+ @ Lallr = [ Lallr - - - [ Lall- (3.5.6)

Proof: We proceed by induction over d. For d = 1 nothing has to be done.
For d > 2 and f € F}j, we consider the following function

=(Ly®---® Lg)[f] € F{,

since one component is left free.
If the functions have the representation

L;h = f: Cyi,z' h(xl/i,i)7

l/izl

we easily obtain

0 0
_g($1) = Z Z CVQ 2 - CI/d d Lle(xl’ xug,?a .o 7xl/d,d)

a Z1 vo=1 vg=1
0
= (Ly®---® Lyg) 8_1f(x1’ R L P TR ) I
where h = dwlf(:vl, yoony) € Fy o with |||, < ||f]l-- Then, using the

induction hypothesis, we get

lgllr < (Lo @@ La) [l | fll- = 1 Lallr - - || Zall L £l

Now, we get
(L1 ® - @ La)[f1] = |Lalgl] < I Lallr llgll < ([ Lallr - - - 1 Lallr) [LF [l
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This finally implies
1Ly @ -+ @ Lallr < |[Lallr- - [[ Ll - (3.5.7)

Using the definition of the operator norm, we get that for any € > 0, there
exists a function f; = f;(¢) such that

Lilfi] = \Lalle [[fill (1 =€)

Using these functions f; for all i,, we set

f(ub s 7ud> = fl(ul) ’ "fd<ud) = (fl Q- ®fd)(u17"'7ud)7
thus
1f e = Lfulle - -~ Wl fallr

and
(L1 @@ La)[fll = |La[fa] -+ Lalfa]|

> || Lalle - [ Zallo L fills -l fall (1 = )¢
which yields the assertion with (3.5.7) if we consider ¢ — 0+. [

The next result will be needed in order to estimate the number of cubature
points which in turns is required to analyze the rate of convergence.

Lemma 3.5.7 Under the hypothesis of Theorem 3.5.5 we have

d+k—-1
< Adoktd :
RN (i

Proof: Let X(k,d) be the cubature points of Q(k,d), X® the cubature

points of Q@ as before and Y® the cubature points of A® = QU+ — QU
n (3.5.1). Because of the nestedness we have

#y(i) — #A(i) — #(Q(Hl) _ Q(i)) — #X(i+1) ’
thus by the bound on n; in (3.5.4) and the nestedness of the cubature points

4X(kd) =# (| YD @ Y@
li|=k

Z (#X () (FEX et D)

Niy4+1 0 Nig+1

Z
i Lol L A9tatl — Z Ad9lil+d

li|=k



Because of

#{(iy,...,iq) N |i| =k} = (d+k—1> _ (d+k—1

i ) ) (3.5.8)

(for a proof see below) we conclude

X (k,d) < Atk (d Z f; 1) .

It remains to prove (3.5.8). We first show that
k
n E+1
= 3.5.9
2 (0)= () 539

for all d > 1 by induction. For £ = 0 the claim holds because of ( )
( d +1) =0 for all d > 1. For k > 1, we conclude by the induction hypothesis

%n_k+1+in_k+l+k+l_k+2
2\a) =\ a )T&\a) "\ d d+1) " \a+1
so that (3.5.9) is shown.
Now let N := #{(iy,...,iq) € N?: |i] = k}, then obviously we have

vi=wwr=1=("TETN =(5) -

and again by induction

k k k
D DTS DR Sl G B GO B

m=0 m=0 m=0

which proves (3.5.8) in view of (3.5.9). O
Now one final auxiliary result in preparation for the proof of the main
result.

Lemma 3.5.8 Under the hypotheses of Theorem 3.5.5 we have

|R(k, d)|. < G2+ (1 4 2r)i- I(Zﬁ:)‘
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Proof: Again by induction we obtain for a multi-index i = (i1, ..., iq)

k—lil

Q,d+1) = Y [AW@. . @AWgY A¥

thus

li|<k v=0
- Z (A® @ ... @ Al g QU+1-1i)
i<k

Lo —Q(k,d+1) = (I—Q(k, )@ L+ Y AW, @Al g1, —QW+1D),

li|<k

Because of Lemma 3.5.6, (3.5.3) and (3.5.4) we have by the triangle inequality

NI

IN

IN

QU+ — QU < | — L, + Q%) — Ll

iy+1 v
IR DN, + | RS
Cr Cr
i1 Ty,
Cr —7(iy+1) —Triy\ __ Cr —7(iy+1) r
(o Loy = Crg (1+27).
a” a”

Next using |||, = 1 we have using the triangle inequality and Lemma 3.5.6

[1R(K, d + 1),

IN

A

Hayr — Qk, d + 1),

IRk, d)l + > 1A @ ... @ Al @ R(k — |i],1)],
[i|<k

IRk, )l + > IAD A || R(k = [i], 1)),
li|<k

[R(k, )|l + > (1 427)* @it do—rtii.
i<k g r(ktdt1)

— —r d+k
=(142r)do-r(k+dtD) (THF)
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Now, finally

||R(/€,d)||r (S dEEQ r(k+d+1) 1+2r)m (m—i-k)
m=0 m
<(1427)d-

IN

d—1
27T(k)+d+1 1+27' d— IZ( >’

m=0
(a*h)

which completes the proof. [

Now we have all tools at hand and come to the proof of the main result
in this section.

Proof of Theorem 3.5.5: Set ¢ := d + k. According to Lemma 3.5.7
we have for the number of cubature points

1 q°
k,d) < Adk+d( 1 < Ad2k+d— 3.5.10
n(k, d) <d —1 (d—1)"7 ( )

thus in the worst case ¢ ~ logn and n ~ 25+ 97 o1 equivalently 2-(+0) ~

-1
(d 1)!7
~!(logn)®1. Now it results from Lemma 3.5.8:

IRk, )]l < Cof1+27)" 12D (df 1)

— (O, 2 kHd)(+1) o+d) q
P N\, e d _ 1

~n

N ((log n)d—l)”l

o (d—1)(r+1)
< Cr,d( gn) 7
nT

which proves the desired statement. [J

So far, the Smolyak method can be based upon any sequence of univari-
ate quadrature formulae as long as the assumptions of Theorem 3.5.5 are
satisfied. That still leaves some freedom to choose particular formulae, i.e.,
to choose particular sequences of quadrature points (knots). Let us now
describe some well-known and widely used sequences.
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Figure 3.4: Sparse grids based on the trapezoidal, the Clenshaw-Curtis, Pat-
terson and Gauss-Legendre rules, see also Table 3.1. This picture was taken
from the homepage of T. Gerstner, Univ. Bonn.

3.5.1 Equidistant Points

Typically, one uses Newton—Cotes formulae in 1D, in the most simple situa-
tion, this is just the trapezoidal rule. Subdividing [0, 1] into r; subintervals
results in

n, =1; + 1

knots. The Degree of Exactness (DoE) is then also n + 1.

3.5.2 Gaufl—Points

As well-known, we obtain the optimal DoE of 2n; — 1 with n; knots.

3.5.3 The Clenshaw-Curtis grids

hese are widely used grids that have been introduced already in 1960. The
CC-grids correspond to the settings

nm=1,n,=2"14+1 fork>2,

[3]. For the cubature points X““(k,2) one typically chooses the roots of the
Chebyshev orthogonal polynomials.

One further example is the Konrad-Patterson sequence, which uses the
Stieltjes quadrature points. In Figure 3.4, we show the sparse grid points
induced by the different constructions and Table 3.1 gives a summary of
these.
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’ Name ‘Abscissas ‘ DoE

Newton-Cotes | equidistant | n; + 1
Chenshow-Curtis | Chebyshev | n; — 1
Patterson (1968) | Stieltjes Sni—1
Gauss Legendre 2n; — 1

Table 3.1: Univariate quadrature formulae used for sparse grids construction.
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