
3.5 The Smolyak method

The Smolyak method is a deterministic method that has been used for various
applications (under different names), not only for numerical cubature. The
idea is starting from a 1D-method to construct an efficient nD-method using
a clever setting of the grid points. In this regard, the Smolyak method can
be seen as a special case of a QMC method. This is also known as sparse
grids which is also a well-known method used for the numerical solution of
partial differential equations.

Definition 3.5.1 Let Li[f ] :=
n1∑
ν=1

cν,if(xν,i), xν,i ∈ R , i = 1, . . . , d, be a

linear functional, then

(L1 ⊗ . . .⊗ Ld)[f ] :=

n1∑
ν1=1

. . .

nd∑
νd=1

cν1,1 . . . cνd,d f(xν1,1, . . . , xνd,d)

is called tensor product of the operators L1, . . . , Ld.

Obviously, the standard product in formula (3.1.1) is of this form, i.e.,

Q
[d]

nd
[F ] = (Qn ⊗ . . .⊗Qn︸ ︷︷ ︸

d−times

)[F ] .

Remark 3.5.2 As already mentioned above, the concept of Smolyak can be
applied to many problems having a product-structure. Here we only look at
the particular application to quadrature, resp. cubature.

Definition 3.5.3 Let Q(1), Q(2), . . . , be a sequence of quadrature-formulae
with ni quadrature points and Q(0)[f ] = 0 (i.e. n0 = 0) and set

∆(i) := Q(i+1) −Q(i) . (3.5.1)

Then

Q(k, d) :=
∑
|i|≤k

∆(i1) ⊗ · · · ⊗∆(id), i = (i1, . . . , id), (3.5.2)

is called k-th Smolyak-Quadrature-Formula, where, as usual, we set

|i| :=
d∑

ν=1

iν .
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Figure 3.3: Idea for the building of a sparse grid (first two figures) and one
particular example of a sparse grid.

This is shown in Figure 3.3 above.

Definition 3.5.4 A sequence Q(1), Q(2), . . . of quadrature formulae with re-
spect to the quadrature points X(i) is called nested, if X(i) ⊆ X(i+1) holds for
the sampling points X(i), i = 1, 2, . . ..

To analyze the error of a Smolyak formula, we define the following space
of functions of mixed maximal smoothness order r ∈ N on Rd

F rd :=

{
g : Rd → R : ‖g‖r :=

∥∥∥∥ ∂|i|g

∂xi11 . . . ∂x
id
d

∥∥∥∥ <∞ , if iν ≤ r

}
.

For a linear functional L ∈ L(F rd ,R), consider the standard operator norm,
namely

‖L‖r := sup
06=f∈Frd

|L[f ]|
‖f‖r

.

Now we start with 1D quadrature formulae satisfying the following error
estimate

|R(i)
n [f ]| ≤ cr

nri
‖f‖r , f ∈ F r1 , (3.5.3)

see Theorem 3.1.3.

Theorem 3.5.5 Let Q(1), Q(2), . . . be nested such that (3.5.3) holds and the
number of knots can be bounded by

a2i ≤ ni ≤ A2i . (3.5.4)
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Then,

|R(k, d)[f ]| ≤ Cd,r
(log n(k, d))(d−1)(r+1)

n(k, d)r
‖f‖r , (3.5.5)

holds for all f ∈ F rd , where n(k, d) is the number of quadrature points of
Q(k, d) and the constant Cd,r does not depend on f .

For the proof we again need some preparations:

Lemma 3.5.6 Let Li be linear functionals on F r1 , then

‖L1 ⊗ · · · ⊗ Ld‖r = ‖L1‖r · · · ‖Ld‖r. (3.5.6)

Proof: We proceed by induction over d. For d = 1 nothing has to be done.
For d ≥ 2 and f ∈ F rd , we consider the following function

g := (L2 ⊗ · · · ⊗ Ld)[f ] ∈ F r1 ,

since one component is left free.
If the functions have the representation

Lih =

ni∑
νi=1

Cνi,i h(xνi,i),

we easily obtain

∂

∂x1

g(x1) =

n2∑
ν2=1

· · ·
nd∑
νd=1

cν2,2 . . . cνd,d
∂

∂x1

f(x1, xν2,2, . . . , xνd,d)

= (L2 ⊗ · · · ⊗ Ld)
[
∂

∂x1

f(x1, ·, . . . , ·)
]
(xν2,2, . . . , xνd,d) ,

where h = ∂
∂x1
f(x1, ·, . . . , ·) ∈ F rd−1 with ‖h‖r ≤ ‖f‖r. Then, using the

induction hypothesis, we get

‖g‖r ≤ ‖(L2 ⊗ · · · ⊗ Ld)‖r‖f‖r = ‖L2‖r · · · ‖Ld‖r‖f‖r.

Now, we get

|(L1 ⊗ · · · ⊗ Ld)[f ]| = |L1[g]| ≤ ‖L1‖r ‖g‖r ≤ (‖L1‖r · · · ‖Ld‖r) ‖f‖r .
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This finally implies

‖L1 ⊗ · · · ⊗ Ld‖r ≤ ‖L1‖r · · · ‖Ld‖r . (3.5.7)

Using the definition of the operator norm, we get that for any ε > 0, there
exists a function fi = fi(ε) such that

Li[fi] ≥ ‖Li‖r ‖fi‖r(1− ε).

Using these functions fi for all i,, we set

f(u1, . . . , ud) := f1(u1) · · · fd(ud) = (f1 ⊗ · · · ⊗ fd)(u1, . . . , ud),

thus
‖f‖r = ‖f1‖r · · · ‖fd‖r

and

|(L1 ⊗ · · · ⊗ Ld)[f ]| = |L1[f1] · · ·Ld[fd]|

≥ ‖L1‖r · · · ‖Ld‖r‖f1‖r · · · ‖fd‖r(1− ε)d ,

which yields the assertion with (3.5.7) if we consider ε→ 0+. �

The next result will be needed in order to estimate the number of cubature
points which in turns is required to analyze the rate of convergence.

Lemma 3.5.7 Under the hypothesis of Theorem 3.5.5 we have

n(k, d) ≤ Ad 2k+d

(
d+ k − 1

d− 1

)
.

Proof: Let X(k, d) be the cubature points of Q(k, d), X(i) the cubature
points of Q(i) as before and Y (i) the cubature points of ∆(i) = Q(i+1) − Q(i)

in (3.5.1). Because of the nestedness we have

#Y (i) = #∆(i) = #(Q(i+1) −Q(i)) = #X(i+1) ,

thus by the bound on ni in (3.5.4) and the nestedness of the cubature points

#X(k, d) = #

(∑
|i|=k

Y (i1) ⊗ · · · ⊗ Y (id)

)
=
∑
|i|=k

(#X(i1+1)) · · · (#X(id+1))

=
∑
|i|=k

ni1+1 · · ·nid+1

≤
∑
|i|=k

A · 2i1+1 · · · · · A2id+1 =
∑
|i|=k

Ad2|i|+d.

40



Because of

#{(i1, . . . , id) ∈ Nd : |i| = k} =

(
d+ k − 1

d− 1

)
=

(
d+ k − 1

k

)
(3.5.8)

(for a proof see below) we conclude

#X(k, d) ≤ Ad2k+d

(
d+ k − 1

d− 1

)
.

It remains to prove (3.5.8). We first show that

k∑
n=0

(
n

d

)
=

(
k + 1

d+ 1

)
(3.5.9)

for all d ≥ 1 by induction. For k = 0 the claim holds because of
(

0
d

)
=(

1
d+1

)
= 0 for all d ≥ 1. For k ≥ 1, we conclude by the induction hypothesis

k+1∑
n=0

(
n

d

)
=

(
k + 1

d

)
+

k∑
n=0

(
n

d

)
=

(
k + 1

d

)
+

(
k + 1

d+ 1

)
=

(
k + 2

d+ 1

)
so that (3.5.9) is shown.

Now let Nd
k := #{(i1, . . . , id) ∈ Nd : |i| = k}, then obviously we have

N1
k = #{(k)} = 1 =

(
1 + k − 1

1− 1

)
=

(
k

0

)
= 1

and again by induction

Nd
k =

k∑
m=0

Nd−1
k−m =

k∑
m=0

Nd−1
m =

k∑
m=0

(
d− 1 +m− 1

d− 2

)
=

(
d+ k − 1

d− 1

)
,

which proves (3.5.8) in view of (3.5.9). �
Now one final auxiliary result in preparation for the proof of the main

result.

Lemma 3.5.8 Under the hypotheses of Theorem 3.5.5 we have

‖R(k, d)‖r ≤ C̃r2
−r(k+d)(1 + 2r)d−1

(
d+ k

d− 1

)
.
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Proof: Again by induction we obtain for a multi-index i = (i1, . . . , id)

Q(k, d+ 1) =
∑
|i|≤k

∆(i1) ⊗ . . .⊗∆(id) ⊗
k−|i|∑
ν=0

∆(ν)


=

∑
|i|≤k

(
∆(i1) ⊗ . . .⊗∆(id) ⊗Q(k+1−|i|))

thus

Id+1−Q(k, d+1) = (Id−Q(k, d))⊗I1+
∑
|i|≤k

∆(i1)⊗. . .⊗∆(id)⊗(I1−Q(k+1−|i|)).

Because of Lemma 3.5.6, (3.5.3) and (3.5.4) we have by the triangle inequality

‖∆(iν)‖r = ‖Q(iν+1) −Q(iν)‖r ≤ ‖Q(iν+1) − I1‖r + ‖Q(iν) − I1‖r
= ‖R(iν+1)

niν+1
‖r + ‖R(iν)

niν
‖r

≤ cr
nriν+1

+
cr
nriν

≤ cr
ar

(2−r(iν+1) + 2−riν ) =
cr
ar

2−r(iν+1)(1 + 2r).

Next using ‖I1‖r = 1 we have using the triangle inequality and Lemma 3.5.6

‖R(k, d+ 1)‖r = ‖Id+1 −Q(k, d+ 1)‖r
≤ ‖R(k, d)‖r +

∑
|i|≤k

‖∆(i1) ⊗ . . .⊗∆(id) ⊗R(k − |i|, 1)‖r

≤ ‖R(k, d)‖r +
∑
|i|≤k

‖∆(i1)‖r . . . ‖∆(id)‖r‖R(k − |i|, 1)‖r

<∼ ‖R(k, d)‖r +
∑
|i|≤k

(1 + 2r)d 2−r(|i|+d)2−r(k+1−|i|)︸ ︷︷ ︸
=2−r(k+d+1)︸ ︷︷ ︸

=(1+2r)d2−r(k+d+1)(d+kd )

.
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Now, finally

‖R(k, d)‖r <∼
d−1∑
m=0

2−r(k+d+1) (1 + 2r)m︸ ︷︷ ︸
≤(1+2r)d−1

(
m+ k

m

)

≤ 2−r(k+d+1)(1 + 2r)d−1

d−1∑
m=0

(
m+ k

m

)
︸ ︷︷ ︸

(d+kd−1)

,

which completes the proof. �
Now we have all tools at hand and come to the proof of the main result

in this section.
Proof of Theorem 3.5.5: Set q := d + k. According to Lemma 3.5.7

we have for the number of cubature points

n(k, d) ≤ Ad2k+d

(
q − 1

d− 1

)
≤ Ad2k+d qd−1

(d− 1)!
, (3.5.10)

thus in the worst case q ∼ log n and n ∼ 2k+d qd−1

(d−1)!
, or, equivalently 2−(k+d) ∼

n−1(log n)d−1. Now it results from Lemma 3.5.8:

‖R(k, d)‖r ≤ C̃r(1 + 2r)d−12−r(k+d)

(
q

d− 1

)
= Cr,d 2−(k+d)(r+1)︸ ︷︷ ︸ 2(k+d)

(
q

d− 1

)
︸ ︷︷ ︸

∼n

∼
(

(log n)d−1

n

)r+1

<∼ Cr,d
(log n)(d−1)(r+1)

nr
,

which proves the desired statement. �
So far, the Smolyak method can be based upon any sequence of univari-

ate quadrature formulae as long as the assumptions of Theorem 3.5.5 are
satisfied. That still leaves some freedom to choose particular formulae, i.e.,
to choose particular sequences of quadrature points (knots). Let us now
describe some well-known and widely used sequences.
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Figure 3.4: Sparse grids based on the trapezoidal, the Clenshaw-Curtis, Pat-
terson and Gauss-Legendre rules, see also Table 3.1. This picture was taken
from the homepage of T. Gerstner, Univ. Bonn.

3.5.1 Equidistant Points

Typically, one uses Newton–Cotes formulae in 1D, in the most simple situa-
tion, this is just the trapezoidal rule. Subdividing [0, 1] into ri subintervals
results in

ni = ri + 1

knots. The Degree of Exactness (DoE) is then also n+ 1.

3.5.2 Gauß–Points

As well-known, we obtain the optimal DoE of 2ni − 1 with ni knots.

3.5.3 The Clenshaw-Curtis grids

hese are widely used grids that have been introduced already in 1960. The
CC-grids correspond to the settings

n1 = 1 , nk = 2k−1 + 1 for k ≥ 2,

[3]. For the cubature points XCC(k, 2) one typically chooses the roots of the
Chebyshev orthogonal polynomials.

One further example is the Konrad-Patterson sequence, which uses the
Stieltjes quadrature points. In Figure 3.4, we show the sparse grid points
induced by the different constructions and Table 3.1 gives a summary of
these.
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Name Abscissas DoE

Newton-Cotes equidistant ni + 1
Chenshow-Curtis Chebyshev ni − 1
Patterson (1968) Stieltjes 3

2
ni − 1

Gauss Legendre 2ni − 1

Table 3.1: Univariate quadrature formulae used for sparse grids construction.
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