Chapter 7

American Option Pricing

In contrast to European Options, an American Option can be exercised at
any time ¢t <T. This means that the payoff function is (S denotes again the
price of the underlying asset, K is the exercise price, i.e. the strike)

Vam(S,t) = (S — K)*  for a call and

Vem(S,t) = (K —S;)" for a put. (7.0.1)

This means, at expiration time 7', the payoff coincides with European Op-
tions. Under no-arbitrage assumptions, one can easily show the following
a-priori bounds

Vee(S,t) > (K —S)*t

Var(S,) > (S — K)ot

and trivially
Vam 2 Veur ,

since a European Option is a special case of an American Option.

Agnai, we do not go into details of the modelling of American options but
refer to any lecture on Financial Mathematics and the literature, e.g. [4,
5] which are also the basis for this chapter. Here we concentrate only on
those facts that are relevant for the numerical simulation of these financial
processes.

The contact point Sy is defined as follows

Vﬁm(Sf,t) :K—Sf (0 < Sf < K) . (702)
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Note that Sy depends on the time ¢, i.e., Sy = Sf(t). The contact point S¢(t)
can be characterized by

Vir(S,t) > (K —8)T  for S > S¢(t),
Van(S,t) =K -8 for S < Sk(t) .

The location of the manifold S¢(t), ¢ € (0,7) is unknown a priori. Since this
graph is the interface between the ‘exercise’and the ‘no-exercise’region (see
below), we are faced with a so called free boundary-value problem. These
kind of problems also occur in several other application, e.g., the propaga-
tion of waves in a medium (water waves, acoustic waves), plastic deformation
processes and so on. Most of what is said in this chapter can also be applied
to this kind of ‘industrial’problems

The interpretation of the contact point for a put is as follows. The holder
should exercise as soon as the price of the asset reaches S¢(t). The corre-
sponding time instant tg is called stopping time. For a filtration F;, a random
variable 7 that is F;-measurable for all ¢ > 0 is called stopping time.

(7.0.3)

Boundary conditions: The slope ‘g—g with which V3™(S,t) touches the
straight line X' — S at Sy(t) is used as a boundary condition. Note that
K — S has the slope —1 = %(K — 5), hence we require
O
% P
which results in a tangential touching. This is the so-called high contact con-
dition.

"(Sp(t), 1) = -1, (7.0.4)

For the (somewhat hypothetical) case of a perpetual option (i.e., for ma-
turity 7" = o0), we obtain an asymptotic condition (that can be calculated
analytically). We will come to this point later.

In general, we obtain two boundary conditions, namely (7.0.2), (7.0.4).

For the American call, we need to include also dividend yields § (otherwise
they coincide with a European call option), i.e., the Black-Scholes equation
takes the form

B 1, ., O B -

In fact, one can show that if 6 = 0 an early exercise does not pay off for a
call. Since Vg™ > S — Ke™"™  we have

Vet > S —K for t<T and r >0,
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i.e., for 6 = 0 American and European calls are identical: Va™ = V.
In this case, the corresponding boundary conditions read as follows.

VEm(Sp(t),t) = Sy(t) — K, (7.0.6)
SSVEn(Ss(0).6) = —1. (7.0.7)

Black-Scholes Inequality

In the derivation of (7.0.5) early exercise was excluded. Following the lines of
argumentation ‘= 0’ is now replaced by ‘< 0" and we obtain Black-Scholes-
Inequality, which holds for all (S, ).

The inequality can be reformulated taking into account that the contact
boundary S divides the half strip into two disjoint regulars.

Put: Vp»=K-S for S < Sy (stop), (7.0.8)
Vi solves (7.0.5) for S > Sy (hold). o

Call: Vgn=5—-K for S > Sy (stop), (7.0.9)
Vam solves (7.0.5) for S < Sy (hold). o

This shows that also here the Black-Scholes equations have to be solved but
with the additional problem of the free boundary.

7.1 The Binomial Method

We have already seen the binomial method for European options. Now, we
give an easy and straightforward modification to American Options. It just
amounts to including one projection step.

In fact, the only difference is the computation of Vj;, the approximation of
V(t;, Sj;) where S;; = Sou/d"™7 so that (¢;,5;;) can be seen as grid points.
Then, we have

Theorem 7.1.1 Input: r,0,Sy, K, M, choice of put or call
o At = % u,d,p like in the Furopean case
e Soo = S0
o Sinr = SooudM I | j=0,1,... .M
Sy = Seod = | i=1,... M—1j=0,1,...y
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o V. — (Sjm — K)*  for Call
WM (K — Siu)t for Put

o V.. — { max{(S;; — K)* , e (pVjs1i1+ (1 —p)Vjipa)} . Call
o max{(K — 8;)* , e (pVj11ip1 + (1 = p)Vjin)}, Put
1< M
Output: Vi is the approzimation of V (S, 0).
Example: See [14], Exercise 1.6.

7.2 Obstacle Problem

Another numerical method for solving the pricing problem for American
Options uses the Black-Scholes inequality (see above). This can be seen as
a particular instant of an obstacle problem, which is also common in several
areas of application.

Example 7.2.1 Given a membrane on which a force —f acts on some do-
main Q C R%. The membrane is fizred on the boundary 0 = I' and the
displacement of the membrane is bounded in by a given function g (the
obstacle).

Then u is given as the solution of the following system

—Au > f
u >y inQ, u/I'=0 (7.2.1)
(—Au—f)lu—-g) =0

Let us now subdivide € into the (unknown) contact zone
Dy :={x € Q:u(x)=g(x)}
and Dy := Q\Dy. Then we have

{ong:u:g(:>Au=Ag<f) (7.2.2)

e mDi:u>qg = —-Au=f,

i.€., the same behavior as for the Black-Scholes inequality:
if Ver > payoff = Black-Scholes-equation (7.0.1,...,7.0.5) holds,
if Vo = payoff = Black-Scholes-inequality.
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As opposed to (7.2.2), the fomulation (7.2.1) does not involve the unknown
Dy, (7.2.1) is also called linear complementary problem. We use this for the
design of a numerical method. If a solution u of (7.2.1) is determined, we
can compute Dy from it.

Variational Inequalities

It is known from the theory of partial differential equations that the classical
(strong) formulation of boundary value problems is often not appropriate.
The same also holds for inequalities.

Example 7.2.2 Consider the 1d elliptic PDE:
—u" = f(x),z € (0,1), u(0)=u(l)=0,
which leads to the variational formulation of finding u € Hg(0,1) such that
(Vu, Vo) =: a(u,v) = (f,v)o Yo € Hy(0,1),

which is equivalent to the minimization problem

1
J(v) := ia(v,v) — (f,v)o — min  for v e Hy(0,1).
If the above minimization has to be constrained, i.e., v € Hy(0,1) is replaced
by a (convex) subset K C H}(0,1), then we obtain a variational inequality

(its analysis leads to the field of convex analysis).

The general form (which is also appropriate for American option pricing
problems) reads as follows: Let H be a real Hilbert space and K C H
convex, K # (). Further, let L : K C H — H’ be given. Then, one has to
determine u € K such that

(L(u),v—u) >0 YveK (7.2.3)

where (-,-) is the duality pairing of H and its dual H’', i.e., for w € H’,
v € H, the duality pairing is defined by (w,v) := w(v) € R.

Remark 7.2.3 If K is a linear subspace of H, i.e., v .= u+ 2z € K for
all u,z € K. Inserting this in (7.2.3) yields on one hand (L(u),z) > 0
and on the other hand, due to the linearity of (L(u),-) that (L(u),—z) =
—(L(u), z) >0, i.e., we obtain (L(u),z) =0 for all z € K, i.e., a variational
equality.
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Example 7.2.4 In Ezample 7.2.1, we obtain K = {v € H}Q) : v >
g in € ae} and

—/VuV(v—u) de =a(u,v—u) > (f,v—u)y, YveK . (7.24)
Q

i.e., L: K — V' is defined on allV > K, i.e.,

(Lu,v) = a(u,v) — (f,v) .

The relation to the complementarity problem (7.2.1) is as follows. If (in
addition to the above assumptions ) u € H?(f2), we have by integration by
parts

VuV(v —u) de = [ (—Au)(v —u) dz ,
/ /
i.e., (7.2.4) reads

(—Au,v—u)g > (f,v—u)y YveK (7.2.5)

and since u € K we have u > g in  a.e. Now let p € H}(Q2) , ¢ > 01in Q
a.e. Then, setting v := ¢ +u € K, we obtain

(=Au, )0 > (fip)o Yo >0, (7.2.6)
i.e., —Au > f in Q. Choosing v := ¢ in (7.2.5), we have

(—Au— f,g—u)y >0 as well as
(—Au— f,g—u)y <0, so that in total
——

20 <0

(—Au — f)(g —u) = 0. Hence, u solves the complementary problem (7.2.1).
On the other hand, let u € H*(Q) solve (7.2.1), then we have from the first
and second equation that

(—Au—fv—g)o>0 YweK
as well as

(—Au— fiu—g)o=0,
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from the third equation. Next, by subtracting the latter two equations yields
0 < (- Au—fv— 9)o — (—Au — f,u—g)o

(—Au — f,v—u)g

= a(uuv_u) - (f,’U—U)O )

ie., (7.24).

Remark 7.2.5 The equivalent minimization problem reads

Jw) = gav,0) + (f, )0 — min!

Hence, an obstacle problem may equivalently be formulated as
e free boundary value problem,
e linear complementary problem,
e variational inequality (if u € H?(f2)),

e minimization problem (if u € H?(Q)).

7.3 Finite Difference Methods

For notational convenience, we restrict ourselves to the 1D case and consider
the complementary problem analogous to (7.2.1)

Again we introduce a simple equidistant grid

A={-l=zxy<z<--<zp=1}, h:=2 meN

m )

z;i=—1+ih, 0<i<m,
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and use the central difference approximation

—u"(2i) & gz (—ulzim) + 2u(zy) — u(zin)) , fi= fl@)
9i = g(zi) ,

i.e., we compute an approximation u; &~ u(z;) by

Uy = Uy = 0
(—wim1 + 2u; — wiyr — P2 fi)(u; — g;) =0

u > g 1<i<m—132
—uig + 2u; — uip > B
or, in matrix-vector notation
(u—g)"(Au—f) =0,
u >gq, (7.3.3)
Au > f,

where g = (917 s agm—l)T ) f = h2(f17 ) fm—l)T y U= (u1> s aum—l)T
and the system matrix

Note that

(u—9)"(Au—f) = Z(_ui—l + 2u; + upr — P2 i) (w; — g;) = 0

i=1
< (—ui_l + 2u,~ + Ui — h2fz)(uZ — gi) =0 Vi

in the case —u;_1 + 2u; + ;41 > h2f; and u; > g; (i.e., if all signs are equal).
Let us now describe a numerical (iterative) method for the solution of (7.3.3).
First we note that (7.3.3) is equivalent to

min{Au — f,g —u} =0 (componentwise). (7.3.4)

This means either u; = g, or (Au); = f;, 1 <i < m — 1. We now consider
the decomposition
A=D—-L-U

110



where L is the lower left and U the upper right part of A. From now on, we
assume that A is s.p.d, then

and since
Au— f=D(u— D' (Lu+ Uu+ f))

the equations (7.3.4) is equivalent to

min{u — D™ (Lu+ Uu+ f),g —u} =0, (7.3.6)
or
u=max{D (Lu+Uu+ f),g} . (7.3.7)

The general idea is to modify appropriate iterative methods for Au = f in
such a way that (7.3.7) is incorporated in the iteration.

7.3.1 Classical Iterative Methods

The idea is to construct a suitable fixpoint iteration that converges towards
the solution z* of a linear system Az = b.
If A € R"™", choose a regular matrix ) € R"*". Then

Ar=b <= Q'(Az—-0b)=0
= ¢2) = -Q 'A)r+Q 'b=12,
N—_— — —~—
=G =:C
i.e., the solution of the linear system of equations is equivalent to the fixpoint
problem ¢(z) = x. Then, Banach fixpoint theorem yields a corresponding

iteration:
Tyl = ¢($k) = GSL’k + c.

Then, we have the following standard result.

Lemma 7.3.1 The fixpoint iteration converges for any initial value o € R™
if p(G) < 1, where
p(G) = max [A(G)

1<j<n

denotes the spectral radius of G.
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Proof: Consider the singular value decomposition of G
G=Uxv"
with orthogonal matrices U,V and ¥ = diag (0;), 0, = \i(G)? < 1,

= lim ¥* =0

k—o00
thus
lim G* :u<klim zk) VT =0,
which proves the claim. O

We still have the choice of the matrix ). We describe some standard and
well-known examples.

Richardson method: This corresponds to the choice ) = al, a € R,
ie.,
Tpe1 = Tk + a(b — Axy)

The particular choice o # 1 is known ans damped Richardson iteration.
Jacobi method: With the decomposition A = L+ D + U , where D =

diag (A) is the diagonal of A, one uses @ = D~!. This results in the itera-
tion:

Tpp1:= (I — DAy + D o= -DYL+U)xy + Db
For this method, we have the following convergence result.
Theorem 7.3.2 If A is strictly diagonal dominant, i.e.,
laiil > layl VI<i<n,
i#j
then the Jacobi iteration converges towards v = A™1b for all xy € R™.

Proof: Follows by Lemma 7.3.1 since G =1 — D'A=—-D"Y(L + R)

and
p(D™N(L+R)) < DL+ R)||loc = max » _ <1,

i#]

aij
a/.,

(22
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which proves the theorem. O

Let us now consider the number of operations:
e O(N?) for dense matrices A € RN*V,
e O(N) for sparse matrices

per step.

Gauf3-Seidel method: Again, we use the decomposition A =L+ D + U
and set Q) = D + L, which yields the iteration:

Tpy1 =T —(D+ L)' Az + (D+ L)'
= —(D+ L) 'Ux, + (D + L)™'b,
since
I—(D+L)'A =(D+L)y"Y(D+L—A)
=D+L)y"D+L-D-L-U0).

For this method, the following result is known.

Theorem 7.3.3 The Gaufs-Seidel method converges for all s.p.d. matrices
A E RTLXTL.

For the proof, we need some preparations. For a s.p.d. matrix A € R"*", we
consider the following scalar product.

(z,9)a =" Ay = (z,Ay), z,y €R™.
Note that B* = A7'BT A is the A-adjoint matriz i.e.,
(Bz,y)a = (z, B"y)a
for all y,z € R™. In fact, we have

(Br,y)a=2"BTAy =2 AA'BTAy = (2, B*y)4 .
=B*
Any A-selfadjoint matrix B (which means that B* = B) is called A-positiv

if
(BI,SL’)A >0 Ve#0.
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Lemma 7.3.4 If B :=1—G*G with G € R"*", is A-positiv, then p(G) < 1.
Proof: By assumption, B is A-positiv, i.e.
0< (vax)A = (LU,.Z’)A - (G*GLU,SL’)A = (.flf,LU)A - (Gxan)A
which means that (x,x)4 > (Gz, Gx)4. Thus, we have for the A-norm
[z]la = v/ (2, 2)a

that ||x]|a > ||Gs||a. Finally

G,
p(G) < Glla = sup 1Cslla

<1
lzlla=1 ll7]la

since the supremum is attained due to the compactness of the unit ball with
respect to || - [|a, i.e. 0B14(0) := {z € R" : ||z||4 = 1}. O
Proof of Theorem 7.3.3: Show that B := [ — G*G is A-positive for
G=1-(D+ L)™"A. Since UT = L, we have

G* =I—AAT(D+L)TA
= — (DT +LT)"A=1— (D+U) A,

and thus by standard calculations

B =1-GG=1—(I—-(D+U)"'A)(I - (D+L)"A)
=1 —I+(D+U)"A+(D+L)"A— (D+U)'A (D+L)'A
—_——

=(D+U)~Y(D+U+L)
=I+(D+U)~1L

—(D+U)""A— (D+U)"'L(D+L)'A
=(D+U)'DD(D+L)—D'LY(D+L)'A
=I+D*;2,—D*1L

=(D+U)"'D(D+L)"A.

Hence, we obtain

(Bz,x)4 = ((D+U)"'D(D+ L) 'Az, Az)
= (D(D+ L) "Az, (D +U)™" Ax)
N——’
(D+L)~ 1t
(D'Y?(D + L)' Az, (D'*(D + L)' Az)
= | (DV* D+ L) 'Az| >0

~
regular
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for x # 0 which shows that B is s.p.d. Thus, the claim follows from Lemma
7.3.4. =

Relaxation Methods

For GauB-Seidel, we have G = I — (D + L)"'A. In order to speed up the
convergence, one can introduce an additional parameter w > 0 and obtain
the iteration matrix

1 -1
Gw::1—<—D+L) A,
w

which means in particular, that for w = 1, we obtain the above mentioned
GauB3-Seidel method. Thus, we obtain the iteration

1 -t 1 -1
Palany (1 - (—D + L) A) Ty + (—D + L) b .
w w

The method is applied in practice as follows for a given iterate z(*

(( For i=1,...,N
(k—i—l [ Zaszﬂ (k+1) Zazmx(k 4 ]
m<i m>i (738)
_(—Lgc(k+1)—Um(k)+b)i
k+1) I(k)).

)

(k+1)
\ L

= xl(k) + w(zl(

This can be seen as follows:

aiixgkﬂ) = a“x Z Qi FFD) Z Aimz®) + b; — a“x(k)]
m<i m>1
<
Dzt = Da® (= La®) — gz® 4 p — D2 ®)
<

=A-L

(D +wL)z® ) = (D — w(U + D))z® + wb

w (lD + L) 2D — {(lD + L) — wA] )+ wb
W W

115



1 -1 1 -1
kD) — (I — (—D + L) A) z®) 4 (—D + L) b,
w w

For w < 1, this is called a damped iteration, for 1 < w < 2 it is called over-
relazated, the method is also known as SOR (successive over relazation).
Details can be found e.g. in [15] 2, §8.

Theorem 7.3.5 (Ostrowski, Reich) For any s.p.d. matriz A € R™" the
SOR method converges for all 0 < w < 2.

The proof can be found in any standard textbook on Numerical Analysis. The
question naturally arises what might be an optimal choice for the parameter
w.

Definition 7.3.6 A matrix A € R"™" is called consistently ordered if the
eigenvalues of the matrices

J(a):= D YaL+a 'U) (a#0) (7.3.9)
are independent of a, if A=L+ D+ U.
The following theorem can be found e.g. in [15].

Theorem 7.3.7 If A is consistently oredered, then

p(Gy) =p(J)*, J=J(1),

where Gy = I — (D + L)™' A = —(D + L)"'U is the iteration matriz of the
Gauf-Seidel method. O

Note that —J(1) = —D~Y(L + U) is the iteration method of Jacobi, thus
Theorem 7.3.7 says that the Jacobi method roughly needs the double number
of iterations than GauB-Seidel (if A is consistently ordered).

Now the optimal parameter is characterized by

PGy ) = min p(Gy,) = min p(G.,)

weR O<w<?2

and the following result is known (see again [15]).
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Theorem 7.3.8 (Young, Varga) Let A be consistently ordered and assume
that J = J(1) has only real eigenvalues such that p(J) < 1 (see Lemma 7.3.1).

Then
2

opt — ) Gwom = Wopt
T e

—-1.

w

O

Remark 7.3.9 Note that tridiagonal- and block-tridiagonal-matrices are con-
sistently ordered which can easily be verified.

7.3.2 Projected SOR-method for Complementary Prob-
lems

Now, we modify the above described SOR-method for solving the comple-
mentary problem

(Au— ) (u—g)=0,u>g, Au> f (7.3.10)
which we have seen to be equivalent to (7.3.7), i.e.,
u=max{D *(Lu+ Uu+ f),g},

if the matrix A= D — L — U is s.p.d. We add a projection step in the SOR-
method(7.3.8) (note: there we have used the decomposition A = D+ L+U):

For ¢=1,...,N do
Lkt %(Lu(k—i-l) + Uu® + f); (7.3.11)

u Y = max{u + w(FY — a6}

which is called projected SOR-method.

We aim to prove that (7.3.11) converges towards the solution u of (7.3.10).
We need some preparations. The following proofs are taken from [5].

Lemma 7.3.10 The problem (7.53.10) is equivalent to

u>g, J(u)=minJ(v) (7.3.12)

v>yg

where J(v) = 0T Av = fTv, if A is s.p.d.

2
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