Theorem 7.3.8 (Young, Varga) Let A be consistently ordered and assume
that J = J(1) has only real eigenvalues such that p(J) < 1 (see Lemma 7.3.1).

Then
2

opt — ) Gwom = Wopt
T e

—-1.

w

O

Remark 7.3.9 Note that tridiagonal- and block-tridiagonal-matrices are con-
sistently ordered which can easily be verified.

7.3.2 Projected SOR-method for Complementary Prob-
lems

Now, we modify the above described SOR-method for solving the comple-
mentary problem

(Au— ) (u—g)=0,u>g, Au> f (7.3.10)
which we have seen to be equivalent to (7.3.7), i.e.,
u=max{D *(Lu+ Uu+ f),g},

if the matrix A= D — L — U is s.p.d. We add a projection step in the SOR-
method(7.3.8) (note: there we have used the decomposition A = D+ L+U):

For ¢=1,...,N do
Lkt %(Lu(k—i-l) + Uu® + f); (7.3.11)

u Y = max{u + w(FY — a6}

which is called projected SOR-method.

We aim to prove that (7.3.11) converges towards the solution u of (7.3.10).
We need some preparations. The following proofs are taken from [5].

Lemma 7.3.10 The problem (7.53.10) is equivalent to

u>g, J(u)=minJ(v) (7.3.12)

v>yg

where J(v) = 0T Av = fTv, if A is s.p.d.

2
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Proof: Let u be a solution of (7.3.10) and let v > g, then

Jw) = Jw) = 50T Av— g Au+ [T~ v)
— %('U—u)TA('U—u)—I—UTA'U—UTAU—I—UTf—UTf
= %(U—U)TA(U—U) +UT(AU—f) _“T(A“_f)

- J/
-~

>0 since A is s.p.d.

(v —u)"(Au — f)

= (v—g)" (Au—f) —(u—g)" (Au—[) >0,
—_— ——

J

~~

>0 >0 by (7.3.10) =0 by (7.3.10)

e, J(u) < J(v) for all v > g, i.e., u solves (7.3.12).

On the other hand, let u > g solve (7.3.12). Let v®) := u + &8y, € > 0 and
denote by &, = (814, ---,0nk, )" the k-th canonical vector. This means that
v®) > > g and

2
0< Jw®) = J(u) = %5,{A5k + 67 (Au— f)

2
= %akk+6(Au—f)k , Ve>0,

which implies 0 < (Au — f)i + Sap — (Au — f)r as e — 0 for all £, i.e.
Au> f.
Now suppose (Au — f)r > 0 and ug > g for some k. Choose € > 0 small
enough such that w® := u — ed* > g;. This implies 0 < J(w®) — J(u) =
%akk —e(Au— f);, < 0 for € small enough, which finally gives (Au— f)T (u—
g)=0. O

Theorem 7.3.11 (Cryer) Let A € R sp.d., b,f € R", 1 < w < 2,
then {u® Y cn defined by (7.3.11) converges towards the unique solution u
of (7.3.10).

Remark 7.3.12 The latter theorem also states that the complementary prob-
lem (7.3.10) has a unique solution.

Proof of Theorem 7.3.11:
We split the proof in two parts.
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1.) Uniqueness of solution:
Let wy, wy be two solutions of (7.3.10) and (7.3.12), respectively. Thus,
we have by Lemma 7.3.10

0 = J(wl) — J(wg)
= %£7~U1 —wy) T A(wy — wy) + wi (Awy — f) — wi (Awy — f)
>0
= (w1 —wa)" (Awy — f)
= (wy — Q)TJ(AQU2 - f)J— (wy — Q)T(Aw2 - f)J
> lws - w) A —w) 20, ”

i.e., 0= (w; —wy)TA(wy — ws), which means that w; — wy = 0.

2.) Existence of a solution:
The idea is to show convergence of u*) in (7.3.11)

a) For all i,k there exists some wy, € [0, w] such that for u{*™ :=
u® + wi (25— u®) we have
o Ifg; < ugk) + w(zi(kﬂ) — ugk)) and thus wy, = w.
o If g; > ul 4wz —u")and thus we have u{*™ = g; since
(k)
u; 2> Gi
(because ugk) = max{...,¢;}), we have zng) — ugk) < 0 and
hence
ul® — gi
Wi kg 1= ORI >0
and w;, < w. This implies that ugk) + w@k(zi(kﬂ) - ufk)) =
u® Zy® 4 g = g = 5D,
b) Set uk? = (ugkﬂ), o ,ul(-kﬂ), ugi)l, o ,ug\];))T and
Ji=Jw®)), =Nk —1)+i
Note that
B0 — (ugkﬂ)’ o ’u%erl))T — BN+
and
(u®D — im0y = (D P, (7.3.13)
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for 51 = (5172', Ce ,5N7i)T. By (7311)

ai (25 — ™y = (Lu® D 4+ Uu® + ), — azul
= —(Au(k’i))i + fz
= —(Au®) — §), (7.3.14)

Thus, we obtain

ub) — q(Bi=D)T A (g (ki) gy (ki=1))

1
j_(u(kvi) — uFmINT (A9 — f)
LD ugk))g B aii(u§k+1) _ ugk)> (Zi(k—l—l) _ u,(-k))

:L(u(_kﬂrl)_ugk))

Wikl

(2 1)

i (2 :
< — % (— -1 (ul(-kﬂ) — ugk))2 if wip>0
w - _
N~ — >0
>0 >0

If wirz = 0 we have ugkﬂ) = ul(-k), hence J; = Jj_1, ie., J; \

(j — 00). . | |

On the other hand J; = %u(k”) Au®D — Ty %) which implies
~—

——
>0 <c
the existence of the limit J = lim Jj.
J]—00

¢) A standard estimate yields for any component index ¢

5 1/2

k+1 k

ud"™ ™ —uP| = <m(%—-1—%—))
CANTRA

AN
~
|
|
~
|
o

min a; (2w — 1)
7

Wik

which means that {ugk)}k is a Cauchy sequence. Thus, there exists
some u; such that lim ugk) = u,.

k—oo
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d) If we define

1 1
zi: = klim zi(kﬂ) = —(Lu+Uu+f)i=u — —(Au— f);
—00 Qi Q4

we get
1
U; = maX{Ui +w(z —w), g} = maX{Ui —w—{(Au— f)i, gi}.
Q4

Thus, we have min{*(Au — f);,u; — g;} = 0, which is equivalent

(3

to (7.3.10), which proves the theorem. O
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Chapter 8

Exotic Options

All nonstandard options (i.e., non American and European) are called exotic
options. Nowadays there is a whole variety of such taylor-made options. The
general observation for such options is that transformation methods to simple
pde’s like the heat equations do not work. The corresponding pde has to be
solved directly which causes several numerical difficulties. Let us just collect
some main types of exotic options without going into details and without
claiming completeness:

e compound options

e chooser options

binary options

path-dependent options: barrier options, lookback options, Asian op-
tions.

Some of these options can be reduced to the Black—Scholes equation. Here,
we focus on some aspects for those cases where this reduction is not possible.

8.1 Asian Options

As an example, let us consider Asian options whose characteristics is the
dependency of its price from an average of values of the underlying S; at
previous times. Asian options can be of European and American style. The
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average can be taken in an arithmetic sense

1 & 1T
—ES&., —/Stdt
m 4 T

=1 0

or a geometric sense

n 1/n 1 T
<H Sm) ;  €Xp T /IOg(St) dt
i=1 0

Let us denote by S one of these averages.

Definition 8.1.1 With the average S of Sy, the payoff function of an Asian
option is defined as

(S—K)*, (K—-S)"  average strike call / put
(St —S)*, (S—9Sr)T average price call / put.

For the modelling, the average S is exposed as

A= | f(Sy,0)d8, (8.1.1)
/

where f(S,t) models the type of average. The stochastic behaviour of A; is
described in the Black—Scholes model as

In (8.1.1) we would just have
aa(t) = f(Si,t), ba=0.

The advantage of (8.1.2) is that [t6’s lemma can be used to derive the fol-
lowing SDE for the price V = V(S, A, t)

2
(21/ + usi + 1a2528—v + f(S, t)iv) dt + aS%dWsﬁ)

Vi =\ % s " 27 ° 952 oA
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or as a pde

0 1 5262 0? 8 0 B
Hence, we obtain the additional term
0
f(S, t)ﬁAV

Note that no second derivative of V' with respect to A is present which makes
the problem convection dominated or even hyperbolic.

First one can reduce the problem to a 1D problem (details see [14], 216-
219, exercise) by introducing the auxiliary variable

t

1
R, = Sydo), (8.1.5)
St

where we restrict ourselves for simplicity to the arithmetic average, i.e.,
f(S,t) = S. Then, one assumes a separation of the form

V(S,At) =S H(R,1) (8.1.6)

for some function H. Here, R is an independent variable. Then, one gets the
following problem

0 1, 5 0 0
8tH 50 o°R 0R2H+( )0RH 0 (8.1.7)
H=0 for R— o0 (8.1.8)
8H 0 H=0 for R=0 8.1.9
Y +8R =0 for R= (8.1.9)
1 +
H(Rp,T) = (1—TRT) . (8.1.10)

The obvious advantage is the reduction of the dimension of the problem.

8.2 Convection—Diffusion Problems

We can view (8.1.7) as a particular example of a convection-diffusion problem
of the form
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Ou — (au' —cu) = f (8.2.1)
for u = u(t,z). In fact

(au' —cu) = au" +du —cu —u

av” + (a' — c)u’ — cu.

Such equations appear in many applications e.g. transport, reaction in
porous media, semiconductors and so on. The behaviur of such equations
can be characterised by the global Peclét number

_|lef[oo diam (£2)

Pe = , (8.2.2)
lalloo

where (2 is the spatial domain, z € 2. The global Peclét number measures
the proportion of reaction/convection to diffusion. For example, one has

e Pe ~ 25 (groundwater transport)
e Pe~ 10" (semiconductor)
A little bit vague a problem (8.2.1) is called convection dominated if
Pe> 1.

Example 8.2.1 For k > 0 consider

(! 0 4 —
[z
which has the exact solution
The global Peclét number is given as Pe = % FEven for moderate values of

Pe (e.g. Pe ~100), we observe a strong boundary layer:
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u(x)

|
T 1

0 1

Let us describe what happens for the numerical solution. Let us consider a
FDM w.r.t. an equidistant grid with step size
1
h =
M+1

and use control differences for both terms

2k 4k 2k
<—— - 1) Uiy + —u; + (—? + 1) Ui =0, 1<i< M. (8.24)

Using the ansatz u; = N gives an exact solution
2k+h )’
1- (2k—h>

= M1
- (3

Uy

For 2k < h (which is realsitic for k ~ 1077) we obtain heavy oscillations in
the numerical solution. These oscillations do not occur in the exact solution.
For 2k > h, the oscillations disappear but one may lack convergence.

Let us describe some of the technical problems that occur here. Let us
consider the pde

—eu” +cu’ +ru (8.2.5)
which is of the form (8.2.1). The bilinear form associated to (8.2.5) reads
a(u,v) = (eu',v') + (e, v) + (ru,v), wu,v € HY(Q) =77 (8.2.6)

If we assume that 1
/
—_ >
r 20 70

for some constant 7y > 0 one can easily show (exercise)

a(v,v) > aljv||?, @&:=min{l, 7}
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where
lolle == (elvl? + [lolI3) " (8.2.7)
is the e-weighted H'-norm. Performing the complete error analysis gives
|u —up. < Che™®?, e =07, (8.2.8)

Note that the factor e=3/2 can be extremely large.

8.3 SUPG-method

The SUPG (streamline upwind Petrov-Galerkin) method is maybe the most
commonly used method for the numerical solution of convection-dominated
problems. The main idea was introduced by Hughes and Brooks in 1979. In
order to describe the method, we consider the model problem in 2D, namely

Lou:=—<Au+c-Vu+ru =f in(,

u =0 onl =099, (8.3.1)

with & > 0, coefficient functions ¢ € C*(Q,R"), r € C(Q) and a given right-
hand side f € Ly(€2). As above, we assume

1
r— §V cc>rg>0
for some constant rq > 0. The bilinear form reads

a(u,v) Z:/[EVU'VU+C-VUU+TUU dz
0

for u,v € V := H(Q), so that the variational formulation reads
ueV: a(u,v) = (f,v)00, veVW. (8.3.2)
Using a standard finite element discretization with test and trial spaces
Vi i={v, €V :wu|k € Pu(K), K € T},
we obtain a standard error estimate

inf ||U - Uh”l,K S Cerr hl;{+l_l|u|k+1,K
thVh
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if ue H*(Q) for I € {0,1,2}, all K € 7, and a constant co,. This is a
standard finite element error estimate (Jackson inequality). Moreover, there
is also an nverse inequality
[Avalox < T=lonhies  vn € Vi
K

for all K € 7;,. Such an estimate is based upon the finite dimensionality of
Vi. Note that the two constants cer, ¢;n > 0 do not depend on u and vy, nor
on K.

The basic idea to overcome the above described stability problems is to
add suitable (local) weighted residuals to the variational formulation (8.3.2).
Interpreting the original problem in L, and restricting it to each element K
gives

Lou=f ae inK, KEeT,.

Now we multiply this equation with test functions

7(0n) x¢

where 7 : Ly(£2) — Lo(£2) is a suitable function to be detailed later. More-
over, we introduce scaling factors

ox € R, K eT,,

and obtain
Z Sp(—eAu+c - Vu+ru, 7(vp))ox = Z Or (f, 7(vn))o,k-
KeTy, KeTy,

This equation is added to the discrete variational problem and we obtain

ap(u,vp) = a(u,vp) + Z Or(—eAu+c- Vu+ru, 7(vn))o x
KeTy,
(fronn == (Frondoa+ > 0k (f,7(vn))ox
KeT,

and the following new discrete problem results

up € Vh : ah(uh,vh) = (f, Uh)h, Vp, € Vh.

If the original and the new discrete problem have unique solutions, we obtain
the error equation (Galerkin orthogonality)

ah(u — uh,vh) =0, vy € Vi
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Remark 8.3.1 (a) Well-known choices for T are

o 7(vp) := ¢ Vuy, (streamline-diffusion method)

o 7(vp) = —cAvy, + ¢ - Vo, + 1oy, (Galerkin/least Squares).

(b) One can show that the additional term adds some artificial diffusion
which is the reason for the stabilization.

With quite some technicalities, one can prove the following error estimate.

Theorem 8.3.2 Let the parameters be chosen as

s [ 0 i Pec <1,
(SghK, ifPeK > 1,

with &1, 09 > 0 are independent of K and € is chosen in such a way that

1 h2 To
0<0xg <=3 L& .
o= 2 {8Ci2nv ||TH0,007K}

If the weak solution is in K*1(Q), then

lu —unllsa < C(VE+ VI)W [uliir0,

where || - ||sa denotes the streamline diffusion norm

lullZg == eloli +rollol§ + Y delle- Vallg k-
KeT,

O

Remark 8.3.3 (a) The reason for the name Petrov-Galerkin comes from
the fact that the above streamline diffusion method can also be inter-
preted as a variational problem where one uses different test and trial
spaces. This is called a Petrov-Galerkin method.

(b) The major drawback is that still there is a dependence on negative pow-

ers of €. Alternatives are Finite Volume methods or Discontinuous
Galerkin methods.
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