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Introduction
Motivation

Mortality described by death rate depending on gender,
age and year

Death rates as input factor for contractual calculations
of life insurances or pension plans (out of life tables)

German life insurance contracts do not depend on
regional characteristics of mortality

Aim
Analysis of differences and similarities of the spatial
demographical structure (in space and time)
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Data description

Demographical data set provided by the Federal
Statistical Office in Wiesbaden

Population sizes and numbers of deaths

322 administrative districts and 106 non-district towns

Time range: 1995 to 2003

Gender and age groups: younger than 50, 50 to 65, 65
to 75, older than 75
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Construction of mortality maps
Calculation of death rates

Death rate

mt =
dt

pt−1
, t = 1996, ..., 2003

with number of deaths dt and size of population pt in
year t

Measurement points u1, ..., un in sampling window W

Time horizons: T1 = 1996 − 1998, T2 = 1999 − 2001,
T3 = 2002 − 2003

Weighted mean death rate

mTj
(ui) =

∑
t∈Tj

pt−1(ui)mt(ui)

∑
t∈Tj

pt−1(ui)
, j = 1, 2, 3; i = 1, ..., n
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Construction of mortality maps
Topology

Locations of measurement points
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Construction of mortality maps
Extrapolation method

Inverse distance method

Estimation of mTj
(u0) at a non-observed location u0 by the

linear convex combination

m̂Tj
(u0) =

n∑

i=1

λijmTj
(ui), j = 1, 2, 3

with some weights λij such that

λij ≥ 0

n∑
i=1

λij = 1
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Construction of mortality maps
Extrapolation method

Under the assumption that u0 6= ui for all i = 1, ..., n

λij =





pTj
(ui)

|ui−u0|3

(
n∑

k=1

pTj
(uk)

|uk−u0|3

)−1

if |ui − u0| ≤ r

0 if |ui − u0| > r

where | · | denotes the Euclidean distance and
pTj

(ui) =
∑

t∈Tj

pt−1(ui)

The larger the distance |ui − u0| the smaller its weight
w.r.t. this measurement

Influence only from districts in the immediate
neighborhood (r = 80 km)
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Construction of mortality maps
Grey scale images

Each pixel has a value in [0, 255]

Light pixels refer to low death rates, dark pixels to high
death rates

Grey scale images
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Explorative space-time analysis
Regional mortality

Differences and similarities in South, East and West
Germany

Threshold method to construct binary images

Threshold µTj
as the weighted average of death rates

per period Tj

µTj
=

1
n∑

i=1
pTj

(ui)

n∑

i=1

pTj
(ui)mTj

(ui) , j = 1, 2, 3

Pixels with death rates below the threshold are white,
otherwise they are black
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Explorative space-time analysis
Regional mortality - results

Female population aged between 50 and 65 over time horizons 1996-1998 and

2002-2003

Lower mortality in South Germany in both time periods

More homogeneous spatial distribution in period T3
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Explorative space-time analysis
Regional mortality - results

Possible reasons for regions with higher mortality

More frequently occurrence of deadly diseases, more
fatal traffic accidents

Psycho-social stress caused by social, political and
economic changes

Poor economic conditions, unemployment

Higher environmental pollution

Increased consumption of alcohol
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Explorative space-time analysis
Regional mortality - results

Female population aged between 65 and 75 over time horizons 1996-1998 and

2002-2003

Homogenization is less pronounced for the older female
population
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Explorative space-time analysis
Regional mortality - results

Male population aged between 50 and 65 over time horizons 1996-1998 and 2002-2003

Almost no homogenization of regions with higher
mortality

Lower mortality in South Germany except for the
Bavarian forest
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Explorative space-time analysis
Regional mortality - results

Possible reason for the absence of homogenization

Reasons for higher mortality as in the case of female
population

Lower ability of men to cope with these problems

Possible reasons for higher mortality in the Bavarian forest

Cancer in the respiratory or alimentary system

Lower economical development
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Explorative space-time analysis
Regional increment of mortality

Difference method: alternative method to construct binary
images

Pixel-wise difference of two mortality maps

T1 − T2 and T2 − T3, where T1 = 1996 − 1998,
T2 = 1999 − 2001, T3 = 2002 − 2003

Black pixels refer to a negative sign, i.e. increase of
death rate, otherwise mortality improvement
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Explorative space-time analysis
Regional increment of mortality - results

German population aged between 65 and 75 with respect to T1 − T2 and T2 − T3

Improvement of mortality: innovations in medicine and
health care, improved welfare system
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Explorative space-time analysis
Regional increment of mortality - results

German population aged 50 and younger with respect to T1 − T2 and T2 − T3

No further improvement of the mortality within the
younger population
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Application in life insurance pricing
Premium formula

Initial cohort of size lx0,Ij
all aged x0 in region Ij ,

j = 1, 2, 3 (East, West, South)

Term insurance which pays an amount P at death
occurring up to a maximum age of x0 + N

Weighted mean death rate m̄x,Ij
in region Ij at age x,

where

m̄x,Ij
=

1∑
ui∈Ij

px,Tj
(ui)

∑

ui∈Ij

px,Tj
(ui)mx,Tj

(ui)

with size of population px,Tj
(ui) and death rate mx,Tj

(ui)
at measurement point ui with age x in time horizon Tj
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Application in life insurance pricing
Premium formula

Expected number of deaths d̄x,Ij
at age x in region Ij

d̄x,Ij
= lx,Ij

· m̄x,Ij
,

where lx,Ij
is given by the recursion

lx,Ij
= lx−1,Ij

· (1 − m̄x−1,Ij
) ∀x = x0 + 1, ..., x0 + N

Premium Ax0,Ij
calculated via the equivalence principle

Ax0,Ij
= P ·

x0+N∑

x=x0

(1 + ρ)x0−x−1 ·
d̄x,Ij

lx0,Ij

where ρ denotes the risk free rate
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Application in life insurance pricing
Numerical example

Computation of term–insurance premium Ax0,Ij
for various

time horizons and regions

Death rates are assumed to be constant for the next N

years

Initial cohorts all aged x0 = 30 and x0 = 40

Maximum age x0 + 35 years

Payoff P = 30000

Risk free rate ρ = 0.0325
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Application in life insurance pricing
Numerical Example

men women

1996–1998 1999–2001 2002–2003 1996–1998 1999–2001 2002–2003

Initial cohort all aged x0 = 30

East 3168 2799 2651 1456 1255 1189

West 2626 2402 2318 1364 1298 1252

South 2413 2203 2068 1222 1143 1091

Initial cohort all aged x0 = 40

East 6206 6051 5764 3797 3166 3157

West 5657 5543 5320 3439 3108 3107

South 5243 5122 4830 3130 2793 2760

Premium Ax0,Ij
based on death rates for various time horizons and regions
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Application in life insurance pricing
Conclusions

Premiums for the male population are greater than the
corresponding premiums for the female population.

All premiums for a specific combination of age and
region decrease from T1 to T3.

Premiums for the male population in East Germany
exceed the corresponding premiums in West and
South Germany.

Premiums for the female population in East Germany
fall below the corresponding premiums in West
Germany in T2 and T3 for initial cohort aged x0 = 30.
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Application in life insurance pricing
Conclusions

Converging effect of East and West German mortality
is more pronounced for the female population.

Effects of mortality improvement are less pronounced
with increasing age of the initial cohort for the female
population in East Germany.

Differences between South Germany and West
Germany are increasing.
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Outlook
Extensions

Construction of images with two and more grey levels by
using several thresholds

Binary image 2 grey levels 3 grey levels
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Outlook
Extensions

Model-based statistical analysis

Development and application of significance tests for
intrinsic volumes of random closed sets

Mortality differs significantly in two regions

Mortality is significantly improving between two time
periods

Influence of parameters, e.g. extrapolation radius and
cubical decay

Extension to two and more grey level images

26



Outlook
Random closed sets

Construction of asymptotic Gaussian significance tests

Black part of the image is a realization of a stationary
random set Ξ in R2 observed in a sampling window W

Area fraction pΞ of Ξ (expected area of Ξ per unit area)

pΞ = E|Ξ ∩ [0, 1]2|

Unbiased estimator p̂Ξ(W ) for pΞ

p̂Ξ(W ) =
|Ξ ∩ W |

|W |

is asymptotically normal distributed (if |W | → ∞)
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Outlook
Random closed sets

Asymptotic variance σ2 = lim
|W |→∞

√
|W |Var p̂Ξ(W )

Estimator σ̂2
Ξ(W ) for σ2

σ̂2
Ξ(W ) =

∫

R2

ĈovΞ,W (x)γW (x)dx

Weighting function γW (x) ≥ 0

Consistent estimator ĈovΞ,W (x) for the covariance
Cov(YΞ(o),YΞ(x)) of the stationary random field
{YΞ(x), x ∈ R2}, where

YΞ(x) =

{
1 if x ∈ Ξ

0 else
28
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Thank you for your attention!
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