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Outline
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® Real network data
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Stochastic—geometric network modelling

Real network data

Infrastructure system of Paris
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Stochastic—geometric network modelling

Stochastic Subscriber Line Model

Main roads
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Stochastic—geometric network modelling

Stochastic Subscriber Line Model

Main roads and side streets
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Stochastic—geometric network modelling

Stochastic Subscriber Line Model

Location of subscribers
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Stochastic—geometric network modelling
Stochastic Subscriber Line Model

Network nodes and serving zones
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Stochastic—geometric network modelling

Stochastic Subscriber Line Model

Stochastic Subscriber Line Model (SSLM)

Geometry Model Network Model Topology Model
Infrastructure Placement of Topology of
system (roads, ...) components connections
urban and rural 2-level models: (tree, ...)
Higher level comp. o | dels:
(HLC) and Lower evel moaels.

e Simple Tessellation

level comp. (LLC)
(PLT, PVT, PDT)

JJ

e Serving zones:

* WCS (wire center WCS are nucleii
. stations, repartiteyr) of Voronoi-cells
* Nestings and SAl (service Sl g
. - area interface, ¢ IS connecte
* Multi-type nestings sous-repartiteur) to WCS of its

serving zone
e SAIl and subscribe

-
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Neveu’'s formula

Random point processes

® Mapping X : Q — M(R?*) = M
$ (Q, A, 1P): probability space
® M: Set of simple and locally finite counting measures

#® Representations of X

$ Random counting measure > O

xesupp(X)
$ Sequence { X, },>1 of random points
® |ntensity measure A : B(IR*) — [0, od]
A(B) =EX(B), B e B(R?
® |n case of stationarity
® A(B) = Ain(B) for B € B(R?)
® ) is called intensity
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Neveu’'s formula

Random marked point processes

® Mapping Xp : Q@ — M(IR? x D) = Mp
#® Representation of X

$ Random counting measure
$ Sequence of {|X,, Dn|}n>1 random marked points
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Neveu’'s formula

Random marked point processes

® Mapping Xp : Q — M(IR? x D) = Mp
#® Representation of X

$ Random counting measure
$ Sequence of {|X,, Dn|}n>1 random marked points

® Flow {4, ,z € R*} with 6, : Q@ — Q
® Palm distribution Py of Xp : Q — Mp,

1
Ava(B)

Py (AXG)= / / Ip(x) 14(0zw) Xp(w,d(x,g))P(dw)

Q R2xG

for Be B(R*)and A€ A, G € B(D),0 < X\ < o
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Neveu's formula

For any measurable function f : R? x D x D x Q — [0, 00)

A / / F(2, 9.5 00w) X 5 (. d(, )P, (d(w, 9))

UXDR2x D

:X/ /f(—:l:,g@w)XD(w’d(m’g))IP}(d(w’g))

D
OxDR?*xD
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Model description
Geometry model

— <
l \\ #® Poisson line
tessellation X
Y, ation X
Vi @ Intensity v > O:
‘ ‘\ Mean total length

of lines per unit

‘E:v"‘,‘ area

Workshop: "Spatial Stochastic Modelling of Telecommunication Systems”, Sollerhaus, 2006 9



Model description

Placement of higher level components

Workshop: "Spatial Stochastic Modelling of Telecommunication Systems”, Sollerhaus, 2006

Stationary ergodic
point process

Xy ={Xn}tn>1 0N
the lines

Special case:
Poisson process
XH

Linear intensity
)\1 > ()

Planar intensity
AH =7 A1

10



Model description
Serving zones

#® Sequence of
serving zones

{E(Xn)}n21
® [ ater on:
# Typical serving
zone =~
® Typical line
system L(=*)




Model description
Serving zones

Cox-Voronoil tessellation (CVT) based on a Poisson line process
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Mean shortest path lengths

Placement of lower level components

® stationary Poisson process
{X,}n>1 oOn the lines

® |inear intensity A» > 0

LLC ® planarintensity A, = v A2
LLC
® stationary marked point

process X =
{[Xn, c(P(Xo, N(X0)))}nz1
$ N(X,) location of nearest
HLC of X,

Linear placement on lines < p(X,,N(X.,)) shortest path
from X, to N(X,,)
® (P(X,.,N(X,))) length
(costs) of P(X,, N(Xy,))

HLC
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Mean shortest path lengths

Simulation methods

#® Natural Approach

$ Simulate network in (large) sampling window
W C R

® Compute ¢(P(X,, N(X,))) for each X,,
$ Compute mean shortest path length

1 ~ ~ ~
cLr(W) = = Ly (Xn)e(P(Xn, N(Xn)))
#{n: X, e W} ;
#® Disadvantages
® 1/ small = edge effects significant

$ 1V large = memory and runtime problems
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Mean shortest path lengths

Simulation methods

#® Alternative Approach
$ {W;};>1 averaging sequence of sampling windows
$ Ergodicity of X, yields with probability 1 that

_lim CLH(W’i) = CEH

1— 00
The limit ¢} ;; is given by (B € Bo(R?))

1
Arve(B)

E Z IB()A(:n)C(P()/Zn, N()/Zn))) = EXLC(P(07 N(O)))
>1

#® Disadvantages
$ Simulation not clear
# Not very efficient

Workshop: "Spatial Stochastic Modelling of Telecommunication Systems”, Soéllerhaus, 2006 15



Mean shortest path lengths

#® Application of Neveu

9o
Ex, ¢(P(o, N(0))) = ]EXHV11(L(E*)) Ex, / c(P(u,0)) du
L(E")
$ With
Y
Ex,v1(L(E7))

® Independence from )Xo
#® Simulation algorithm for typical cell of CVT needed
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Mean shortest path lengths

Computational algorithm

Estimators for c; ;; (K > 1),

9o
koM,
oLn(k) = — Sy / _ e(P(u,0)) du
ZlVl(L(Ej)) i=1 j=1""i
9o

] 1 kM,
() =N 7 SN /S (P o)

i=1 j=1
» 5O c(P(u,0)) du can be analytically calculated
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Mean shortest path lengths
Computational algorithm

0

Partitioning of L(=*) into segments Mean shortest path length for S

Jse(P(u,0)) du = 3(11(8))* + 5(ca(S) + cB(S))v1(S) + z(cB(S) — ca(9))®
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Mean subscriber line lengths

Placement of lower level components

® Stationary Poisson point
process { X, },>1 (int. AL )

» Stationary marked point

:'-._Last mete
: process X; =

{[X7, e(P(X7, N(Xp))]}n>1

$ N(X!) location of nearest
HLC of X,

.
ﬂ"
.
.

Projected point

HLC
® Pproject X’ onto X”
® (P(x},N(Xp)) =
Spatial placement and ¢ (Xn, X7) +
projection to nearest line c(P(X7, N(X5)))

$ (X!, X" cost value of last

meter
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Mean subscriber line lengths

Simulation methods

#® Mean subscriber line length

1n (W) = ey 3 (X olPX, N (X))

n>1

® Ergodicity of X7
lim dpg(W;) = dpg = Ex; c(P(o,N(0)))

1—00
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Mean subscriber line lengths

Simulation methods

#® Mean subscriber line length

> Tw(X;) e(P(X,, N(X,)))

n>1

(W) = 400 X’ c W}

® Ergodicity of X7
lim dpg(W;) = dpg = Ex; c(P(o,N(0)))

1—00

® Application of Neveu

Ex;, c(P(o, N(0))) =

1
Ex, 1v2(=*) Exy /C(P(U,O))du

~
— K
[a—
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Mean subscriber line lengths

Computational algorithm

Estimators for d; - (k > 1),

>
R 1 k  K;
du(k) = ——— 33 [ e(Pu.o))du
;VQ(E;) ==l
>
1 k  K;
I (k) =273 ) / (P(u, 0) du
=1=1 6

» qugﬂ c(P(u,0))du can be analytically calculated
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Mean subscriber line lengths

Computational algorithm

;g%Ah

\ I
AR —— N\

AN/
=\

/

/)

R N YA N
=N

7
"4

Samples of typical Cox—Voronol serving zones
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Mean subscriber line lengths

Computational algorithm

V£

—

(a) Typical cell (b) A micro—cell

D

S

(c) Part of this micro—cell (d) Further decomposition
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Mean subscriber line lengths
Computational algorithm

A(S)=¥, S B(S)

Jo ¢(P(u,0))du = ca(S) v2(Va)+ ca(S) v2(¥R) + f‘l’c c(P(u,0))du
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Numerical results
Scaling property

. 1
1063, (4 D)
. 2
=@ ¢ty (Y@, AP
. 1
9 ’Y(l) dLH(’Y(l)a)\:(L ))
. 2
=y d; (v, A)

Different intensities but same x = v/
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Numerical results

Mean shortest path lengths

® 50000 realizations of =*
(and L(Z*))
o ® Estimated results of ¢ ,, for
® =10
“© ® =50
® ;=120
® (v, M) =mlk)/y

1ly
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Numerical results

Mean shortest path lengths

12+

10

N

m()

0 20 40 60 80 100 120 140

m(k) of cj ; for increasing «
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Numerical results

Mean subscriber line lengths

# 50000 realizations of =*
(and L(=%))
0 #® Estimated results of d% ,; for
~ ® =10
| $ =50
” ® =120
1° ® dpy (v, ) =m'(k)/y

1ly
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Numerical results

Mean subscriber line lengths

0 20 40 60 80 100 120 140

m/ (k) of d} ,; for increasing «
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Numerical results

Comparison and Summary

® 7y > dj 4 for any parameter pair (A1, )
® Good approximations m(x) ~ ax? and m/(k) ~ o'
® Thereby estimation of ¢7 ;; and d; ;; without simulation

possible

® k=~/\

® 7(k) = ar’

® (k) =dr”

® Ty =m(r)y
® C/Z\EH = m'(k)y!

Workshop: "Spatial Stochastic Modelling of Telecommunication Systems”, Séllerhaus, 2006 30



Outlook
Extensions to other geometry models

CVT based on Poisson-Voronoi

CVT based on Poisson-Delaunay

— 7 CVT based on iterated tessellations
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