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I : N
2 → {0, 1}

[0NR M0QR/3 � R/3/N �0�/Q N53 pk/0 l/3[md0/R/N/�/3X/ 4NN/dZ /N 1�NN/N � R 8d 8 k 03 5NX/3[md/0R/N N53 pk 0[md/N bT3R/3U35NR5NR . 0NX/3U35NR 8
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I(x, y) =

{
0, Hintergrund

1, V ordergrund

}

�0N/ ��������� � ������ � ������ ��� 0[X /0N/ j35\\/ 4N/0N4NR/3U3/Np/NR/3bT3R/3U35NR\0�/Q � kTP/0 R0/ � 0�/Q R53md R0/ �������������� ���� � TR/3 R53mdR0/ � ������������� ���� � Z 0X/0N4NR/3 l/3P5NR/N [0NR 8
•
( �������� ¡��!� �¢# £

N(x, y) =
N2

N1 ¤� �¥ ¦ N3

N4

•
J� #����� ¡��!� �¢# £

N(x, y) =
N2 N3 N4

N1 ¤� �¥ ¦ N5

N8 N7 N6^Z R0/ M 0QR3/U0TN/N 0N M 0NO3P0QR/3N §NR/N p5 1�NN/N � Z¨[[/N k 03 k 0[_[/N � k/Qmd/ �0�/Q p5 k/Qmd/3 Y/U0TN U/d�3/N � k 0/ l0/Q/ Y/U0TN/N /[ 0Z M0QRU0PX 5NR kT [0md R0/[/ P /§NR/N 8 n 0/[ c¨d3X 5N[ p5Z M/U30o R/3 ©�� ��� ��ª ��«¬������ � R0/ NT3Z 4Q/3k/0[/ 0N /0N/Z Vmd30XX R0/ U/N4NNX/N ­5cU4P/N R53md_c¨d3X 8 ­ QQU/Z /0N k/3R/N R4P/0 [md30XXk/0[/ p5/0N4NR/3 P /N4mdP43X/ �0�/Q p5Y/U0TN/N p5[4ZZ/NU/c¨UX 5NR 4QQ/ �0�/Q 0NN/3d4QP /0N/3 Y/U0TN /3d4QX/N/0N/ /0NR/5X0U/ ®R/NX0§14X0TN[N5ZZ/3 � 45md ¯ °���� ± U/N4NNX 8®Z STQU/NR/N k/3R/N pk/0 b/3c4d3/N lT3U/[X/QQX � S QTTR S0QQ0NU 5NR R0/[/W5/NX0/QQ/ Y/U0TN/NZ 4310/35NU 8 � 03 N/dZ/N c¨3 P /0R/ b/3c4d3/N 4N � R4[[R4[ P0NO3/ ­5[U4NU[P0QR N53 45[ R/N �/3X/N 9 ¤. 0NX/3U35NR¦ 5NR : ¤bT3_R/3U35NR¦ P /[X/dX 5NR 4QQ/ N4X¨3Q0md/N 24dQ/N
≥ 2

Z�UQ0md/ a4NR0R4X/N c¨3/0N ²4P/Q [0NR £
I (x, y) =







0, Hintergrund

1, V ordergrund

2, 3, ..., Labels







yz³ ´ �µµ� ´ |��|}¶
n0/ ®R// R/[ SQTTR S0QQ0NU[ 0[X � R4[[ Z 4N /0N/ /0Np/QN/ M0QR3/U0TN lTN /0N/ZU/U/P /N/N VX43X\5N1X 45[ 0N 4QQ/ Y 0mdX5NU/N 45[c¨QQX � OdNQ0md R/3 ­5[P3/0_X5NU /0N/3 SQ5Xk/QQ/ 8 n4[ d/0·X � Z 4N [5mdX /0N NT md 5NZ 4310/3X/[ bT3R/3_U35NR\0�/Q � 4Q[T

I (x, y) = 1
� k/0[X R0/[/Z /0N N/5/[ ²4P/Q p5 5NR P /[5mdX4N[mdQ0/·/NR 4QQ/ N4md R/3 b 0/3/3_ TR/3 ­mdX/3N4mdP43[md4cX 4NU3/Np/NR/N� 0�/Q R/3 Y/U0TN � R0/ R4P /0 R4[ UQ/0md/ ²4P/Q k 0/ R4[ /3[X/ �0�/Q /3d4QX/N 8
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F loodF ill(I, x, y, label)®S

(x, y)
0NN/3d4QP R/3 M 0QRU3/Np/N ­¸n

I (x, y) = 1 ¹.�¸
I (x, y) := label

F loodF ill (I, x + 1, y, label)
F loodF ill (I, x, y − 1, label)
F loodF ill (I, x, y + 1, label)
F loddF ill (I, x − 1, y, label)

�[ U0PX l/3[md0/R/N/ º�UQ0md1/0X/N R0/[/N ­ QUT3XdZ5[ p5 0Z\Q/Z /NX0/3/N �/0N/ 0NX50X0l/ kO3/ /0N/ Y/153[0l/ � » /RT md Q4[[/N [0md 4N4QTU R4p5 /P /N[TN0mdX_3/153[0l/ ®Z\Q/Z /NX0/35NU/N 3/4Q0[0/3/N 8n 0/ d0/3 4NU/c¨d3X/ 3/153[0l/ ®Z\Q/Z /NX0/35NU R/[ SQTTR_S0QQ0NU_­ QUT30XdZ5[ �lUQ 8 ­ QUT30XdZ5[ : � P /35dX 45c R/3 b 0/3/3N4mdP43[md4cX 8
n 0/[/3 ­ QUT30XdZ5[ 0[X /0N [/d3 /0Nc4md/3 ­N[4Xp � Z 4N P345mdX 1/0N/ P /_[TNR/3/ n4X/N[X351X53 p53 b/3k4QX5NU R/3 P /3/0X[ P /[5mdX/N �0�/Q � Ppk 8 R/3¸4mdP43\0�/Q 8 n4[ �3TPQ/Z 0[X N53 � R4[[ R53md R0/ /NX[X/d/NR/ M45Z [X351X53Z 0X R/Z VX43X\5N1X 4Q[ �53p/Q R0/ Y/153[0TN[X0/c/ \3T\ T3X0TN4Q p53 j3�·/R/3 Y/U0TN p5N0ZZX � [T R4[[ R/3 V\/0md/3 45c R/Z VX4m1 [/d3 P4QR /3[md�\cX0[X 8 n4d/3 1�NN/N M0QR/3 Z 0X Z /d3 4Q[ 699�699 �0�/Q N0mdX Z /d3 P /43P /0X/Xk/3R/N 8®X/34X0l/ b/3c4d3/N 1�NN/N R53md /0N/N /0U/N/N VX4m1 c¨3 » /R/ �3Tp/R53U4Np 4N4QTU p5Z 3/153[0l/N 0Z\Q/Z /NX0/3X k/3R/N � kTP /0 R/3 VX4m1 R0/ NTmd5NZ4310/3X/N �0�/Q l/3k4QX/X 8� 0N/ k/0X/3/ 0X/34X0l/ b4304NX/ kO3/ 4N[X4XX /0N/[ VX4m1[ R0/ NTmd 5NZ43_10/3X/N �0�/Q Z 0Xd0Qc/ /0N/3 ¼5/5/ p5 l/3k4QX/N 8½/RT md Z�mdX/ 0md d0/3 N0mdX k/0X/3 45c 0X/34X0l/ ®Z\Q/Z /NX0/35NU/N lTNSQTTR S0QQ0NU /0NU/d/N � [TNR/3N /0N 4NR/3/[ 0X/34X0l/[ b/3c4d3/N lT3[X/QQ/N �R 0/ [/W5/NX0/QQ/ Y/U0TN/NZ 4310/35NU 8

y z¾ ¿�ÀÁ�}Â|���� Ã�¶|µ}�}ÄÅ�Æ|��Á}¶
n0/ [/W5/NX0/QQ/ Y/U0TN/NZ4310/35NU 0[X /0N/ N0mdX3/153[0l/ ¹/mdN01 � 45mdP /14NNX 4Q[ ¯ ��� ��� �������� ±� P /0 R/3 R0/ M/43P /0X5NU R/[ M 0QR/[ 0N pk/0Vmd30XX/ 5NX/3X/0QX 0[X 8 25/3[X k 03R R4[ M 0QR [/W5/NX0/QQ p/0Q/Nk/0[/ R53mdQ45_c/N 5NR » /R/[ bT3R/3U35NR\0�/Q lT3QO5§U Z4310/3X 8 ®Z pk/0X/N Vmd30XX k/3R/NR0/ /l/NX5/QQ 1TQQ0R 0/3/NR/N º4310/35NU/N 0NN/3d4QP /0N/3 Y/U0TN 45cU/dTP /N5NR R0/ p5[4ZZ/NU/d�3/NR/N ¹/0Q3/U0TN/N R53md R0/ º4310/35NU Z 0X /0N/ZU/Z/0N[4Z/N ²4P/Q Z 0X/0N4NR/3 l/3P5NR/N 8
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­PP0QR5NU :£ M 0NO3P0QR Z 0X R3/0 Y/U0TN/N
IÇÈ ÇI ���!' ���

�� ��## IÉ� 03 R53mdQ45c/N R4[ M 0NO3P0QR � R4[ 0N ­PP0QR5NU : U/U/P /N 0[X � p/0Q/Nk/0_[/ � P 0[ k 03 p5Z /3[X/N 5NZ4310/3X/N bT3R/3U35NR\0�/Q U/Q4NU/N ¤lUQ 8 M 0QR P¦­PP0QR5NU 6¦ 8 n4[ d4X N53 .0NX/3U35NRN4mdP43N � R4 k 03 N53 R0/ ¸4mdP43NP /X34mdX/N 1�NN/N � R0/ k 03 [mdTN P /[5mdX d4P/N � 4Q[T R0/ TP /N 5NR Q0N1[ 8� 03 /3p/5U/N /0N N/5/[ ²4P/Q
= 2

5NR R4[ �0�/Q /3dOQX R/N �/3X
2
8 n 4[NOmd[X/ �0�/Q d4X U/N45 /0N/N Z 4310/3X/N bT3R/3U35NRN4mdP43N 8 � 03 ¨P/3_N/dZ/N R4[ ²4P/Q R/[ bT3R/3U35NRN4mdP43N 8 � 03 c¨d3/N R4[ b/3c4d3/N 0NR0/[/Z V0NN/ k/0X/3 � P 0[ k 03 45c R4[ /3[X/ � 0�/Q [XT·/N � R4[ pk/0 ¸4mdP43NZ 0X l/3[md0/R/N/N ²4P /Q[ d4X 8 � 03 Z¨[[/N 5N[ c¨3 /0N ²4P/Q /NX[md/0R/N 8

�� ��## e É.4P /N k 03 R4[ U/[4ZX/ M 0QR [T Z 4310/3X � X3/X/N R3/0 aTQQ0[0TN/N 0Z Z 0XX_Q/3/N ÊP» /1X 45c � R 0/ k 03 P /d/P /N Z¨[[/N � lUQ 8 ­PP0QR5NU 7 8 ­Nd4NR R/[j34\d/N /31/NNX Z 4N 45md R/N 25[4ZZ/Nd4NU R/3 Z 0XXQ/3/N Y/U0TN 8
� 0/ 0N ­PP0QR5NU ] [TQQ R4[ M 0QR 4Z �NR/ 45[[/d/N 8 n 0/ aTQQT[0TN/Nk53R/N 45cU/Q�[X 5NR R4[ 1Q/0N[X/ U/Z /0N[4Z/ ²4P /Q c¨3 R0/ U/[4ZX/ Y/U0TNU/kOdQX 8

IÇÈ Çe Ë��&�ÌÍ �� 
�0N/ /Î p0/NX/ º�UQ0md1/0X � R0/ aTQQ0[0TN/N p5 P/d/P/N � 0[X R4[ �30Np0\ lTNÏ����«Ð ���Ñ
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J�"&��# � e ^N0TN_S0NR _ ®N0X�YÊÓ�n^Y� Ô���SÊY
i := 0¹Ê n − 1

nÊ
a[i] := i

J�"&��# � È ^N0TN_S0NR _ S0NR�YÊÓ�n^Y� Ð ��� Õ�Ö®S
i = a[i] ¹.�¸ Y�¹^Y¸ 0�²V�

a[i] := Find(a[i])Y�¹^Y¸ a[i]

�[ k 03R /0N/ º/NU/ lTN n4X/N l/3k4QX/X � 0N 5N[/3/Z S4QQ R 0/ º/NU/ R/3M 0QR\5N1X/
{v1, ..., vn}

Z0X
vi = (xj , yk), jε{1, ..., m}, kε{1, ...s}

/0N/[ M 0QR/[R/3 j3�·/
m · s

Z0X
n = m · s

825NOmd[X l/3[X/dX Z 4N » /R/N M0QR\5N1X
vi

4Q[ /0N/Q/Z /NX0U/ º/NU/ � R 8d 8» /R/[ �Q/Z /NX
vi

p/0UX 45c [0md [/QP[X 8 n53md R0/ Ê\ /34X0TN ^N0TN k/3R/NR0/ º/NU/N
vi

[T l/3/0N 0UX � R4[[ /0N V¥[X/Z lTN ¹/0QZ /NU/N lTN
{v1, ..., vn}/NX[X/dX 8n 0/ S5N1X0TN/N ^N0TN 5NR S0NR [0NR R4P/0 k 0/ cTQUX R/§N0/3X £

• Find(vi)
£ Q0/c/3X R4[ 14NTN0[md/[ �Q/Z /NX R/3 º/NU/ p53¨m1 � 0N R/3 [0mdR/3 �5N1X

vi

P/§NR/X 8
• Union(vi, vj)

£ l/3/0N0UX R0/ P /0R/N º/NU/N � R0/
vi

5NR
vj

/NXd4QX/N 8
­5c /0N/3

n−
/Q/Z /NX0U/N j35NRZ /NU/ Q4[[/N [0md Z 0X . 0Qc/ /0N/[ ­ 334¥[

a[0...n − 1]
R0/ Ê\ /34X0TN/N Ï���� 5NR Ð ��� [/d3 /0Nc4md 0Z\Q/Z /NX0/3/N 8n4[ ­334¥ a
/NX[\30mdX R4P/0 R/3 º/NU/ R/3 M 0QR\5N1X/

{v1, ..., vn}
� kTP /0R0/ 2/0Q/N R/[ M 0QR/[ p5 /0N/Z /0Np0U/N ­334¥ 4N/0N4NR/3U/c¨UX k/3R/N 8º 4N 0N0X04Q0[0/3X

a[i] = i
� R 8d 8

i
0[X R4[ 14NTN0[md/ � Q/Z /NX R/3 º/NU/

{i}
�4Q[T » /R/[ �Q/Z /NX R/[ ­334¥[ a

l/3k/0[X 45c [0md [/QP[X � lUQ 8 ­ QUT30XdZ5[ 6 8
º 4N §NR/X R4[ 14NTN0[md/ � Q/Z /NX R/3 º/NU/ � R0/ R4[ �Q/Z /NX

i
/NXdOQX �R53md 5 8^ 8 Z /d3c4md/[ [TNR0/3/N lTN

a[i], a[a[i]], ...
P0[ c¨3 /0N

k
U0QX

a[k] = k
�R 8d 8 R4[ 14NTN0[md/ �Q/Z /NX P0QR/X 0ZZ/3 R0/ M45Zk53p/Q � lUQ 8 ­ QUT30Xd_Z5[ 7 8n53md R/N M/c/dQ

a[i] = Find(a[i])
k 03R R0/ b/3pk/0U5NU[[X351X53 R/[M45Z/[ [T 5ZU/P45X � R4[[ [0md R0/ �/U/ P0[ p53 �53p/Q l/31¨3p/N � R/NN0N 4QQ/ 4NU/[\3Tmd/N/N

a[i]
_�/3X/ k 03R /0N R03/1X/3 b/3k/0[ 45c R0/ �53p/Q/0NU/X34U/N 8
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J�"&��# � i ^N0TN_S0NR _ ^N0TN�YÊÓ�n^Y� Ï���� Õ�ØÙ Ö
c1 = Find(i)
c2 = Find(j)Y­¸nÊº

z
®¸

{0, 1}®S
z = 0 ¹.�¸ a[c1] := c2�²V�

a[c2] := c1

M/0 R/3 ^N0TN_Ê\/34X0TN � lUQ 8 ­ QUT30XdZ5[ ] � /NX[md/0R/X R/3 25c4QQ � TPR0/ º/NU/
i
4N R0/ º/NU/

j
U/1T\\ /QX k 03R TR/3 5ZU/1/d3X 8VX4XX R/N 25c4QQ /NX[md/0R/N p5 Q4[[/N � 14NN Z 4N 45md R0/ ­Np4dQ R/3� Q/Z /NX/ /0N/3 º/NU/ [\ /0md/3N 5NR P /0 R/3 ^N0TN_Ê\/34X0TN R0/ 1Q/0N/3/4N R0/ U3�·/3/ º/NU/ dONU/N 8

n 0/ aTZ\Q/� 0XOX /0N/3 P /Q0/P0U/N STQU/ lTN
n
^N0TN_ 5NR S0NR_Ê\ /34X0TN/NQO[[X [0md R53md /0N/ ­ZT3X0[4X0TN[4N4Q¥[/ Z 0X

O(nlog∗n)
4P[mdOXp/N � kTP /0

log∗n = min{k| log...log
︸ ︷︷ ︸

k−mal

n ≤ 1}.

log∗n
kOmd[X [/d3 [/d3 Q4NU[4Z £ c¨3

n ≤ 1019728
0[X

log∗n ≤ 5
� R 8d 8 R 0/4Z T3X0[0/3X/ aTZ\Q/� 0XOX 0[X [T U5X k 0/ 1TN[X4NX 8

IÇÈ ÇÈ ���!' ���
n4[ M 0QR 0N ­PP0QR5NU Ò 4¦ k 03R 4Q[ ­ 334¥ R43U/[X/QQX � 0NR/Z R0/ 2/0_Q/N R/[ M 0QR/[ p5 /0N/Z ­334¥ 4N/0N4NR/3U/c¨UX k/3R/N 8 n 0/ �Q/Z /NX/ R/[Z 0X
a[i] = i

0N0X04Q0[0/3X/N ­ 334¥[ U/d�3/N R4P/0 p5 R/N /NX[\3/md/NR/N R43_5NX/3Q0/U/NR/N ­ 334¥/Q/Z /NX/N R/[ M 0QR4334¥[ 8 n53md R0/ �c/0Q/ k/3R/N R0/M 0QR\5N1X/ R/[ ­ 334¥[ Z 0X R/N /NX[\3/md/NR/N 0Z M0QR U/1/NNp/0mdN/X 8n4[ M 0QR k 03R k 0/ P /0 R/3 [/W5/NX0/QQ/N Y/U0TN/NZ4310/35NU p/0Q/Nk/0[/R53mdQ45c/N � P0[ R/3 /3[X/ �0�/Qk/3X : 0[X 8 � 03 1/NNp/0mdN/N lT3QO5§U R4[P /3/0X[ P /[5mdX/ � 0�/Q Z 0X 3TX ¤M 0QR P¦¦ 8 n4[ ; 8 ­ 334¥/Q/Z /NX k 03R R53mdR/N b/3k/0[ 45c [0md [/QP[X Z 0X . 0Qc/ R/[ �c/0Q/[ U/1/NNp/0mdN/X � R4Z 0X k 03k 0[[/N � /[ 0[X /0N P /3/0X[ P /[5mdX/3 bT3R/3U35NR\0�/Q 8 n4[ NOmd[X/ NTmd N0mdXP /[5mdX/ bT3R/3U35NR\0�/Q d4X /P /Nc4QQ[ N53 . 0NX/3U35NRN4mdP43N ¤M 0QR m¦¦ 8� 03 1/NNp/0mdN/N /[ lT3QO5§U Z 0X R/3 N/5/N S43P / U3¨N 5NR R4[ ` 8 ­ 334¥/Q/_Z /NX l/3k/0[X /P /Nc4QQ[ 45c [0md [/QP[X � Z 0X . 0Qc/ R/[ �c/0Q/[ U/1/NNp/0mdN/X 8®N M 0QR R¦ d4P/N k 03 U/N45 /0N/N 3TX/N bT3R/3U35NRN4mdP43N 8 � 03 l/3k/0[/N
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


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


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