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Abstract

We observe stationary random tessellations X = {=,},>1 in R through a convex sam-
pling window W that expands unboundedly and we determine the total (k — 1)-volume
of those (k — 1)—dimensional manifold processes which are induced on the k—facets of X
(1 <k <d—1) by their intersection with the (d — 1)-facets of independent and identically
distributed motion-invariant tessellations X, generated within each cell =, of X . The
cases of X being either a Poisson hyperplane tessellation or a random tessellation with
weak dependences are treated separately. In both cases however we obtain that all the
total volumes measured in W are approximately normally distributed when W is suffi-
ciently large. Structural formulae for mean values and asymptotic variances are derived
and explicit numerical values are given for planar Poisson-Voronoi tessellations (PVTs)
and Poisson line tessellations (PLTSs).

Keywords : POISSON HYPERPLANE PROCESS, WEAKLY DEPENDENT TESSELLATION, POISSON-
VORONOI TESSELLATION, NESTING OF TESSELLATION, k—FACET PROCESS, (3—MIXING,
CENTRAL LIMIT THEOREM, ASYMPTOTIC VARIANCE

AMS 2000 subject classification: PRIMARY 60 D 05, SECONDARY 60 F 05

1 Introduction

In this paper we consider stationary random tessellations X = {Z,,},,>1 of the d-dimensional
Euclidean space R¢ with convex cells Z,,. We assume that within each cell Z,, of the initial tes-
sellation X a further random tessellation X,, = {=Z,,}¢>1 of R? is nested, i.e., 2, is subdivided
into cells =, N Z,¢,¢ > 1, where the sequence of component tessellations (Xy,),>1 consists of
independent copies of a generic motion—invariant tessellation Xy drawn independently of X .
The assumption of motion—invariance of Xy will play a crucial role in deriving explicit moment
formulae. This type of iterated random tessellation is said to be an X/Xy—nesting in R%.

Having available only a single observation of such an X/Xp—nesting in a presumably large,
convex sampling window W, we are interested in the asymptotic behaviour of the random
sums

2wy =Y 9Pw), 1<k<d-1, (1.1)

n>1
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where "asymptotic’ means that W 7 IR? and where the random measures

IR () =y (XD nE®A) | 1<k<d-1, (1.2)
act on the Borel sets of IR?. The functional ﬁ%k)(W) measures the (k — 1)—volume of the
random subsets induced in W by the intersection of the motion—invariant manifold process
Xfmd_l) of (d — 1)-facets of X,, with the union =" of all k-faces belonging to the boundary
0=, of the nth cell of X; cf. Section 2.1 for details and precise definitions. Note that, by
definition, the random measures ﬁgk)() ,ﬁgk) (),...in (1.2) are conditionally independent given
the tessellation X.

Our results supplement earlier central limits theorems (CLTs) for cumulative measures of
stationary ergodic tessellations modelling the total effect of random internal cell structures;
[14]. Whereas in the latter reference the random measures corresponding to those in the sum

(1.1) act on the interior of the cells Z,,, the measures 19%16)(-) defined in (1.2) are concentrated
on the cell boundaries 0=, of X . Hence, certain new effects arise due to the interactions
between the stationary random manifold process |J,,~; 02, of cell boundaries of X and the
component tessellations (X, )p>1. It turns out that there are considerable differences between
X being a stationary Poisson hyperplane tessellation (PHT) and X satisfying certain weak
dependence assumptions. In the first case, due to the overnormalization in the CLTs for Poisson
hyperplane processes, caused by inherent long-range dependences, cf. [15], the influence of X
on the Gaussian limit distribution is relatively weak. The other case seems to be somewhat
more delicate because the asymptotic variance of the existing Gaussian limits are influenced
by first— and second—order characteristics of both X and Xj.

We present our derived CLTs in the general case of the RY, since this allows for a clearer
and more transparent expostion. Clearly however, the CLTs find their applications in the
modelling of planar, but also spatial networks as they occur for example in cell biology and
telecommunication. Indeed, and concentrating on the latter example, often the problem arises
to handle and model data that represent the geometrical structure of the infrastructure system
(e.g. main roads and side streets) that supports the technical telecommunication equipment. In
recent years, stochastic—geometric modelling approaches have proven useful and are established
domains of research today. In particular, the Stochastic Subscriber Line Model (SSLM) has
been developed as an integrated and easily extendable model for telecommunication access
networks; cf. [25] and the references therein.

The SSLM employs (iterated) random tessellations to describe the geometric network support.
Having identified the best fitting model from a class of potentially suitable tessellations, cf.
[8], cost functionals and their distributions can be studied along the network geometry; cf. [9].

Assume that we use a planar X /Xy-nesting to model the geometric support. In the framework
of our study we observe a single value Zfz)(W), which counts the number of T—crossings in
a sampling region W C IR? induced by the intersection of the edges of the tessellation X,
with the edges of the nth cell Z,, for n > 1. Figure 1 shows two examples of this situation in
differently shaped sampling windows W. In particular, Figure 1 (a) shows a PLT /PLT-nesting
through a ball of radius r > 0 and centered at the origin, whereas in Figure 1 (b) we consider

a PVT /PLT-nesting within a rectangular sampling window.

The analysis of the mentioned T—crossings, i.e. of the connections between main roads and side
streets, plays an important role in telecommunication modelling since these crossings are the
entry points to the blockwise civil engineering of the local network. Let the type of the initial
tessellation X and the type of the nested tessellation Xy be known. Within a suitably large
region W the distribution of the number of T—crossings is then known through our results.
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(a) X = PLT (b) X = PVT

Figure 1: Realizations of planar tessellations X , where the nested tessellation Xg is a PLT.
The T—crossings are displayed as thick dots e.

Thus, the engineer is provided with useful information about the local network. For example
it is possible to deduce the dimensioning and capacity potential for each entry point in order
to provide blockwise optimal connection quality to the subscribers, where one block comprises
all those subscribers which are situated in the cells formed by the main roads.

In contrast to that, assume that we have, again in a suitably large region W, knowledge
about local information like the type of Xy and especially about the value Z£2)(W) for the
T—crossings. Then the expression on the left hand side of (4.1) as well as the expression on
the left hand side of (5.7) can be calculated and used to test for normality. Depending on
the (unknown) type of X, representing the main road system, we expect to reject the null
hypothesis of normality either for the formula in (4.1) or in the formula in (5.7). This can
provide, in the framework of model selection, a hint to the structure of X before passing to
more refined fitting procedures.

The paper is organized as follows. In Section 2 we introduce basic notation and recall some
relevant facts from stochastic geometry. Section 3 presents mean value relations and formulae
for (asymptotic) variances. In Sections 4 and 5 we formulate and prove the announced CLTs
for the different cases of initial tessellations X . Finally in Section 6 we study some examples
of weakly dependent tessellations and discuss possible extensions of our results.

2 Preliminaries

In this section we introduce the basic notation and present a brief account of some relevant
material on random tessellations and stochastic geometry in general. For a detailed and
rigorous discussion of these topics we refer to the existing mathematical literature, in particular
to [21], [22], [24], |27], and [30], which contain a lot of further references as well as numerous
tessellation models with applications to various fields.

Throughout, let (2,0(2),IP) be a common probability space on which all random objects
occurring in the present paper will be defined. Further, let (z,y) = ZZ:l Yy, denote the
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scalar product of the coordinate vectors z = (x1,...,24)" and y = (y1,...,y4) ' in R% By
means of the Euclidean norm |- || = 1/(-, -) we define the closed ball B¢ = {z € R?: ||z| < r}

with radius 7 > 0 centered at the origin and the unit sphere S*' = {2 € R? : ||z|| = 1} in
R?, respectively. Remember that each affine (d — 1)—dimensional subspace H of R?, called
hyperplane in R? in the sequel, admits a parameter representation H (p,v) = {x € RY :
(z,v) = p}. Here, p € R' denotes the signed perpendicular distance of H from the origin,
and v € ST = {(21,...,24)" € S*! : 24 > 0} is the directional vector belonging to the
upper unit hemisphere. Further, let v (-) designate the Lebesgue or k—volume measure in R¥
for k = 0,...,d, where we briefly write v4(-) = |- |. The k—dimensional Lebesgue measure
will also be used instead of the k-dimensional Hausdorff measure on (affine) k—dimensional
subspaces in R? for any k=0,...,d—1. As usual, v(-) coincides with the counting measure,
i.e., 1y(B) = #B. For brevity, put

Wl

s

Kd = |Bil| = m
2

[e.9]
, where T'(s) = / e Yy ldy for s>0.
0

The family of all non—empty closed, compact, and compact and convex sets in R? is denoted
by F}, K!;, and C/, respectively. Note that B(S) stands for the o-algebra of Borel sets in the
metric space S'.

2.1 Random Tessellations and Random Nestings

In this section we sketch the mathematical rigorous approach to random tessellations as used
in stochastic geometry and we recall some basic facts, where we point to [21], [22], [24], [27],
and [30] for a systematic study of these topics.

A tessellation of the R? is a countable family 7 = {C}n>1 of convex bodies C,, € C); such that
int C, # 0 for all n, int C,,Nint Cyy, = 0 for all n # m, UJ,;»; Cr = R%, and 3, <, Lic,nr20) <
oo for any K € K/;. Notice that the sets C,, called the cells of 7, are necessarily polytopes in
R¢. The family of all tessellations in R¢ is denoted by 7. A random tessellation X = {=, },>1
in R? is a sequence of random convex bodies Z,, such that P(X € T) = 1.

Note that a (stationary) random tessellation X can also be modelled as a (stationary) marked
point process anl Sja(=,),20], Where o C, — R? is a B(F: /)-measurable mapping such that
a(C) € C and a(C +z) = a(C) + z for any C € €, and z € R, and where Z0 = Z,, — a(E,)
is the centered cell corresponding to =, which contains the origin. The point «(C) is called
the associated point of C' and is mostly chosen to be the centroid or lexicographically smallest
point of C.

Suppose that the stationary marked point process ) -, 5[a(En),E9L] has positive and finite
intensity v = E#{n : a(E,) € [0,1)?}. By PY we denote the set of all compact and convex
d-polytopes whose associated point is located at the origin. The corresponding Palm mark

distribution P° of X is then given by
PYB)=y'E#{n: a(E,) €0,1)4, 2% ¢ B}, BeB(F)nPI. (2.1)

The notion typical cell of X refers to a random polytope =Z* : Q — Pg whose distribution
coincides with P°. Since the cells Z,, are space filling and nonoverlapping (up to a null set),
we have the mean value relationship

1 0
> _/Pg\cyp (dc) | (2.2)
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i.e., the cell intensity 7 equals the reciprocal of IE|=*|.

A (deterministic) iterated tessellation 7 = {Cyy N Cy, : int Cpp Nint Cy, # P} in RY consists of
an initial tessellation 7 = {Cy, },>1 in R? and a sequence (Tn)n>1 of component tessellations
Tn = {Chr}e>1. In order to define a random iterated tessellation, we can proceed along the
lines of [19]. Let E be a random convex body in R? with IP-a.s. nonempty interior, and let
X = {Z,}n>1 be a random tessellation in IR?. Then, the counting measure Y (- | Z) defined by
Y(B|E) =51 0=,n2(B) Lint =,nint =20y for B € B(F}) is a point process in C; describing

a random tessellation of =.

Furthermore, if X = {Z,,},,>1 is an arbitrary random tessellation in RY and if X,, = {Ene}e>1,
n =1,2..., are independent copies of a generic random tessellation Xy in IR? drawn indepen-
dent of X, the random counting measure Y (B) = > Y,(B | E,), where Y,,(B | E,) =
> 051 02,02, (B) Ling =, nint 5,20} for B € B(F}), is called the point—process representation
of an iterated random tessellation (briefly X/Xonesting) in R¢ with initial tessellation X and
component tessellations X7, Xo, .... Clearly, the point process Y is stationary (and isotropic),
provided that both the initial tessellation X and the generic component tessellation X, are
stationary (and isotropic). Moreover, Y is ergodic if X possesses this property.

Each stationary (motion-invariant) random tessellation X = {Z,},>; in R? induces d station-
ary (motion-invariant) random lower dimensional manifold processes X (k) which are briefly
called k—facet process of X for k =0,1,...,d — 1. For example, X©) ig the point process of
vertices and X1 is the line segment process of edges of X.

To be precise, X*) is defined to be the union of all the k—facets of X, whereas E%k) denotes
the union of all kfaces of its nth cell Z,. Here, the k-facets of X are k-polytopes in IR¥
which arise from a finite intersection of neighbouring cells of X. The (d — 1)-faces of E,, are
(d—1)-polytopes in the boundary 0=, and k-faces are defined recursivlely for £k =0, ...,d—2 as
k-polytopes in the relative boundaries of the (k+ 1)-faces. Note that the set of all k-faces may
differ from the set of k-facets and that, for example in [27], Chapter 6, X %) is used slightly
differently to denote the point process of k—facets.

A random tessellation X = {Z,},>1 in R? is said to be normal (or ordinary) if P-a.s. every
k-facet of X lies in the bounderies of exactly d — k + 1 cells, k = 0,...,d — 1. Many real life
tessellations in R? and IR? possess this property, which motivates the term ‘normal’. There are
important classes of stationary tessellations in IR? whose cells are constructed (realizationwise)
according to specific geometric rules from the atoms of a stationary point process in IR?.
Among them are Voronoi and Laguerre tessellations, see for example [24] for details, which
turn out to be normal if the generating point process is Poisson, see [21]. It seems that this
fact remains preserved for a large class of (even instationary) generating point processes which
are mixing in certain sense or/and whose higher-order moment measures possess Lebesgue
densities. In [13] it is shown that Voronoi tessellations in IR are normal if the (d + 2)th-
order product density of the generating stationary point process exists. Finally, it should be
mentioned that there are more general definitions of tessellations, cf. e.g. [32], allowing for
the rigorous treatment of random tessellations which do not necessarily consist of only convex
cells. Without doubt, the most prominent example is the Johnson-Mehl tessellation, see also
[24] for details. For this model CLTs have been proved based on a-mixing conditions derived
from the generating (Poisson) point process, cf. [4] and [5].
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2.2 Stationary Poisson Hyperplane Tessellations

Let U = Zi21 dip,,v;) be a stationary and independently marked Poisson point process on the
real line R! with intensity A and mark distribution © on the mark space Si‘l, see [6]. By
means of the parameter representation H(p,v), (p,v) € R x Sfl[l of a hyperplane in R?
we may represent a Poisson hyperplane process (PHT) & (defined in [27] as point process
on the space of affine (d — 1)-dimensional subspaces in IR?) with intensity A and (spherical)
orientation distribution © by

=Y dury, - (2.3)

i>1

The Poisson hyperplane process ® given in (2.3) is said to be nondegenerate if ©(H(0,v) N
S41) < 1 for any v € ST, In this case, (2.3) induces stationary k-flat processes ®j, for
k =0,1,...,d — 1 whose countable support consists of the affine k-dimensional subspaces (k-
intersection flats) H(P;,,V;,) N-NH(P;, ., Vi, ,) for pairwise distinct indices i1, ...,iq— >
1. The union of these k-flats coincides with the k-facet process X*) of the corresponding
stationary PHT X = {E,},>1 generated by (2.3). The cells Z,,n > 1 are bounded d-
polytopes (IP-a.s.) if and only if ® is nondegenerate, see [27]|, Chapter 6. Furthermore, this
property implies that the stationary k-volume measure 9y 4(-) associated with ®;, (respectively
X®)) and defined by

d—k
Vpa(B) = = Z yk(n H(P;,,V;;,)NB)  for bounded B € BRY), (2.4)
Ulyeesld—p 21 Jj=1
where > denotes summation over pairwise distinct indices, has positive intensity
d (2N)**
)\kd:]E’ﬂkd([O,l) )Z*Egkd(Qo,Vo) for kZO,l,...,d—l. (2.5)
’ ’ (d— k) kg ’

Here, the function (p,v) — g,id) (p,v) is defined on [—1,1] x Sflfl by

gk,d(p7 U) = ]Eyk(m(ijz_lk_lH(Qia V;) N H(p, U) N Bld) ) (2'6)

where (Q;,V;), i = 0,1,...,d — 1, are i.i.d. random vectors with independent components.
Note that the generic random variable (g is uniformly distributed on [—1, 1] and the generic
random vector Vj has the orientation distribution © ; see [15].

It is well-known from convex geometry, see [26], Chapter 3.5, that the probability measure
© on Sflfl determines a unique centrally symmetric convex body Zg, called the associated
zonoid, which is given by

h(Zeg,u) :/d ) | (u,v) | ©(dv) for u € R?,
i

+

where h(K,u) = maxgek (u, z) denotes the support function of an arbitrary K € C,.
In [16] the following closed-form expression of gi 4(p,v) in terms of Zg has been derived

d - k - ]. 'K/d_ — d— v
gralp,v) = LRSIl g pyave g o) vz . @)

where K" denotes the image of K € C/, under orthogonal projection onto H(0,v) and yld=n

(K)
J
stands for the intrinsic j-volume of K € C/_, . Using the relationship

VN Ze) = [ VI Zg O for =1,

+
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cf. [31], [26], Chapter 3.5, and [16], combined with (2.5) and (2.7) yields that A4 =
Nd—Fk Vd(f)k(Z@) for k=0,1,...,d — 1, which has already been stated in [20], Chapter 6.
The stationary Poisson hyperplane process ® given in (2.3) is isotropic (and hence motion-

invariant) if and only if © is the uniform distribution, which means that Zg = Zd;; Bld. This
in turn leads to the explicit formula

(AN Ka (rae T ik _
)\k’d_<k‘>:‘€k<dlid> A for k‘—O,l,...,d 1. (28)

Now we are in a position to formulate a CLT for the total k-volume 19k7d(Bg) of the support
of the k-flat process ®j contained in the ball Bg. This result has been proved in [15] even in
a multidimensional version.

Theorem 2.1 Let ® =) o, dy(p, ;) be a stationary nondegenerate Poisson hyperplane pro-

cess with orientation distribution © on Sflfl and intensity A > 0. Then

ﬁk,d(Bg) — M |Bg|

d 2
B ooV (Ooka) Jor k=01 d -1 (2.9)
where W
Var(9;" (B¢ 9 )\ )2d—2k—1
U,%’d — lim aI'( k ( g)) _ ( ) ]Eg]%’d(QO, Vb) (210)

e=oe |BEPVE (g~ —1)1)2 2 Y

with gi.q(p,v) and (Qo, Vo) defined by (2.6). If ® is additionally isotropic, i.e., © is the uniform
distribution on Sff__l , then A\ q is given by (2.8) and 013 g4 takes the explicit form

o2 — \2d—2k—1 22(1_1”(1/(1 d—1\* (drgr\* (rar )" (2.11)
k.d (2d—1)! \ k k! K, d kg ‘ '

Note that even in the anisotropic case we have that

92d-1 2
2 —_
O-dfl,d =A — y (212)
(2d — 1)1 k2 4

ie., O'Z_Ld coincides with the left hand side of (2.11) for k = d — 1. This is accounted to the
fact that the (d — 1)-volume of the hyperplanes H(P;, V;) within the ball Bg does not depend
on V; and so the distribution of 19k7d(Bg) is independent of the orientation distribution ©.
Furthermore, we mention that in [16] Theorem 2.1 could be extended to non-spherical convex
sampling windows W, = oW ; cf. Section 5 below. However, in this case the formulae (2.7)
and (2.11) depend on Wj and are less explicit.

3 First— and Second—Order Moment Formulae

Let X = {E,}n>1 be a stationary random tessellation of the R? and let X, be a motion—
invariant tessellation independent of X . We consider an X/ Xy-nesting in R? as in Section 2.1,
observed within a convex sampling window W . In order to calculate expectation and variance

of the random variables Z lgd) in (1.1) for k =1,...,d — 1 we need two intensity values.
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(k,d)

First, we consider Ay, the intensity of the stationary (k — 1)-dimensional manifold process

X(()d_l) N L generated by the intersection of the (d — 1)—facet process Xéd_l) with an arbitrary
k-flat L in R?. Since Xéd_l) is motion—invariant by the assumption of motion—invariance of

Xy, we may identify L with IR¥ so that )\gk’d) can be defined by
AR By (X TV ARFA0, 1)), 1<k<d-1. (3.1)
By using quite general stereological relationships derived in [18] we may express /\ék’d) by

the (full dimensional) intensity )\éd’d) = IEVd_l(Xédfl) N [0,1)9) of the manifold process of
(d — 1)—facets Xédil) through

k,d d) \(dd . d F(ki) F(d)
AFD = oD \ED iy c,@_(kj(dﬁl), 1<k<d—1. (3.2)
2
Further, let
i = B (X® N[0, 1)%) (3.3)

denote the intensity of the stationary k—facet process X %) associated with X. To avoid rather

involved formulae, in particular for the variance of Z,gd)(W) , we put an additional condition
on the tessellation X = {=, },>1.

Condition F. For k£ = 1,...,d — 1 assume that there exists a non-random integer méd) >1
such that
m,({d) v(XF nw) = Z i EX NW) Pas. ,
n>1

for any W € Cl; with [W] > 0.

Condition F means that, for k = 1,..,d—1, each k—facet of X lies in a constant number m,gd) of
k-faces of cells =, ,n > 1. Obviously, Condition F is satisfied for any planar tessellation with

m§2) = 2. For d > 3, by the very definition, any normal tessellation X obeys Condition F with

i

=d— k+ 1, and a nondegenerate stationary Poisson hyperplane tessellation X is easily

seen to satisfy Condition F with m,(gd) = 29F see [27]. Note however that Poisson-Delaunay

tessellations do not satisfy Condition F for d > 3.

Lemma 3.1 Consider an X/ Xo-nesting in R? with stationary initial tessellation X = {Z, }n>1
and motion—invariant component tessellation XO Assume that X satisfies Condition F and

that 0 < v~ ! = E|Z*| < o0, ¢f (2.2). If M](C < o0 or, equivalently, B vy (E**) < oo, and
)\ék’d) <oo foranyk=1,....,d—1, then
]EZ,id)(W) = )\((]k’d) (@) (d W | foranyWeCy, k=1,.,d—1. (3.4)
Moreover, if additionally
E2(X®N[0,1)%) <o  and Ev} (X ne®)PodC) < oo,  (3.5)
&
then for W e C andk=1,...,d—1,
Var(2(W)) =4 / / Var (v (X3 ™) 0 (W = 2))) da PY(dC)
Py J/R? (3.6)
+ ()\ék’d) m,(id) )2 Var(yk(X(k) Nw)).
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Proof Let k € {1,...,d—1} be fixed and let IEx (-) denote the conditional expectation E(-|X)

given the tessellation X = {=,},>1. Hence, we may rewrite the expectation of Z,id)(W)
introduced in (1.1) as

EZ"W)=EY Exu_ (X! V=l nw).
n>1

Owing to the motion-invariance of X(gd_l), we get, together with (3.1), that

Ex e 1 (X" 2® aw) = AFD 5 20 nw)

for any cell Z,,. In view of Condition F we may proceed with writing that

Ex 2" (W) = A8 S uEP nw) = AP mf® v (x® aw). (3.7)

n>1

Combined with the stationarity of X*) this gives IEv(X®) N W) = ,uk, |W] which in turn
proves (3.4). Recall that by using the notion of the typical cell, cf. (2.2), we have that

ES v (EP nW) =y Ev (@) W] (=m\® A |W])

n>1

which establishes the relationship Euy (2% ®*)) = m}(j) Ak,d IE|Z*|. To verify (3.6) we start with
well-known identity

Var (2% (W)) = E(Vary 29 (W))+Var(Ex 2P (W)) , (3.8)
where Varx(-) denotes the conditional variance Var(-|X) given X. Since, conditional on the
tessellation X = {E,},>1 the random measures ﬁgk)(-) ,ﬁgk)(-) ,...1in (1.2) are stochastically
independent, we get that

Varx Z ZVarX Vi—1( éd Yn =k N w)) . (3.9)
n>1

With 2, = 29 + a(_n) we may apply the refined Campbell theorem to the stationary marked
point process Y, < 0[q(z,),z0] » cf. [6] or [21], where we find together with (2.1) that

E(Varx 2" (W)) = ~ / Var (1 (XY 0 (€W + 2) n W) PY(dC) dar
R (3.10)
= 5 / Var (vp_1 (XS 0 C® 0 (W = 2))) dz PO(dC) .
fPO Rd
Here we used (3.5), the stationarity of X(()d_l)

Vi1 (B+x)NW) =1 (BN (W —x))

, Fubini’s theorem, and the fact that

for any bounded B € B(R*™!) and z € R?. The existence of the inner Lebesgue integral in

the second line of (3.10) is also seen by applying Fubini’s theorem and the second condition
of (3.5), i.e

/ Ev2_ (XD 0 0® A (W = 2)) da
Rd
=E / / | (W —u) N (W —v)| vg—1(du) vg_1(dv)

x{*Vnctk x§Dnow)

<Ev (X ne®) w.
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From (3.7) combined with the first condition in (3.5) it is immediately seen that the second
term on the right hand side of (3.8) is finite and takes the form

Var (Ex 2% (W) = 0F mi™)? Var (v (X® nw)) .

The latter equality together with (3.10) and (3.8) confirms the validity of (3.6). O

The second condition of (3.5) imposes restrictions on both the initial and the component
tessellation. Note that this condition is fulfilled if

Evi (XN RN0,)f) <00 and  ENYEH(1+DEH)"F <o (311

for k=1,..,d — 1, where Ni(C) and D(C) = sup{||x — y|| : =,y € C} denote the number of
k-faces and the diameter of the d-polytope C' € PY, respectively. To see that (3.11) implies

indeed the second condition in (3.5) we write C*) as union of the k-faces C’l(k), l=1,...,Ny(C),

and use the motion-invariance of X[gd_l) to get the estimate

fork=1,...,d—1.

Note that if 197(1]6)(-) acts on the interior of Z,, as supposed in [14], the conditional expectation
Ex 9% (W) is a constant multiple of |=,, "W | and therefore E x Z,gd) (W)=>,>1Ex P (W)
is proportional to |[IW|. In this case the second variance term on the right-hand side of (3.8)
vanishes. Due to this fact the formula for the variance of Z]gd) (W) given in Heinrich et al.
(2005) is relatively simple and the ergodicity of the initial tessellation X suffices to prove

asymptotic normality of Zlid)(W) )

4 CLTs for manifold processes on facets of a stationary PHT

(k)

In this section we consider the random measures 9y, (-) given in (1.2) for n > 1 whose support
lies in the cell boundaries 0=, , more precisely in the k-facets (for k = 1,...,d — 1), of a
nondegenerate stationary PHT X = {Z,},>; in R%. For the sake of simplicity we assume
in this section that the sampling window W is the d—dimensional ball Bg centered at the
origin and with radius ¢ > 0. For more general expanding sampling windows we refer to
the comment at the end of Section 2.2. By Theorem 2.1 combined with the geometric and
probabilistic properties of PHTs, we prove a CLT (as ¢ — o0) for the total (k—1)-volume of the
sets (contained in Bg) arising from the intersection of the k-faces of =, with the (d — 1)-facets
of the component tessellations X, forn > 1.

Theorem 4.1 Let X = {E,},>1 be the stationary PHT in R? generated by a stationary
nondegenerate Poisson hyperplane process ® given in (2.3) with orientation distribution © and
intensity X > 0. Furthermore, let X be a motion-invariant random tessellation in R?® having

the intensities )\ék’d) > 0, ¢f (3.1) and (3.2), respectively. Assume ]Eulgfl(Xédfl) NIRRF N
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(0,1)%) < 0o for k=1,...,d—1 and that the corresponding X/ Xq-nesting is observed through
the spherical sampling window Bg. Then,

d ~(d
2By -3\ |BY 4

| Bd|T=1/Cd) 2N (05k) for k=1....d=1, (4.1)
0
where
Var(Z(d)(Bd)) 2
—(d —k (kd ~ _ p (ki
:ul(c ) = 2d g )‘g) ))‘k,d ) alz,d = @ll)rgo W = (2d K )\((] )> Ul%,d y (4.2)

and A q, U,%’d, and )\(()k’d) are defined by (2.5), (2.10), and (3.1), respectively.

Proof We first recall that in case of a stationary PHT X we have that m,gd) = 29-F and
that the intensity (3.3) of the k-facet process X*) coincides with the intensity (2.5) of the

k-flat process ®j induced by (2.3), i.e. we have that M,(id) = Mq. Hence, the formulae for

the intensities ﬁ,gd) = ]EZ,gd)([O, 1)) of Z,gd)(-) follow from (3.4) as stated in (4.2). Next, we

rewrite the mean zero random variable Z,id) (BY) — ﬁ,(gd) |BY| as

p r ke (kod
2" (By) — i |By| = 5§ + 2+ a0 T 3
where J d d k,d
s® = 7 (B — By 2\ (BY) = 79 (BY) — 2075 AFD 1 (x 0 1 o),
and

d
T = v (XP 0 BY) — | B = 0, a(BI) — Aa |BY
From Theorem 2.1 we obtain that

(k)
Ty q ,
B N 00k for k=ld -t (4.4)

By means of Slutsky’s theorem, cf. e.g. [17], the proof of the CLT (4.1) is complete whenever

S5
| Ba[I-1/C4) e (4.5)
In view of Chebychev’s inequality, we only need to prove that
E S(k) 2
(S )" . (4.6)

‘Bg|2_1/d 0—00

which includes first of all to ensure that ]E(Sék))2 < 00. Since ]E(Sék))2 = IEVarX(Zék)) we
get, quite in analogy to the proof of Lemma 3.1 and by taking into account (3.11), that

E(S%)? = 5 /7»0 /Rd Var (v (X§ ™ n C® N (B - 2))) dz P°(dC)
d
< [ Bt (Y ne) Pac) )
d

- —% —% 2k
<y Evi (X nRF N[0, )F) EN2EY) (14 DEN))™ [BY
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*

Using the distributional properties of the typical cell Z* of a stationary PHT, in particular
that D(Z*) has an exponential moment, cf. [2|, we find that

ENZ(Z)(14+DE))* <00 for  k=1,...,d—1,
which immediately confirms (4.6) for any d > 2; cf. also [7] and [28]. Finally, using the
formula (3.6) for the variance of Z ,gd)(Bg) together with the limiting relations (4.6) and (2.10)
we find that

Var(Zlgd)(Bg)) _ (2d_k )\(()k,d)>2 >

~2 . .
O-k‘,d = llm kd

0—00 ‘Bg‘2_1/d

This completes the proof of Theorem 4.1. O

5 CLTs for manifold processes induced on the facets of a sta-
tionary weakly dependent tessellation

Throughout this section we consider a stationary X/Xo-nesting which can be observed through
an expanding family of convex sampling windows W, with shape W, = o Wj for ¢ > 0, where
Wy € C& contains a ball and is itself contained in a ball, i.e. Bff Cc W C Bj{lz for some
0 <r <R <oo. We assume that the stationary initial tessellation X = {=,},,>1 is ergodic,
cf. [6], [24], [27], and possesses, in contrast to Poisson hyperplane tessellations, further weak
dependence properties. The latter properties ensure asymptotic normality of the total k-
volume of the k-facets in a large sampling window W, . More precisely, we impose on X the
following condition.

Condition G. For k =1,...,d — 1 assume that there exists a real number T]?d > 0 such that

Var (v (X N Wy)) (XM N W) — /‘i(cd) Wl ~L N0, 72y)
s kd) .

Wl g=oo ™ Wl g0

In analogy to Section 4 we shall prove that the centered and normalized cumulative functional
(1.1) on W,, ie.,

d d
Zli )(Wg) - TIIE; ) |Wg|

: (d) _ (d) d
TARE with n,7 =1EZ,7([0,1)%) (5.1)
converges in distribution to a Gaussian random variable A/ (0, ?l?,d) fork=1,...,d—1, as

Wy 1 R?. Here, 72, denotes the asymptotic variance of the random variable (5.1) as o — oo,
ie.,
d
Var (2 (W,))

?'id:glil&T for k=1,...,d—1, (5.2)
4

the existence of which is shown in the subsequent lemma.

Lemma 5.1 Let there be given an X/Xg-nesting in R? with stationary (not necessarily er-
godic) initial tessellation X and motion-invariant component tessellation X satisfying the
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assumptions of Lemma 3.1 such that the asymptotic variance T,?d in the first part of Condition
G exists. Then, the asymptotic variance ?,3’ 4 i (5.2) exists and takes the form

7~7§,d = (Ték’d))2 + ()\(()kd)ml(cd))Z Tlg,d for k=1,...,d-1, (5.3)
where
(D2 — / Var(yk_l( x4V ﬁCUc))) PY(dC) . (5.4)
P

Proof The proof of (5.3) is based on the representation of the variance of Z,gd)(WQ) for
k=1,...,d—1 given in Lemma 3.1. From (3.6) and the first part of Condition G it is easily
seen that (5.3) holds if and only if the limit

d
o E(Varx(200,) Ly
s W,| oo [V,

exists and equals (To(k’d))2 as defined in (5.4). To show this we apply the same arguments used

already in the proof of Lemma 3.1 to derive the estimate
E(Varx ZP(W)) <y |W| / Ev? (X" ne®)Podc) .
Py

By multiple application of Fubini’s theorem we arrive at

Py R?
g,
Py R4
_ / B( / / |(W9_“’)v;Q(W9_“)| Vs (du) v (dv) ) P(dC)

Py x{Yno® x Vet

. / Ev?_, (X nc®) POdo) .

0—0C0

Pa

Note that, in view of lim, .o |(W, —u) N (W, —0)|/|W,| = 1 and |[(W, —u) N (W, —v)| < |[W,]
together with (3.5), we may apply Lebesgue’s dominated convergence theorem. Likewise, we
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obtain that

// (]El/k—1(X(()d71) nc® N (W, — :c)))2

dx P°(dC)
W, (

= (A2 //”k ‘W|9 =) 4 Po(ac)

'PORd
= (k)2 / / / I)V; (’W@_”” vo(du) vy (dv) PY(dC)
(k) ¢(k)

— (D)2 / V2(C®)) PO(dC) = / (v (XY ne®))? P(dcoy

0—00

Py PY

which completes the proof of Lemma 5.1. a

Under Condition F we may decompose the normalized cumulative functionals given in (5.1)
in analogy to (4.3) as

d d
Zli )(W.Q) - 771(g ) |Wg|

_ 77k (d)  (d)y/(k
W, |1/2 = Ué )+mk H Vg( . (5.5)
where
d d Jed
k) _ ZDW,) — Ex (29 (W,)) nd V) ve(XW A W,) — AFD |
: Wl : W, 72

Notice the fact that, for k =1,...,d — 1 and any fixed ¢ > 0, the random variables U, ék) and

Vg(k) are uncorrelated. Obviously, Vg(k) is a (measurable) function of X and IE X(Uék)) =0
(IP-a.s) so that

k k k k k k
EUY V) = BEx (U V) = BEx (UF) VY) =0.

The following Theorem 5.1 states that, for any k = 1,...,d — 1, the two-dimensional vector
(Uék), Vg(k))—r converges in distributuion to a mean zero Gaussian vector with independent
components as ¢ — o0o. This in turn implies the desired asymptotic normality of (5.1).

Theorem 5.1 Consider an X/Xo-nesting in R? observed through the increasing family of
windows W, with motion-invariant component tessellation Xo and stationary ergodic initial
tessellation X = {Z,}p>1 satisfying ED(Z*) < oo as well as (3.5) and both Condition F and
Condition G. Then,

(k) (k.d)\2
Uo d 0 (57)% 0 B B
(V;k)>g%o/\/<<0),( 0 w2, fork=1,....d=1.  (5.6)
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In particular this implies that

2 (W) — W, a
|I/VQ|1/2 Q—>ooN(0 de) f07’l{321,...7d—1 ’ (57)

where d k.d d d k.d k.d d)\ 2
O =D D amd Ty = (O (D )52,

Proof We employ the method of characteristic functions, cf. e.g. [17] for details. Hence,

we have to show that the characteristic function f,(s,t) of the random vector (Ug(k), Vg(k))—r
defined by

fg(S,t) = ]Eexp{isUg(k) _|_1tvg(k) }7

converges to the characteristic function of the Gaussian random vector that occurs as limit in
(5.6), i.e

$? g 2
fo(s,t) —>exp{ E(Té ’ ))2—57',?@} for all 5,t € R'.

—0Q

For this we introduce the decomposition f,(s,t) = Z§:1 éi)(s, t), where

fél)(g,t) = _EX <exp{is Uék)} — exp{—2 ‘8;/ | VaTX(Zlgd)(Wg)) }) exp{it Vg(k)}] ’
L 0

féQ)(S, t)=E _(exp{—2‘8VV| VarX(Z,gd)(Wg))} — exp{—SQ2 (Ték’d))2}> exp{ith(k)}] ,

fg(?’)(s, t) = exp{—S;(Ték’Ul))2 } ]Eexp{itvg(k)} :

In view of Condition G, the continuity theorem for (one-dimensional) characteristic functions

yields that

lim f(3 (s,t) = eXP{ 522 ( ék’vd))2} lim ]Eexp{ltV( )} = exp{—% (To(k’d)) % l? }

0—00 0—00

for all s,t € R'. Hence, it remains to prove fé (s, t) — 0 for ¢ = 1,2. For this we subse-

quently show that
Varx(Zéd)(Wg)) (d-1) k (k,d)\2
§ Vi X"V nE®nw, 5.8
Wl ! ol arx (v o)) @—>oo( 7 (58)

n>1

where the first equality follows from (3.9) and the almost sure convergence of the averaged
sum in (5.8) can be reasoned by some modified ergodic theorem for random tessellations, cf.
Theorem 4.1 in [14], which states that

| > {~mwgsé@}9(~nﬂW) % v Eg(Z7) (5.9)

|WQ n>1

for any B(F;)-measurable, translation-invariant set function g(-) defined on sets of the form
C NW, where C is a d-polytope and W € C/, and satisfying the monotonicity property



CLTs for Functionals on Facets of Random Tessellations 16

g(CNW) < g(CNW') for W C W' . Tt is easily verified by checking the proof of Theorem 4.1 in
Heinrich et al. (2005) that these restrictions imposed on g(-) together with IED4(Z*) < oo and
Eg(Z*) < oo suffice for (5.9) to hold. Applying (5.9) to g1 (CNW) = ]Eu,g_l(Xéd_l)ﬂC(k)ﬂW)
and g2(CNW) = ()\((]k’d))2 v2(C%) N W), where C*) denotes the union of k-faces of the d-
polytope C', we see that (5.9) also holds for ¢ = g1 — g2. Thus, (5.8) is proved. From (5.8)
and Lebesgue’s dominated convergence theorem we conclude that

s () 82 ()2
exp{—2 W, Varx (Z,, (Wg))} — exp{—; (70) ) }

[P (s,t)| < E 0. (5.10)

0—00

To show that fg(l)(s, t) becomes arbitrarily small as W, grows large, we start with the obvious
estimate

2

1 . k
(s, 8)] < E‘ Ex exp{is U} — exp{ - 2|W,|

Varx (29 (W,)) } ’ (5.11)

(k)

for k = 1,...,d — 1. Next, we express Uy ' in terms of the centered measures ng)(-) =
Vk,l(X,sd_l) n=®n () — /\(()k’d) Vg (E%k) N (:)), which are conditionally independent given the
initial tessellation X = {E,},>1. We have that

k

and introduce, for fixed 6 > 0, the conditional Lindeberg function

2
‘ Q’ Z]I{ng_n;ﬁ@} Ex (6% (W,)) ]I{|95Lk)(Wg)|25IWQ|1/2}' (5.12)
n>1

Further, for any € > 0 and 6 > 0, we define the events

Gole,0) ={LP(8) <2} and  Hy(e) = {|LF)(0) - ("")? <&}

Since L(gk)(O) = VarX(Z,gd)(Wg))/|Wg| , it follows from (5.8) that IP(Hg(e)) — 0. Below we
0—00
also need that IP(G¢(e,d)) — 0 following from the stronger result L,(9) 2%, 0 which we can
0—00 0—00

show in the following way. Replacing eﬁl’“)(w ) in (5.12) by § (_ W aw o) = Vk— 1(X(d YN
=% n W, ) + /\(()k’d) Vk(E%k) N WQ) leads to the inequality

1/2
M (aw,|71?) < Z]I{Wgﬂ_nyéw}EX(Eo ER W) 1 (€9 @D ) >a)

n>1

IW\

for any @ > 0. The set function g(C N W) = ]EX(£0 (C) N W))2 1 (P (W) >a) is
translation-invariant (due to the stationarity of Xp) and increases whenever W expands.
Hence, g(-) fulfills the conditions needed to establish the almost sure convergence in (5.9).
This implies

]P(lim sup L,(a [W,|7Y2) < v /P Ex( ) (oh))2 L9 (o) 50y PO(dC)) =
d

—00

Consequently, by (3.5), ]P(limsupL(Qk)(é) < 5) = 1 for any ¢ > 0, ie., Lék)(é) 250,

0—00 0—00

A suitable upper bound of the right-hand side of (5.11) can be obtained when both events
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Gy(e,9) and H,(e) take place. From (5.11) it is easily seen that |fél)(s,t)| does not exceed
the sum

2
. S c c
IE]I{GQ(E75)OHQ(8)}‘ Ey exp{lsUék)} _ eXp{—E L,_,(o)} ’ +2P(GS(e,8) UHS(E)) . (5.13)

We proceed with the factorization of the conditional characteristic function of U, ék) given X |

using the conditional independence of the random variables Gq(f) (W),

Ex exp{is Uék)} = H Ex e><:p{is|VVQ\_1/2 Hgf)(Wg)} .

n>1

Expressing the first equality in (5.8) by the centered measures H(k)(-),

ol gy Vool 00} = Tl eon{ g B0}

By means of the elementary inequality |z1 - @ —y1 - yn| < |21 — 11| + -+ + |20 — yn| for
complex numbers x;, y; lying on the unit disk, we arrive at the estimate

: 5?
’]EX exp{lsUék)} — exp{—m VarX(Z,gd)(Wg)) } ‘
e

(5.14)
< Z | 0 ‘ Ex exp{is 67(Lk)<W@)} exp{ o Ex (0% (W, ))2 } ‘
< ZaW, —F=( ~ 5T n :
= LA 217, :
Further, using the well-known inequality |eix — > é 1195') | < |x|n (with 2 € RY) for n = 2
and n = 3, we find that, for any § > 0,
o\ (w,) 0w, s 5
Ex(expjis ———=22t —1—1i 2 Ex (0 (W,)
o ({3 27 AR ARG

l\’)

3
k) ‘ ‘ (k) 3
IW! (O Vo) L0 w570+ g7 X OVl Ty v, -

Analogously, applying the inequality |[e™ — 1 + 2| < 22/2 for > 0 gives

2 82

5 k) 21 g, 5 k) 2
exp{ 2 Bx (00 00) } L g Ex (0P ()

(5.15)

< i (EX(Q(k)(W ))2)2 < Ey (e(k)(W ))2 (52 +L(k)(5)>
T A2 mae 4 \W | ¢ ¢ ’
where we have used in addition that, for any n > 1 and § > 0,

2 2
B (09 (,)” < 8 Wl + Bx (000 (W) Wy 5y < Wl (82 4+ 20069))

Finally, combining the above estimates (5.14), (5.15), and (5.15), and taking into account both
the abbreviation (5.12) and the fact that ]EXGSLk)(W ) =0, we find that
6 st

‘]EX exp{is Ug(k)}—exp{—fL(Qk)(O)}‘ < s L(k (0)+ |5 |6 R0)+= 5 L( )(0 )((52+L£,k)(5)).
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Regarding the latter inequality on the event {G,(e,d) N Hy(e)}, we obtain from (5.13) that

3 4
imsup | 7§706,) 1< e+ (65 + 5 (604)) e+ ("))
0—00

for arbitrary €, > 0. Thus, lim, fél)(s,t) = 0 which completes the proof of (5.6). The
proof of Theorem 5.1 ends with an applicaton of (5.6) and the continuous mapping theorem,
cf. [17], to the linear combination (5.5) which proves (5.7). O

6 Examples of weakly dependent random tessellations

There are only a few papers, e.g. [3], [10], concerning weak dependence properties of stationary
random tessellations apart from ergodicity. In fact, the assumption of ergodicity turns out to be
the weakest form of asymptotic independence of distant parts of a stationary tessellation X =
{E}n>1. Due to the individual spatial ergodic theorem, cf. [6], ergodicity guarantees strong
consistency for a number of intensity estimators based on a single observation in an expanding
sampling window. To establish asymptotic normality of these estimators the distribution of X
must satisfy certain mizing conditions expressed in terms of corresponding mizing coefficients.

In the context of random tessellations X = {Z},,>1 in R? the a- and S-mixing condition have
proved meaningful with mixing coefficients defined by

a(Ax (F1), Ax (F2)) = sup [P(A1 N Ag) — P(A1) P(A2)]
A1€Ax (F1),A2e Ax (Fy)

(6.1)

BAx(F1), Ax(F2)) = sup  |P(A]Ax(F)) - P(42) ],
A€ Ax (F2)

where Fy, F, are disjoint closed subsets of R? and Ax (F') denotes the o-algebra generated by
the random closed set (|J,,~; OZ,) N F in the sense of Matheron; cf. [20] and also [10]. It
is easily verified that a(Ax(F1), Ax(F2)) < B(Ax(F1), Ax(Fy)). However the behaviour of
both mixing coefficients is nearly the same for most of the models in stochastic geometry when
the distance of F; and F» becomes large; cf. [12]. To verify Condition G we are faced with two
problems. First, to find sharp bounds of the above mixing coefficients for Fy = F(a) := [~a, a]?
and Fy := G(b) = R%\ (—b,b)? for b > a from the model assumptions and, second, to prove a
suitable CLT (or to use a known CLT) for weakly dependent random fields whose assumptions
follow from the derived estimates. For more details on CLTs of random fields and mixing

conditions including the influence of the dimension, the reader is referred to [23].

In [10] the S-mixing coefficient B(Ax (F(a)), Ax(G(a + r))) could be estimated for Voronoi
tessellations in terms of the S-mixing coefficient and certain void probabilities of the generating
stationary point process of nuclei. In the special case of Voronoi tessellations generated by
Poisson cluster processes with cluster radius Ry satisfying IE exp{h Ry} < oo for some h > 0,
the general bound decays exponentially in . More precisely, it can be shown that

T a

B(Ax (F(@), Ax (Gla+ 1) < e ( (g)d_l + (;>d_1> exp{—cor} (6.2)

for any » > 1 and a > 1/2, where the positive constants c;, ca depend only on the dimension d ,
h > 0, and the intensity of the Poisson process of cluster centres. An estimate similar to (6.2)
holds for Poisson soft—core processes, cf. [29], provided the soft—core radius Ry possesses an
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exponential moment. Furthermore, Condition G could be verified in [10] for stationary random
tessellations X = {Z},>1 in R satisfying I (vx(X® N[0, 1)d))2+5 <ooforl1<k<d-1
and some ¢ > 0, and

B(Ax(F(a)), Ax(G(a+7))) <a’" Bi(r) Ty ca)(r) + B2(r) Tca, 00) (7)

for any a > 1/2 and r > 1, where ¢ > 2 is a constant independent of both a and r. Further-
more, (1(-), f2(+) are non-increasing functions on [1, 00) such that

p2d-1 Bi(r) — 0 and Z pd—1 (ﬂz(?”))(s/(%—(” <

r—00
r>1

Hence, from (6.2) we obtain for a Voronoi tessellation X = {Z},>1 in RY, generated by a
stationary Poisson process with intensity v > 0 that

Wl /2 (X P W) = () /W) S N0 4074 (63)

for k =1,...,d — 1, where the mean value ﬁ,gd)(u) = E((X® N [0,1)%) and the asymptotic
variance ?lf?d(y) refer to a PVT with intensity v = 1. The scaling rates in (6.3) are easily
seen from the scaling property of the stationary Poisson process in R? giving v (X X® AW, o) =

Ry (X x * )ﬁW 41/d) , where X ®) denotes the union of k-facets of a PVT with unit intensity.

An explict formula for the intensity u,(c )( ) was first found by R. Miles to be

() =

(2m)*T(d — & + %) Rd(d—k)+k—2  Kk—1 (qu)d*k
(d —k + 1)' d ’%d(d—k)—&-kz—l (:‘id)k/d

and derived in a different way in [21], p. 64, whereas for 72 ,(v) no analytic expression is

known so far. In the planar case it is well-known that ﬁ?)(u) = 2 and the approximate
value 77, (v) = 1.0445685 was found in [1] by numerical evaluation of rather involved multiple
integrals.

We are now in a position to establish the CLT in (5.7) in a more explict form for the case of
a planar X/Xop-nesting with initial tessellation X being a PVT with cell intensity v > 0 and
component tessellation Xy being either a PLT generated by a motion—invariant Poisson line
process with intensity A > 0 or another PVT with cell intensity A > 0. In both cases we have

722 (W,) — 0> |W,|
|Wg|1/2 g—00

L N(0,72,) | (6.4)

where

pP =AM VX and 7, = (7$0)2 + 1.6934 (A1)

From (3.2) we get )\(1 2 = c§2) )\(()2’2) with 052) = 2/m and )\((]2’2) = 2V if Xg is a PVT, cf.

[24], p.314, and )\((]2 2) = M\ if Xp is a PLT, cf (2.8). To calculate

(751’2))2 =9 / Var(uo(Xél) N C’(l))) PO(dC’) .
Py

we consider first the case when Xy is a PLT with intensity A. Then I/(](X(gl) N CM) equals
twice the number N(C) of Poisson lines hitting the polygon C. It is well-known that N(C) is
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Poisson distributed with mean (and variance) A P(C')/n, where P(C) denotes the perimeter
of C. Hence, by EP(Z*) = 4y~ 1/2 ¢f. [24], p.314, we get that

1,2 4 NEP(E* 16

iy = o AEPEN_18 55

If Xy is a PVT with cell intensity A we may exploit again the scaling properties of PV'Ts giving
that

s

(7'0(1’2))2 =7 A ]EVary(Vo(Yél) ﬁé*’(l))) :

where X and X are independent planar PVTs both with unit cell intensity, and X
stands for the finite set of points on the boundary of the typical cell of X induced by the

1-facets of X. A large-scale simulation study yields ]EVary(yg(Yél) N E*’(l))) = 2.7023.

Summarizing the above results we obtain the following expressions for 779) and 7~'1272 in (6.4),

(51) A=)

namely

1
p =2 A and P5=0 5416034 X2 (if Xo is a PLT with intensity A),
T ’ T

1
pD =28 SN and 72, = 27023 V4 A+ 67736 A (if Xo is a PVT with intensity A) .
71— b

To conclude, it should be mentioned that Condition G can also be verified for a large class of
Laguerre tessellations generated by Poisson-based point processes. The values for the variances
in the previous formulae for higher dimensions can only be obtained by extensive simulations
studies. Several generalizations of Theorems 4.1 and 5.1 are possible. For example, the

manifold process Xéd_l) of (d — 1)-facets can be replaced by the union of k-facets of X for
1 <k <d-—2. In case of anisotropic component tessellations the rose of directions of Xy is

needed to express mean and variance of Z ,gd)(Wg) .
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