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Abstract The notion of stationary Apollonian packings in the d-dimensional Euclidean space is
introduced as a mathematical formalization of so-called random Apollonian packings and rotational
random Apollonian packings, which constitute popular grain packing models in physics. Apart from
dealing with issues of existence and uniqueness in the entire Euclidean space, asymptotic results are
provided for the growth durations and it is shown that the packing is space-filling with probability
1, in the sense that the Lebesgue measure of its complement is zero. Finally, the phenomenon is
studied that grains arrange in clusters and properties related to percolation are investigated.
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1 Introduction

The task of creating dense packings of non-overlapping grains is a classical problem which continues
to be a highly topical and important research question more than 2000 years after its initial appear-
ance [1l 20, 23]. As noted in [], so-called random Apollonian packings can be used for modeling
dense packings of objects occurring in applications ranging from the study of tree crowns in dense
forests [15], [25] to the analysis of structural properties in porous materials [12}, 211 [26]. To create such
packings one starts either from an initial set of objects with a specified size or with an initial set of
germs from which grains start to grow radially at equal speed. Whenever two growing grains meet,
both cease to grow. Then, iteratively, new germs are added, which grow until hitting an already
existing grain. In order to provide more realistic models, the initial set of germs is usually placed
at random. A realization of a two-dimensional random Apollonian packing is shown in Figure
Denser packings can be achieved in so-called rotational random Apollonian packings, where each
grain is rotated around its germ so as to maximize the time of growth until some other grain is hit.
We refer the reader to [7] for a detailed analysis of this model.

From a mathematical perspective, it is an undesirable property of these packings that their
distribution could depend on the size of the sampling window or on properties of the initial seed.
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Fig. 1: Realization of a planar random Apollonian packing

Therefore, in the present paper we study a framework where points arrive in the entire Euclidean
space R? according to a space-time point process of germs in R% x [0, 00) which is stationary in its
spatial component. Although random Apollonian packings are based on a seemingly simple growth
mechanism, when considering extensions to the entire Euclidean plane, the size of a considered grain
potentially depends on the configuration of the point process in arbitrarily far away regions. Indeed,
in order to determine the growth duration of a considered grain, one requires some information on the
growth durations of surrounding germs. A priori it is not clear that these iterated dependencies can
be resolved and do not continue indefinitely. Hence, there is no simple expression that would allow
one to compute the growth duration of a considered grain by taking into account the configuration
of the process of grains in its surrounding. Due to this complicated dependency structure, the issue
of existence of extensions of Apollonian packings to the entire Euclidean space is a non-trivial one.

The growth protocol described above is of lilypond type. These growth protocols have been
investigated for almost 20 years, see e.g. [3, 4L 5, O] [TT], T3] [17], and by now there is a well-established
toolkit that can be used to tackle the question of existence. Loosely speaking, this suggests to define
stationary Apollonian packings as the packing that results from letting each grain grow until a
certain growth stopping time is reached, which may vary from one grain to another. This family
of growth-stopping times should satisfy two important properties. First, there are no overlappings
between grains, and second the growth of any grain is stopped by getting into contact with some
other grain. The first question considered in this paper deals with providing suitable sufficient
conditions that not only imply the existence of a family of growth-stopping times satisfying the two
constraints mentioned above, but also that this family is unique.

In a locally finite setting, i.e., if there are only a finite number of germs arriving in any bounded
region of R?, the corresponding model is investigated in [9], where in addition to issues of existence
and uniqueness, also questions of percolation are studied and a central limit theorem is established.
In the present paper, after adapting classical methods to derive existence and uniqueness conditions
for stationary Apollonian packings, we move in a slightly different direction. Our primary goal is to
investigate effects that are distinctive for non-locally finite settings, i.e., for configurations where in
any bounded region of the Euclidean space an infinite number of germs are born. For this purpose,
we will assume that the process of germs is a spatially homogeneous Poisson point process, which
is independently marked using certain star-shaped grain shapes. The precise conditions on these
shapes will be discussed in Section

As mentioned above, there is no simple formula expressing the growth duration of a given germ
in terms of properties of germs in its surrounding. Nevertheless, in the present paper, we show that
it is possible to describe some asymptotic properties of these growth durations as the time of birth



tends to infinity. As time proceeds, the growth duration of newly-born germs should decrease, since
available (pore) space becomes narrower, so that it takes less time until an already existing grain
is hit. When considering a bounded sampling window, we show that growth durations decay at a
polynomial speed, in the sense that we provide both upper and lower polynomial bounds for growth
durations. We also provide numerical evidence for the conjecture that the upper bound is sharp.

Since in the setup considered in this paper germs arrive incessantly, the pore space left by
stationary Apollonian packings is shrinking as time proceeds. Note that large holes in the pore
space cannot persist for a long period of time, as grains induced by newly-arriving germs will fill up
these holes quickly. Hence, it is natural to expect that stationary Apollonian packings are space-
filling, in the sense that almost surely, the pore-space volume tends to 0 as time tends to infinity.
This will be shown in Section Bl

Finally, we consider questions of percolation. Formally, percolation of stationary Apollonian
packings can be captured by considering percolation on a directed graph on the process of germs,
where an edge is drawn from one germ to another if the grain corresponding to the latter one stops
the growth of the former one. Again, absence of percolation in lilypond models (see, e.g. [4] [I1])
provides some useful intuition, but still care has to be taken. Indeed, the non-local finiteness induces
effects that are not present in the classical setup. First, we show that there is absence of oriented
percolation. This is in accordance with intuition, as directed edges tend to point in the direction
of larger grains. Hence, the infinitely many small grains that are added in the non-locally finite
model do not play a role. For non-oriented percolation, the rationale is different. Since bounded
sampling windows typically contain an infinite number of germs, we cannot hope for the absence of
percolation in the sense of obtaining cluster sizes consisting of finitely many grains. In fact, for a
packing of balls, we show under homogeneous Poisson assumptions that, with probability 1, every
cluster consists of infinitely many balls. On the other hand, we show that the reasoning for lilypond
models can indeed be adapted to prove absence of infinite-volume clusters. In fact, we conjecture
absence of percolation in the stronger sense that every cluster forms a bounded subset of R%.

Our paper is organized as follows. First, in Section 2] we introduce some basic notation and state
our main results. Next, in Section [3] we derive a sufficient condition for existence and uniqueness of
stationary Apollonian packings. In Section |4, we show under Poisson assumptions that the growth
time of a grain whose germ had arrived at time ¢ > 0 decays according to a power law in ¢ and we
provide rigorous upper and lower bounds for the exponent depending only on the dimension and the
rate at which new germs enter the system. We also discuss the results of Monte Carlo simulations
which have been performed to study the dependence of this exponent on the rate at which new
germs arrive. Section [f]is devoted to the space-filling property of stationary Apollonian packings. In
Section [6] we observe that in stationary Apollonian packings, grains of the final configuration arrange
in clusters and we consider percolation-type properties including finiteness of the volume covered by
each cluster and absence of percolation after any finite amount of time. We also provide simulation
results for the number of connected components in a bounded sampling window depending on the
rate at which new germs arrive. Finally, in Section [7] we present further conjectures and possible
directions of future research.

2 Main results

Before analyzing various properties of stationary Apollonian packings, the first step is to prove a
rigorous existence and uniqueness result. In contrast to classical random Apollonian packings where
germs are added sequentially to a bounded sampling window and each grain grows until it touches
one of the previously determined grains, we consider a model defined in the entire Euclidean space
where several grains may grow simultaneously. In particular, the size of a given grain not only
depends on the space-time location of earlier germs, but can also be influenced by germs which
appear at a later point in time. As explained in Section [1} the well-definedness of such a model is a
non-trivial issue, and we establish a sufficient condition for existence and uniqueness of stationary
Apollonian packings based on the absence of a specific variant of descending chains. To make this
precise, we first introduce some basic notation.



Let d > 2 be any fixed integer. We define R4+ = R% x [0, 00). Let Q,.(£) = £ +[~7/2,7/2]¢ denote
the d-dimensional cube of side length 7 > 0 centered at & € R?. For any B C R? we write int B and
0B for the topological interior and the topological boundary of B, respectively. By S we denote
the set of all compact, star-shaped subsets B C R? such that 1) the star center is given by the
origin o € R? and 2) int B = U;1tB, where tB = {tb: b € B}. Note that the second condition has
important implications. For instance, it allows us to conclude that for any B € S we have B C int sB
for any s > 1. Additionally, if &1,& € R? and By, By € S satisfy (£, +int By) N (& + int By) = 0,
then (& + By) N (& 4 int By) = (. Furthermore, we put R4S = R4+ x S and say that ¢ ¢ R4S
is locally finite if ¢ N (B x &) is finite for every bounded Borel set B C R%*. For ro > 0 we let
N(rg) denote the family of all locally finite subsets ¢ of R%*S which are ro-bounded in the sense
that ¢ C @, (0) for all (§,7,¢) € ¢. Finally, we put N* = U,.;>oN(r9).

If there is no collision with other grains, then we assume that any grain grows homothetically and
linearly in time, where the center of the homothety is given by the spatial location of the associated
germ. To be more precise, define the function g : ¢ x [0, 00) — B(R9) by

E+(t—T)0 ift>T,

9((&m 0, = {(7) otherwise,
where B(R?) denotes the o-algebra of Borel sets in R?. For = € ¢ write ¢, C ¢ for the subset
consisting of z and those y = (1,0,¢') € ¢ with n € int g(z,0). In a sense, germs from ¢, are not
important for the growth of the grain at x. Indeed, the interaction between grains will be defined
in such a way that any germ y = (n,0,¢') € ¢, does not influence the growth of the grain at x: at
time o either the grain corresponding to x does not grow any longer, or the appearance of the germ
y does not play a role, since its spatial coordinate 7 is covered by the interior of the grain at z.

Next, we define the notion of a family of growth-stopping times, which is closely related to the
kind of dynamic lilypond models that has been introduced in [9]. These growth-stopping times
are used to describe two key features of stationary Apollonian packings. On the one hand, they
constitute hard-core particle packings in the sense that no two grains can overlap. That is, once a
grain is in contact with some other grain, it stops growing. On the other hand, for any grain there
exists a stopping neighbor provided that this grain does not grow for an unbounded amount of time
and that its germ is not covered by an existing grain. Loosely speaking, the stopping neighbor can
be thought of as the first grain that will get into contact with the given grain.

Definition 1 A function f : ¢ — [0,00] with f(&,7,£) > 7 for all (£, 7,¢) € ¢ is said to define a
family of p-growth-stopping times if the following two conditions are satisfied.

(H) Hard-core property. (int g(x, f(x))) Ng(y, f(y)) =0 for all x € p and y € p \ @s.

(N)  Euzistence of stopping neighbors. If x = (£, 7,¢) € ¢ is such that f(z) < oo, then there exists
Yy € v \ @y such that
(a) € € intg(y, min{7, f(y)}), or
(b) f(y) < f(x) and g(z, f(2)) N g(y, f(y)) # 0.

In other words, the hard-core property says that grains cannot overlap. It also ensures that the
spatial coordinate 1 of a germ y = (n,0,¢') € ¢ can be covered by the interior of the grain at = € ¢
only if y € ;. An element y € ¢ \ ¢, as in property (N) is called stopping neighbor of x. The
existence of stopping neighbors means that if a grain does not grow for an unbounded amount of
time and its germ is not covered by an existing grain, then there exists another grain with smaller or
equal growth-stopping time, and which is in contact with the considered grain. Furthermore, for any
given ¢, we briefly say family of growth-stopping times instead of family of ¢-growth-stopping times.
As mentioned above, existence and uniqueness of growth-stopping times are non-trivial issues. We
will derive a sufficient condition based on a specific notion of descending chains.

Definition 2 Let ¢ € N*. A sequence {x,,},>1 of elements in ¢ is said to form a strong descending
chain if there exists a sequence {t,},>1 of non-negative numbers such that

(i)  tp > tpeq foralln>1,



(il)  @p, # Tp, for all ny,ng > 1 with ny # no,
(iii) g(xnytn) N g(x’fb-l-l’tn) 7é 0 and g(xn7tn+1) mg(mn-l-latn-i-l) = @ for all n > 1

For questions of percolation, a weaker form of descending chains will also play an important role.
Since this concept is not needed to state our main results, we defer its introduction to Section [3.2
In Section [3] we prove the following result on the existence and uniqueness of limit configurations.

Theorem 1 Let p € N* and assume that ¢ does not contain strong descending chains. Then, there
exists a unique family of p-growth-stopping times f, : ¢ — [0, 00].

Theorem [I] builds on earlier work regarding the well-definedness of various models of stochastic
geometry in the whole space. As already mentioned in Section [I} the growth protocol underlying the
stationary Apollonian packings is of lilypond type and for lilypond systems existence and uniqueness
results have been thoroughly investigated in literature (see, e.g. [0, 11, 13]). However, the idea
behind imposing the absence of descending chains, namely that the configuration in a bounded
sampling window should not be influenced by points that are arbitrarily far away, also appears in
the investigation of sandpile models [10]. Indeed, in [I0] the absence of ‘infinite backwards chains
of topplings’ is used to establish the well-definedness of limit configurations of topplings.

Next, we show that the sufficient condition in Theorem [1] is fulfilled with probability 1 for a
large class of spatially stationary marked point processes. If 7o > 0 and ({2, F,P) is any probability
space, a function @ : £2 — N(rg) is said to be a marked point process in R**S if #(& N B) is an
integer-valued random variable for every Borel set B € R%*+¥ whose projection to R%* is bounded.
In the following, we say that @ is spatially stationary, if the distribution of the marked point process
{(§+n,t,L)}et,1)es does not depend on the choice of 1 € R?. Additionally, we say that & is m-
dependent if for any bounded Borel sets A, B C R? that are of distance at least m the marked point
processes ¢ N (A x [0,00) x S) and &N (B x [0,00) x §) are independent.

Theorem 2 Let @ be a marked point process in R¥ TS, Assume that @ is spatially stationary and
m-dependent for some m > 1. Then, almost surely, ® does not contain a strong descending chain.

After having established a sufficient condition for the a.s. absence of strong descending chains in
@, we address the issue of percolation of stationary Apollonian packings. First, it is convenient to
associate with each ¢ € N* a directed graph G(p) encoding the stopping-neighbor relation.

Definition 3 Let ¢ € N* and suppose that ¢ does not admit strong descending chains. Define a
directed graph G(p) on the vertex set ¢ as follows. For x,y € ¢ an edge is drawn from x to y if and
only if y constitutes a stopping neighbor of z. Furthermore, G’(¢) denotes the undirected graph on
the vertex set ¢, where z,y € ¢ are connected by an edge if and only if there is an edge from z to
y in G(¢p) or there is an edge from y to = in G(p).

Our goal is to analyze various properties of the connected components of G(®) and G'(P) for a
suitable class of spatially stationary marked point processes @. A realization of the graph G'(®) is
shown in Figure

First, we consider the problem of oriented percolation in the directed graph G(®), recalling that
oriented percolation is said to occur in a directed graph if it contains an infinite directed self-avoiding
path. In the following, we say that the marked point process @ is independently marked if it can
be represented as {(x;, L;)}i>1, where {z;};>1 is a sequence of random vectors in R+ and {L;};>1
denotes a family of independent and identically distributed rg-bounded random elements of S that
are independent of {z;};>1. We also need the notion of second factorial moment measures of point
processes, see e.g. [24].

Theorem 3 Let m > 1 and & be an independently marked point process, where the projection of
& to RET is a spatially stationary, m-dependent point process in RET with absolutely continuous
second factorial moment measure. Then, with probability 1, there is no oriented percolation in G(P).

The issue of non-oriented percolation is more involved. Therefore, we now require additionally
that with probability 1 each 2 € @ admits precisely one stopping neighbor y € @. In Section [6.3] we
will present specific examples of stationary point processes satisfying this condition. In the following,
for any z € @ let C;, C G'(®) be the connected component of G'(®) containing .



Fig. 2: Realization of the graph G’(®) and the underlying Apollonian packing

Theorem 4 Letm > 1 and @ be an independently marked point process, where the projection of @ to
R%* is a spatially stationary, m-dependent point process in R® with absolutely continuous second
factorial moment measure. Furthermore, assume that with probability 1 each x € & admits precisely
one stopping neighbor y € . Then, with probability 1, the cluster volume Vd(Uyecw 9(y, fo(y))) is

finite for all x € @, where vy denotes the Lebesque measure in RY.

Theorem can be seen as an analogue of the absence of percolation in classical lilypond models [4]
11]. However, when investigating not the volume, but the number of grains in a cluster, then the
behavior is radically different in the sense that with probability 1, all clusters percolate. We prove
this claim for a specific model, where the grains are constant and equal to Bj(0), the unit ball in
R? which is centered at the origin.

Theorem 5 Consider the marked point process ® = W x B1(0), where ¥ is a homogeneous Poisson
point process in R&T with intensity A > 0. Then, almost surely, for every x € ® there exist infinitely
many y = (n,0, B1(0)) € C, with fe(y) > 0.

Next, we study the dependence of the growth duration of grains on the time of arrival of the
corresponding germ. We will see that asymptotically this duration is contained within some polyno-
mial bounds. In order to derive these bounds, we assume that @ is an independently marked Poisson
point process such that the intensity function A : R4+ — [0, o0) of the underlying unmarked Poisson
point process is given by

A& T) = A1+ 1), (1)

for some o > —1 and A > 0. Note that for a = 0, we obtain a stationary space-time Poisson point
process in R%*. But by choosing « to be either strictly negative or strictly positive, we can also
consider models where the rate at which new germs appear either decreases or increases over time.
First, we derive an upper bound. For € € (0,1), ¢t > 0 let E; . denote the event that there exists
z=(&1,0) € DN (Q1(0) X [t,00) x 8) with fe(z) — 7 > 77*7=, where g = (a + 1)/d.

Theorem 6 Let @ be an independently marked Poisson point process such that the intensity function
A REF 5 [0,00) of the underlying unmarked Poisson point process is given by . Furthermore,
assume that there exists r1 > 0 such that Q,, (o) C L for all (§,7,L) € ®. Then, for every e € (0,1)
there exist t1,c1 > 0 such that P(E; ) < exp(—t) for all t > t;.

In particular, using the Borel-Cantelli lemma shows that with probability 1 there exists a random
time T3 € (0, 00) such that

fo(z) =7 <77 forall z = (§,7,0) € 2N (Q1(0) x [T1,00) x S). (2)



Next, we derive a lower bound on the growth duration, which corresponds to . Here and in
the following, let SO, denote the group of rotations in R%. Of course, the definition of indepen-
dently marked point processes can easily be modified to allow marks in SO, instead of marks in S.
Furthermore, we put ag = (1 + 1/d)(a 4 1).

Theorem 7 Let &' = {(&,7,0;)}i>1 be an independently SOg4-marked Poisson point process such
that the intensity function A : RE+ — [0,00) of the underlying unmarked Poisson point process is
given by (). Put ® = {(&,7;,0i(A))}, where A = {z € R?: B(z) < 1} € S is the unit ball with
respect to a certain norm () on R%. Let e € (0,1) be arbitrary. Then with probability 1, there exists
a random time Ty < 0o such that fo(x)—7 > 7727 for allx = (&, 7,0) € DN (Q1(0) X [T3, 00) X S)
such that fe(x) > 7.

Finally, under the same assumptions as in Theorem [7| we show that the stationary Apollonian
packing AP(®) defined by
AP(®) = | ] int g(x, fo(z))

zed

is a.s. space-filling. To be more precise, considering the pore space R?\ AP(®) as a stationary random
closed set [24], we show that with probability 1 its Lebesgue measure is equal to 0.

Theorem 8 Let @ be an independently marked point process that is constructed as in Theorem [T}
Then, the packing AP(®P) is a.s. space-filling, i.e., ]P’(Vd (Rd \ AP(@)) = O) =1.

3 Existence and uniqueness

Section [3.1] is devoted to the proof of Theorem [1} In Section we relate absence of /-descending
chains to absence of percolation in specific graphs and also show that the almost sure absence of
percolation holds for a large class of independently marked point processes, which contains e.g. spa-
tially homogeneous Poisson point processes with absolutely continuous intensity function. We also
discuss a specific family of not necessarily independently marked models consisting of stationary
approximations to rotational random Apollonian packings.

3.1 A sufficient condition based on absence of descending chains

As observed in [9], Apollonian packings are intimately related to the well-studied lilypond models
initially introduced in [IT]. Various techniques have been established to prove existence and unique-
ness of lilypond models on different levels of generality. For our purposes, the approaches described
in [0, 9] T3] turn out to be most suitable. However, the main difference from [9] lies in the assump-
tions on the space-time process of germs. While this process is assumed to be spatially locally finite
in [9], we deal with configurations that are locally finite only in the space-time domain. Considering
finite-time approximations and using further adaptations, the techniques developed in [0, [9] are
powerful enough to derive the desired results in the present setting. Still, to make our presentation
self-contained, we provide a detailed proof of Theorem [l We first consider models truncated at a
finite time to > 0, where it will be convenient to use the abbreviations R4S = RY x [0,#9] x S
and Nfo* = {o € N* : ¢ C R%'S}, Furthermore, for the proof it is convenient to consider some
variants of conditions (H) and (N), which are less intuitive but more convenient for proofs. Later,
in Lemma [I0, we will see that when allowing also ¢y = oo, then these new conditions are equivalent
to conditions (H) and (N).

Definition 4 Let ¢y > 0 and ¢ € N‘%*. Then, a function f : ¢ — [0,to] with f(&,7,¢) > 7 for all
(&,7,0) € @ is said to define a family of (to, p)-growth-stopping times if the following two conditions
are satisfied.

(H') Hard-core property. (int g(z, f(2))) N g(y, min{f(z), f(y)}) =0 forall z € p and y € ¢ \ @,.



(N')  Ezistence of stopping neighbors. For all x € ¢ with f(x) < to there exists y € ¢ \ ¢, with
g(@, f(2)) N g(y, min{f(2), f(y)}) # 0.

For Lemmas and Corollaries we assume that tg > 0 and ¢ € N'o* If ¢t; and ¢ are
given, then we also say family of growth-stopping times instead of family of (¢, ¢)-growth-stopping
times. Note that most arguments in the present section can be extended to the case, where the
ro-boundedness assumption of the grains is replaced by the weaker condition that the system of
grains {¢ + &},—(¢,r.0)cp defines a locally finite family of compact sets. Nevertheless, in order to
make the presentation more accessible, we restrict ourselves to the rg-bounded case.

Another very useful property of growth-stopping times — which initially has been observed in [13]
— is their possible interpretation as fixed points of a specific operator Ty, : [0, to]? — [0,t0]%, [0, to]?
denoting the family of functions from ¢ to [0,¢]. Given a proposal h : ¢ — [0,tp] for a family
of growth-stopping times and a germ z € ¢ the value of the new function 7i,h evaluated at z is
given by the largest time ¢ such that the grain g(z,t) intersects neither another growing grain nor
any grain that has stopped growing at the time described by the function h. More precisely, for
h: ¢ —[0,to] define the function Ty, h : ¢ — [0,to] by

(Ty,h)(z) = sup {t € [0,t0] : g(x,t) NUyep\y, 9(y, min{t, h(y)}) = @}.

Additionally, let (Sy,h)(z) denote the set of all points of ¢ where the above supremum is assumed,
ie,ally=(n,0,0)€ ¢\ ¢, such that

9(@, Tih(w)) N g(y, min{Ty, h(z), h(y)}) # 0.
Our interest in T3, is based on the following observation.

Lemma 1 Let f € [0,t0]¥ with f(&,7,0) > 7 for all (§,7,£) € w. Then, f defines a family of

growth-stopping times if and only if Ti,f = f. Additionally, under these equivalent conditions, if
x € @ is such that f(x) < to, then every element of Sy, f(x) constitutes a stopping neighbor of x.

Proof. First, assume T}, f = f and observe that the hard-core property is immediately implied by
the definition of T},. Furthermore, if € ¢ is such that f(z) < to, then clearly any y € (S, f)(z)
forms a stopping neighbor of x.

To prove the other direction, assume that f defines a family of growth-stopping times and let
x € ¢ be arbitrary. For the inequality T}, f(z) < f(z) assume for the sake of deriving a contradiction
that there exists ¢ > 0 with t € (f(x),T}, f(z)) and let y € ¢ be a stopping neighbor of z. Then
g(x,t)Ng(y, min{t, f(y)}) # 0, which contradicts the definition of Ty, f (). To show Ty, f(z) > f(z)
assume that there exists t > 0 with ¢ € (T, f(x), f(x)) and let y € Sy, f(z). In particular, using
condition 2) of the definition of & we conclude that g(x, T}, f(z)) C int g(z,t), so that (int g(x,t)) N
g(y, min{t, f(y)}) # 0. However, this yields a contradiction to the hard-core property. O

We note the following useful properties of T}, and refer the reader to [I3, Proposition 3.1] for a
detailed discussion of the respective statements for lilypond models.

Lemma 2 Let hy, ho € [0,10]% be such that hi(x) < ho(z) for all x € ¢. Then Ty hi(x) > T ho(x)
for all x € .

Proof. Applying the definition of T}, shows immediately that T hi(z) > Ty, he(x) forall z € . O

Lemma 3 Let (hy)n>1 be a sequence of functions hy, : ¢ — [0,t0] with hyp (&, 7,€) > 7 for alln > 1
and (&, 7,0) € @. If (hn)n>1 converges pointwise to a function h : ¢ — [0,to], then (Ty,hn)n>1
converges pointwise to Ty h.

Proof. Let x € ¢ be arbitrary. To prove Ti, h(z) > limsup,,_, . Ty hn(x), assume there exists ¢t > 0
with ¢t € (T3, h(x), limsup,,_, . Tt hn(2)). Choose y = (n,0,0") € ¢ \ v, such that

(int g(z,t)) N g(y, min{t, h(y)}) # 0. (3)



Then, from ¢ < limsup,,_, . Tt, hn(z) we conclude g(z, t)Ng(y, min{t, h,(y)}) = 0 for infinitely many
n > 1, which implies (int g(z, t))Ng(y, min{¢, h(y)}) = 0. However, the latter identity contradicts .

To prove Ty, h(z) < liminf, o Tt hn(x), assume t € (liminf, o Ty, hn(x), Ty h(x)) for a suit-
able ¢ > 0. Since t > liminf,,_,oc T}, hn(x), we may choose y = (n,0,¢') € ¢ \ ¢, such that

g(x,t) N gy, min{t, hn(y)}) # 0 (4)

for infinitely many n > 1. In particular, g(x,t) N g(y, min{t, h(y)}) # 0. However, from T3 h(z) >t
we conclude g(z,t) N g(y, min{t, h(y)}) = 0, contradicting (d).

In the following, we construct a family of growth-stopping times f : ¢ — [0, %] by providing a
family of functions (f™),>0 such that (f?"),,>¢ converges to f from above and (f?"*1),,>¢ converges
to f from below. To be more precise, for n = 0 we put f% =t and for n > 0 we define recursively
[t =T, f*. By definition of g and T}, we have 7 < f"(z) < toforalln > 0and z = (§,7,¢) € .
For the proof of the uniqueness of growth-stopping times, the following result is useful.

Lemma 4 If f € [0,t0]% is a family of growth-stopping times, then f2"+1(z) < f(z) < f2"(z) for
alln >0 and z € .

Proof. The assertion follows immediately from Lemmas [I] and O

The convergence of the sequences (f*"),>0 and (f?"*1),>¢ is based on the following result.

Lemma 5 For everyn > 0 and x € ¢, it holds that

(i) f2(x) > 22 (),
(i) f2rrl(z) < f203 (),

(i) f2H(z) < min{f?"(2), 272 (2)}.
Proof. Properties (i)-(iii) follow immediately from Lemma [2| by induction. O

In particular, Lemma [5 yields functions f=, f* : ¢ — [0, o] such that for every z € ¢,

(i) limy, 00 on(:E) = f+ (iL’),
(11) limy, 00 f2n+1($) = f_(l'),
(ii) f~(z) < fF(2).

We also note an immediate corollary to Lemma
Corollary 1 The identities f~(x) = Ty, f T (x) and f*(x) = Ti, f~ (x) hold for all z € .

The next step in the construction of a family of growth-stopping times consists in deriving a
suitable sufficient condition that implies f~(x) = f*(x) for all x € ¢. To achieve this goal, we need
the following two auxiliary results, which show that growth-stopping times decrease when passing
to stopping neighbors.

Lemma 6 Let h,h' € [0,t9]¥ be such that Ty;h' = h and h' = Ty, h. If x = (§,7,£) € ¢ and
y € Sy h'(z) are such that & & int g(y, min{7, h'(y)}), then h'(y) < h(x).

Proof. We assume h'(y) > h(z) for the sake of deriving a contradiction. First, we deduce from
Ti I/ (z) = h(z) that h(xz) > 7. Next, if = € ¢, then § € int g(y, 7) (note that the roles of z and y
are switched in comparison to the definition in Section [2). Thus, #’(y) > h(z) > 7 would contradict
our assumption £ ¢ int g(y, min{7, h'(y)}). Therefore, we may assume = ¢ ¢,. By definition of
y, we have g(z,h(x)) Ng(y,h(z)) # 0 and since = ¢ ¢, the assumption h'(y) = Ti,h(y) implies
(int g(y, h'(y))) N g(x, h(z)) = 0. However, taken together, these two relations yield a contradiction
to h(x) < h'(y). O

Corollary 2 Let f € [0,t]? be a family of growth-stopping times. If x = (§,7,£),y € ¢ are such
that y is a stopping neighbor of x and & & int g(y, min{r, f(y)}), then f(y) < f(x).



Proof. Assume that f(y) > f(z). Then, using f(x) > 7 and £ ¢ int g(y, min{7, f(y)}), we conclude
that « ¢ ¢,. Next, since y is a stopping neighbor of =, we have g(z, f(z)) N g(y, f(x)) # 0. Hence,
int(g(y, f(y))) Nglx, f(z)) # O which contradicts (H'). |

The following result describes in greater detail the consequences of f~(z) < fT(z).
Lemma 7 Let x €  be such that f~(x) < ft(z). Then for all y € Sy, fT(x),

1) f(y) <min{f(z), fF(y)},
(i) gz, f~(x)Ngly, f~(x) #0,
(iil) g(=, f~(y) Ngly, f~(y) = 0.

Proof. Throughout the proof, we write x = (£, 7,£). First, assume that ¢ € int g(y, min{7, f*(y)}),
so that f~(x) = 7. We can use Corollary [1| to deduce that Ty, f~ (z) = f*(z). Hence, applying the
definition of T}, gives

(int g(z, £ (x))) N g(y, min{f* (z), f~ (v)}) =0, (5)

so that f~(y) < 7. For the second part of (i) we observe that f*(y) = f~(y) would imply £ €
int g(y, f~ (y)), which contradicts (5)). Property (ii) is clear by the choice of y. Finally, (iii) follows
immediately from f~(z) = 7 and (i).

It remains to consider the case where ¢ ¢ int g(y, min{7, f*(y)}). By Lemma|§|7 we have f+(y) <
f~(z), so that f~(y) < f~(x) follows once f~(y) < fT(y) is verified. For the latter, observe
that f~(y) = f*(y) would yield a contradiction to the relations g(z, f~(z)) N g(y, fT(y)) #
0, (int g(z, f(2))) Ng(y, f~(y)) = 0 and our assumption f~(z) < f*(x). From g(z, f~(z)) N
g(y, fT(y)) # 0 we deduce g(z, f~(z)) N g(y, f~(x)) # 0, which is (ii). Finally, we also have
(int g(z, f~(2))) Ng(y, f*(y)) = 0, which implies (iii), since f~(y) < f~(z) and f~(y) < f*(y). O

Lemma (7| can be used to prove that if there exists = € ¢ with f~(z) < f*(z), then ¢ contains
a strong descending chain.

Lemma 8 If there exists x € ¢ with f~(z) < f*(z), then ¢ contains a strong descending chain.

Proof. We define the sequence {zy},>1 with z,, € R%t0:S for n > 1 recursively by putting z; = «
and by choosing z,, 11 € ¢ to be an arbitrary element from S;, f*(z,). Here S;, f*(z,) # 0, since
Lemma@ implies that f~(z,) < fT(x,) < to. Furthermore, we put ¢, = f~(z,). Then Lemma
shows that {z,},>1 forms a strong descending chain using the sequence of times {¢,,},>1. O

As corollary, we obtain existence and uniqueness of (%o, ¢)-growth-stopping times.

Corollary 3 If ¢ does not contain strong descending chains, then there exists a unique family of
(to, ¢)-growth-stopping times fi, ., : ¢ — [0,to].

Proof. Lemma |8 shows that f~(z) = fT(x) for all z € ¢, so that Corollary (1| yields f+ = Ty, f+.
Hence, by Lemma fto,o = [T defines a family of (¢o, ¢)-growth-stopping times. Regarding unique-
ness, if f is any family of (¢o, p)-growth stopping times, then Lemma yields f = fT. O

To pass from R%%0-S to R4S we use the following compatibility result.

Lemma 9 Let 0 < t;, < to, and f € [0,t5]? be a family of (to,)-growth-stopping times. Then
f=min{f,t{} defines a family of (ty, ¢ N R%t0:S) -growth-stopping times.

Proof. Since the hard-core property is immediate, it suffices to show existence of stopping neighbors
with respect to ¢ NR% 0. So let z = (£,7,¢) € ¢ N RS be such that f(z) < t and let y =
(n,0,0') € ¢\ ¢, denote a stopping neighbor of x with respect to ¢. We distinguish two cases
and first assume ¢ € int g(y, min{7, f(y)}). Then, y € ¢ NR%*S and min{r, f(y)} = min{r, f'(y)}
which shows that y is a stopping neighbor of x with respect to o N R4S, On the other hand, if
¢ ¢ int g(y, min{, f(y)}) then we may apply Corollaryto deduce o < f(y) < f(z) < t,. Hence, y
is contained in ¢ N R%%0S and therefore forms a stopping neighbor of x in ¢ N R t0:S, O
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It can be checked that the result of Lemma@is also true in the case tg = 00, i.e., when ¢ € R4+,
Here, we say that a function f : ¢ — [0,00] with f(&,7,¢) > 7 for all (¢, 7,¢) € ¢ defines a family
of (00, p)-growth-stopping times if the following two conditions are satisfied.

(H") Hard-core property. (int g(z, f(z))) N g(y, min{f(z), f(y)}) =0 forallz € p and y € ¢ \ @s.
(N") Ewxistence of stopping neighbors. For all x € ¢ with f(z) < oo there exists y € ¢ \ ¢, with

gz, f(2)) N g(y, min{f(x), f(y)}) # 0.

Before proving Theorem (I} we show that conditions (H) and (N) are equivalent to conditions
(H”) and (N").

Lemma 10 Let ¢ € N* and f € [0,00]? be such that f(§,7,0) > 7 for all (,7,0) € p. Then,
conditions (H) and (N) are equivalent to conditions (H") and (N").

Proof. Assume that conditions (H) and (N) hold. Condition (H"”) is a direct consequence of condition
(H). To verify condition (N), let & € ¢ be such that f(x) < oo and let y € ¢ be as in condition (N).
First, if £ € int g(y, min{, f(y)}), then g(z, f(z)) N g(y, min{f(z), f(y)}) contains £&. On the other
hand, if f(y) < f(z) and g(z, f(x)) N g(y, f(y)) # 0, then g(z, f(x)) N g(y, min{ f(2), f(y)}) # 0.
For the other direction, assume that conditions (H”) and (N”) hold. To verify condition (H), let
x=({1,0) € pand y = (n,0,0') € ¢\ ¢, be arbitrary. Condition (H) is satisfied if f(z) = 7, so
that we may assume f(z) > 7. If f(y) < f(x), then condition (H”) shows that (int g(z, f(x))) N
g(y, f(y)) = 0, so that we can restrict to the case f(y) > f(z). In particular, (int g(z, f(z))) N
g(y, f(z)) = 0, which shows that x ¢ ¢,. Hence, we can again apply condition (H”) (with reversed
roles of z and y) to conclude the verification of condition (H). Finally, we verify condition (N). Let
x = (& 7,0) € ¢ be such that f(z) < co and let y € ¢ \ ¢, be as in condition (N”). If y is such
that £ & int g(y, min{r, f(y)}), then we can argue as in the proof of Corollary [2| that f(y) < f(x).
Indeed, in order to derive a contradiction, we assume that f(y) > f(x). Hence, condition (N”) gives

g(z, f(x))Ng(y, f(x)) # 0. In particular, int(g(y, f(y))) Ng(z, f(x)) # @ which contradicts (H”). O
Proof of Theorem [ Using Corollary we see that for all n > 1 there exists a unique (n, pNR%™S)-
growth-stopping time f,, ,nga.n.s. Define a function f : ¢ — [0, 0] by

f(ll?) = lim fn7§00Rd’n’$ (.’L’), (6)

n—oo

n>ngo
where ng > 1 is chosen such that z € ¢ N R%™°, Using Lemma |§| we see that the limit @
exists (or converges to co) and (using Lemma that f : ¢ — [0,00] constitutes a well-defined
p-growth-stopping time. We also conclude from Lemma [ and the subsequent remark that any
p-growth-stopping time f’ satisfies min{f'(z),n} = f, yoran.s(z) for all x € ¢, which proves
uniqueness. O

3.2 Descending chains and dependent percolation

In Section [3.1] we solved the problem of existence and uniqueness of stationary Apollonian packings
under the condition of absence of strong descending chains. Hence, it is worthwhile to verify this
condition for a large class of spatially stationary point processes.

In the case of convex grains, general sufficient conditions have been derived for a closely related
variant of descending chains in [9], which requires suitable bounds on the factorial moment mea-
sures of the underlying point process. We propose a further method which is especially useful in
situations with finite range of dependence. To be more precise, the a.s. absence of strong descending
chains holds for spatially stationary m-dependent marked point processes, see Proposition 2| below.
This observation will be useful when constructing approximations to optimally rotated Apollonian
packings in Section

We follow a similar approach to [I4] and relate the existence of descending chains to percolation
in specific graphs on the vertex set ¢. The absence of percolation in these graphs may be proven
within the dependent percolation framework of [19].
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Definition 5 Let b > 0, ¢ > 0 and ¢ € N*. Then, define a graph G*(¢,b,e) on ¢ as follows. Two
vertices x,y € ¢ are connected by an edge in G%(¢, b, ¢) if and only if g(z,b+ ) Ng(y,b+e) # 0
and g(z,b) N g(y,b) = 0.

We say that a (directed) graph percolates if there exists a (directed) self-avoiding path consisting
of infinitely many vertices. The following result clarifies the relation between percolation of G%(¢, b, ¢)
and strong descending chains.

Lemma 11 Let ¢ € N*. If ¢ admits a strong descending chain, then there exists b > 0 such that
G*(p, b, €) percolates for all e > 0.

Proof. Let {z,}n>1 be a strong descending chain for some sequence {t,},>1 and let ¢ > 0 be
arbitrary. Since {t,},>1 forms a strictly decreasing sequence converging to some limit b and since
9(zpn,tn)NGg(Tpt1,t,) # 0 for all n > 1, there exists ng > 1 such that g(z,,b+¢)Ng(xny1,b+¢) # 0
for all n > ng. Moreover, from t,, > t,+1 and g(@y, tn+1)Ng(Tnt1, tnt1) = 0 for all n > 1 we conclude
9(xpn,b) N g(xpi1,b) = 0 for all n > 1. Hence, x,, and z,,41 are connected by an edge in G5(y, b, ¢)
for all n > ng. O

It will be convenient to use the abbreviation Q%°(¢) for Q,.(€) x [0,¢] x S, where r,¢ > 0 and
¢ € R?. The following proposition constitutes a useful auxiliary result in proving the a.s. absence of
strong descending chains.

Proposition 1 Let b > 0, rg,t > 0 and @ be an m-dependent spatially stationary marked point
process in RE TS, Then, there exists € > 0 such that with probability 1 the graph G5(® NRHHS b, ¢)
does not percolate.

Proof. We define a site-percolation process Y = {Y.},czq as follows, where we put ' = &N R&HS,
Say that z is open, i.e., Y, = 1 if and only if there exist = € &' N Qi’s(z) and y € & such that z,y
are connected by an edge in G5(®%,b,¢). For € € (0,1) this process clearly exhibits finite range of
dependence and we claim that the probability that a site is open can be made as small as desired
if € > 0 is chosen sufficiently small. Once this claim is proven, using [19, Theorem 0.0], we conclude
that the site process Y a.s. does not percolate provided that ¢ > 0 is sufficiently small. Therefore,
also the graph G5(®',b,¢) does not percolate. In order to show that the probability that o is open
tends to 0 as e — 0, we first note that by ro-boundedness of the grains, there exist only finitely
many pairs z,y € @ with z € QY% (0), g(z,b+1)Ng(y,b+1) # 0 and g(z,b) N g(y,b) = 0. For each
such pair choose some (random) &, , > 0 such that g(x,b+¢, ) Ng(y,b+e,,) = 0. Then, for every
€ > 0 smaller than the minimum of these finitely many values there do not exist z € & N Qi’s (2)
and y € @ such that x,y are connected by an edge in G5(®',b,¢). O

Theorem [2] on the almost sure absence of strong descending chains for m-dependent marked
point processes is now obtained from Proposition

Proof of Theorem [2 Tt suffices to show that for every ¢t > 0 with probability 1, the set &' = dNRHHS
does not contain a strong descending chain. The proof is similar to [14, Thereom 2.2], but we
provide the details for the convenience of the reader. Consider a function h : [0,00) — [0, 00)
with h(b) = b+ £(b), where £(b) > 0 is chosen such that G5(®',b,e(b)) a.s. does not percolate.
Clearly, this function satisfies the condition of [14], Lemma 2.1], so that there exists a countable
set C C [0,00) with [Jycc[b, b+ (b)) = [0,00). If ' admits a strong descending chain (p, tn)n>1,
then put b = lim,,_,oo t,,. Choose by € C and gy > 0 such that [b,b+ ¢) C [bo, bo + €(bg)). Since
G5(D',bo,e(bo)) D G5(P!,b,e0) we conclude from Lemma [11| that G5(®*, by, e(bg)) percolates. In
particular, we obtain

P(¢" admits a strong descending chain) < IP’( UpyeCnio,00) G5(D', by, e(bo)) percolates)

Z P(G3(®", by, £(bp)) percolates).
boeCn[0,00)

IN

Since P(G®(®*, by, e(bg)) percolates) = 0, this completes the proof. O
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For existence and uniqueness of stationary Apollonian packings, absence of strong descending
chains is a sufficient condition. However, as we will see in Section [6] for percolation-type questions
absence of another kind of descending chains is highly relevant.

Definition 6 Let ¢ € N*. A sequence {x,},>1 of elements in ¢ is said to form a weak descending
chain if there exists a sequence {t,},>1 such that

(i)  tp >tpeq foraln>1,
(il)  @p, # Tp, for all ny,ng > 1 with ny # no,
(iii) g(xnytn) N g(xn+17t7L) # 0 and g(xrmtn—t-l) N intg(xn+lvtn+l) = () for all n > 1.

Note that in contrast to a strong descending chain, in a weak descending chain the sequence of
times {t,, },>1 could be eventually constant. Furthermore, if {z,, },,>1 constitutes a strong descending
chain, then {z,,},>1 forms also a weak descending chain.

As before, to verify absence of weak descending chains, it is useful to investigate percolation of
a specific graph.

Definition 7 Let b > 0, ¢ > 0 and ¢ € N*. Then, define a directed graph G% (¢, b, ¢) on the vertex
set ¢ as follows. For x,y € ¢ an edge is drawn from z to y if

(i) gz, b+e)Ngly,b+¢e) #0, and
(i) g(z,b) Nint g(y,b) = 0.

Note that in comparison to the second condition in Definition [5] the second condition in Defini-
tion [7] is weaker since it only requires g(z,b) Nint g(y,b) = 0 instead of g(z,b) N g(y,b) = 0. As in
Lemma [T} we may now prove the following result.

Lemma 12 Let ¢ € N*. If ¢ contains a weak descending chain, then there exists b > 0 such that
GY(p,b,e) percolates for all ¢ > 0.

Proof. Let {z,}n>1 be a weak descending chain for some sequence {t,},>1 and let € > 0 be
arbitrary. Since {t,},>1 forms a (not necessarily strictly) decreasing sequence converging to some
limit b and since g(zp,t,) Ng(@ni1,t,) # 0 for all n > 1, there exists ng > 1 such that g(z,,b+¢)N
g(xpy1,b+€) # 0 for all n > ng. Moreover, from t,, > t,,11 and g(zp,, tyy1) Nint g(Tpi1,tn1) =0
for all n > 1 we conclude g(z,,b) Nint g(z,,+1,b) = 0 for all n > 1. Hence, z,, is connected to 2,41
by a directed edge in GV (@, b, ) for all n > ny. O

Similarly to Proposition[I]and Theorem 2] one now establishes the a.s. absence of weak descend-
ing chains. However, a close inspection of the proof of Proposition [I] shows that we need to make
the additional assumption that for every b > 0 with probability 1, there do not exist x,y € @ such
that g(x,0) N g(y,b) # 0 and g(x,b) Nint g(y,b) = 0. The proof of the following result is omitted,
since it would be a simple repetition of the arguments presented in Proposition [I| and Theorem

Corollary 4 Let & be an m-dependent spatially stationary marked point process in R*TS. Fur-
thermore, assume that for every b > 0 with probability 1 there do not exist v € & and y € ¢\ D,
such that g(z,b) N g(y,b) # 0 and g(x,b) Nint g(y,b) = 0. Then, almost surely, ¢ does not contain
a weak descending chain.

We conclude this section by verifying the condition in Corollary [4] for independently marked,
m~dependent point processes.

Lemma 13 Let b > 0 and @ be an independently marked spatially stationary point process in
RE+S . Furthermore, assume that the second factorial moment measure of the underlying unmarked
point process is absolutely continuous. Then, with probability 1, there do not exist x,y € ® such that

g9(z,b) N g(y,b) # 0 and g(z,b) Nint g(y,b) = 0.

Proof. Let Nj, denote the number of elements x,y € ® such that g(z,b) Ng(y,b) # 0 and g(x,b) N
int g(y,b) = (. Then, it suffices to show that P(N, = 0) = 1. If = (¢,7,L),y = (n,0,L") € &,
are such that g(z,b) N g(y,b) # O and g(x,b) Nint g(y,b) = 0, then o0 = b — dL,(g(x,b),n), where
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d~ (g(x,b),n) = min{r > 0: (n+rL')Ng(z,b) # 0} denotes the smallest 7 > 0 such that the n-+rL’
hits the grain g(z, b). Letting «(-, -) denote the density of the second factorial moment measure and
A the distribution of the typical mark, Campbell’s formula implies that

s [ [ e @ty pirdsisna@naar)

and the latter expression vanishes, since the Lebesgue measure of the set {(n,0,&,7) : 0 = b —
dr’ &+ (b—7)L,n)}is 0. O

3.3 Examples

In Theorem [2] and Corollary [4], we provided explicit sufficient conditions for absence of strong and
weak descending chains in independently marked point processes. In particular, these conditions
hold for spatially stationary Poisson point processes.

Proposition 2 Let « € R, A € § and &' = {(§,7:,0:)}i>1 be an independently SO4-marked
Poisson point process such that the intensity function A : RE+ — [0, 00) of the underlying unmarked
Poisson point process is spatially constant. Then, almost surely, = {(&,7;,0;(A)} contains neither
strong nor weak descending chains.

Proof. The absence of descending chains follows from Theorem [2| Corollary ] and Lemma O

Ezample 1 In the following sections, we consider intensity functions of the form \ : R%+ — [0, c0)
given by A(&,7) = A(1 + 7)® for some a > —1 and A > 0. Increasing the value of « increases the
speed at which new germs appear. Interesting special cases include @ = 0, where the space-time
intensity measure of germs is proportional to (d 4+ 1)-dimensional Lebesgue measure or o« = =1+ ¢
with small € > 0, where the number of germs in a bounded sampling window is infinite but increases
very slowly in time. Furthermore, the parameter o may also yield additional flexibility that could
be useful when fitting the model to real data. In the following, we restrict our attention to the case
a > —1, since for a < —1 the number of grains arriving in any bounded sampling window is almost
surely finite. Additionally, a more detailed analysis of the critical case « = —1 would be worthwhile.

Apart from the case of independent marks, Theorem [2] also covers m-dependent marks and as an
application of this general framework we consider stationary approximations to rotational random
Apollonian packings. Recall that in the latter model, which is investigated in [7], germs are added
sequentially to a bounded sampling window and for each germ the corresponding grain is rotated
so as to maximize the time until an already existing grain is hit. When trying to create a stationary
variant of this packing, it is already difficult to define a suitable optimization criterion. Indeed,
since grains may still grow while further germs arrive, complex dependencies between the optimal
positioning of grains arise.

Let A € S be fixed and 1 € R4 be locally finite. We propose a family of stationary packings,
where at each point z = (§,7) € ¢ an approximation to the optimal rotation is determined by
inspecting a suitable neighborhood of x. Possible rotations of A are restricted to a finite (but
arbitrarily large) set of rotations U C SOy4. To be more precise, for b > 0 a fixed positive number,
we consider the space-time neighborhood ¥ N (Q,(€) % [0, 74b]) of 2 and write N (Qy(&) x [T+b]) =
{z1,...,2,} for some n > 1. First, recall that forn > 1,k € {1,...,n} and t = (¢1,...,t,) € [0,00)"
the kth order statistic ordy ,(t) is the kth smallest element of t, i.e.,

ordy ,,(t) <ordy ,(t) <--- <ord, ,(t).

For k € {1,...,n} we construct recursively a subset U, C U™ as follows. For 8 = (61,...,0,) € U"
let fg be the family of growth-stopping times associated with {y; 6}1<i<n = {(2:,0i(A)) }1<i<n. For
k =1 we define U; C U™ to be the set of all 8 € U™ maximizing ordy »(fo(y1,6),-- -, fo(yn,e)). For
k > 1 we define Uy, C U_1 to be the set of all 8 € Uj_; that maximize ordy, »,(fo(y1,0);-- -, fo(yn.0))-
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Finally, let 0%P%Y* € U, denote an element of U, chosen according to some deterministic rule.
Note that the construction of the family of marks (9%PU:?) ¢, is invariant with respect to spatial
translation of the underlying locally finite set 1 and that for 2 € 1) the value of #°P4U:b(A) is
determined by ¥ N (Qp(&) x [0,00)). Thus, Theorem [2] yields the following result, where we put

PoPuUb = {(3, 098U (A))} .

Corollary 5 Let b > 0, A € S, U C SOy be finite and ¥ C RET be a spatially stationary and
m-dependent point process in RET. Then, a.s. WoPHU:L does not contain strong (°P4V:t_descending
chains.

It would be interesting to investigate if the marks §°P%Un:b ( A) converge to some random marking
as b, — oo and for suitably increasing U,, C SO4. This limit would then qualify as stationary
extension of the rotational random Apollonian packing.

4 Asymptotics for growth durations

In the present section, we study the dependence of the growth duration of grains on the time of
arrival of the corresponding germ. We will see that under Poisson assumptions this quantity exhibits
a power-law decay in time and we provide rigorous bounds on the corresponding exponent. We also
performed Monte Carlo simulations to obtain more precise information on the dependence of this
exponent on the speed at which new germs arrive. The simulation results are given in Section [£.2]

4.1 Rigorous bounds on the exponent

We begin by providing an elementary proof of Theorem [6, which is based on the observation that a
grain can only grow for a long time if there is a large space-time environment of the corresponding
germ that does not contain any further points.

Proof of Theorem [6] If r > 0 and = = (&, 7,£) € & are such that 7 > 1 and fg(z) > r + 7, then
PNQTS(€) = 0. For t > 0 let N, denote the number of elements = (£, 7,£) € SN(Q1(0) X [t, 00) X S)

such that @ N Q:ﬁ_aﬁg (&) = 0. Using the Slivnyak-Mecke formula, we compute for all sufficiently
large t > 1,

P(N; > 0) < EN,

_ /Q(/ L4+ 7)"P(@N QIS ... (€) = 0)drde

= )\/ / (14 7)%xp( — )\rfT_(aHHds/ (1+0)*do)drdg
Q1(o

0

= )\/ (1+ T)anp( - Ma+ 1)717“‘117'7(‘)‘“”‘16((1 + T)O‘Jrl - 1))dT
¢
< / eXp( - Ma+ 1)712717“{17"15)d7'.
¢

Since the latter expression is at most exp(—tda/ 2), this proves the claim. O

To prove a rigorous lower bound on the growth duration, we need a couple of auxiliary results. We
assume additionally that & = {(&, 7, ©;(A)}i>1, where {(&;, 7;,0;)}i>1 is an independently SOg4-
marked Poisson point process. First, we derive a more refined upper bound on the growth duration
of grains which arrive rather early. We fix r1,75 > 0 such that B,,(0) C int A and A C B,,(0),
where B,.(0) = {¢€ € R? : ¢ < r} denotes the ball with radius r > 0 in R¢ centered at the origin,
and | - | denotes the Euclidean norm on R?. In the following, it will also be convenient to use the
abbreviation Bf(o) = B,(0) x [0,t], where 7, > 0. Finally, for ¢ > 0 let Ey; denote the event that
there exists z = (£, 7,£) € ®NRYHS with (f¢.( ) — 7)re > max{|£|/2,t}.
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Lemma 14 There exists to > 0 such that P(Eq ;) < exp(—t?) for all t > t,.

Proof. Let Cypp = x4 {(n,0) € R : n € By (0) \ Bor,(0)} denote the complement inside
z+ B, (o) of the cone of height > 0, base B, (0) and apex € R%T. Then, letting x4 = v4(B1(0))
denote the volume of the unit ball in R?, we obtain for every measurable function u : [0, 00) — [0, 00)

E#{.T— &, 1) E@ﬂRd’t’S '@ﬂ(Cz u(|€]) x S) —@}

u(|€])
/ / (1+7)%xp(— )\Fadrl/ (w(€) = o) (1 + 7 + 0)*do)drd¢
R4

u(l€])/2
<x [ [ mren(- el [T @7+ o)as)ards
Rd 0

<A / / (14 7)%exp( — Aa2 2 (u((€])r) (€ (1 + 7 + u(le]) /2™ 0D drdg
re Jo
< A2lelgi+lal /Rd exp( — kg2~ rlu(|§|)d+1(1 +t 4+ u |§|)/2)mm{0 O‘}) d¢.

Observe that if z = (£,7,¢) € & N RS is such that (qu(x) — 7)ry > max{|{|/2,t}, then &N
(C$7T;1max{|§‘/27t} x S) = (). Hence, putting ¢; = A\kg2 ™ 2rdry 471,

IP’(EM)()Ql“ltlHO“)*l < / exp( - cltd+1(1 +t+ t/(2r2))min{0’°‘})d§
BQ{(O)

[ (A £ ) Oe,
R4\ Bat (0

We derive bounds for these two summands separately, which are valid for all sufficiently large ¢ > 0.
For the first one we have

/ exp( — cltd+1(1 +t+ t/(2r2))mi“{0’a})d£
Bgt(o)

= ra2texp((— eat (14 (141/(2r))0) ")
< Kd2dtdeXp( —a2+ 1/(27,2))min{O,a}td+1+min{0,a})’ (7)

whereas, for the second one we compute

/ exp( — 12T ET(L 4+ £ (€] /(dry)) ™10 ) dg
Rd\th )

< / exp( _ 012—d—1(2 + 1/(4r2))min{0,a} |€|d+1+min{0,a} )d§
RI\ Bz (0)

= dnd/ rlexp(— 12797 (2 4 1/(47"2))min{o’a}rd+1+min{0’a})d?". (8)
2t
Combining @ and completes the proof of Lemma O

Additionally, we need a similar upper bound for grains that arrive rather late. For ¢ > 0,
e € (0,1) denote by Es.; the event that there exists z = (£, 7,0) € &N (R? x [t,00) x S) with
(fo(z) — 7)ra > ue +(|€]), where u. » : [0,00) — [0,00) denotes the function defined by

(r) Trarte if < 4,
Ue (1) =
=7 r/2 otherwise.

Lemma 15 Let ¢ € (0,1) be arbitrary. Then, there ezists ts > 0 such that for every t > ts,
IP(EZ,E,t) < exp(_tmin{dE,(a-i-l)/Q}/Q>.
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Proof. First, for all sufficiently large ¢t > 0,
E#{z € N (R x [t,00) X 8) : DN (B, jryyu . e (&) X S) = 0}

= /\dlﬁld/ 1+ T)O‘/ r‘lexp(— )\nd(rl/rg)dus,T(r)d/ (1+0)*do)drdr
t 0 0

< /\dlﬁld/ (1+7)* / rlexp(— Aka(r1/r2)*27 1 (1 + @) " tue - (r) 7T drdr.
t 0

Observe that if x = (§,7,¢) € @ is such that (fe(x) —7)r2 > u. ~(|£]), then &N (B(Tm/m)um(m)(ﬁ)
S) = 0. Hence, putting c2 = Akg(r1/r2)927 (1 + )1, P(E2.,) is bounded from above by

E#{x S @ﬁ (Rd X [t, OO) X S) . @ﬁ (BZ-TI/TQ)UE,T(‘g‘)(g) X 8) = @}
o] 4
< )\dmd/ (1+7) / Td_lexp( — CQT_a_1+d€Ta+1)deT
t 0

+ )\dﬁd/ (1+7) / rd_lexp( — 022_drd7’a+1)drd7.
t 4

As before, we derive bounds for these two summands separately. For the first one we have

X

[ee) 4 [ee)
/ (1+71)“ / rd_lexp( - CQT_a_1+dETa+1)deT < 4+led / To‘exp( - CQTds)dT, (9)
t 0

t

whereas for the second

oo o0 oo
/ 1+n)* / rdflexp( — 0227d7"d7a+1)drd7' < 2lal / exp( — 022d7a+1)d7
¢ 4

t

S/ exp( —T(‘X+1)/2)d7', (10)
t

provided that ¢t > 0 is sufficiently large. Combining @ and completes the proof.

O

As a final preliminary result, we derive sufficient conditions implying that for sufficiently large
system times, germs are always born after their stopping neighbors. This auxiliary result will also
be used in Section @ To be more precise, for a,t > 0, let Es3,; denote the event that there exist
z=(£7,0) €PN (Q1(0) x [t —1,¢] xS) and y = (n,0,{') € d such that fp(z) —7 <77 and y is

a stopping neighbor of x with ¢ > 7.

Lemma 16 Let a > 0 and € € (0,1) be arbitrary. Then, there exists t4 > 0 such that P(Es 4 ;) <

t2o—(dtDate for gll t > t4.

Proof. For v = (§,7,0) € 2N (Q1(0) X [t — 1,t] x §) with fe(x) — 7 < 7% let F3 44, denote the
event that there exists a stopping neighbor y = (n, 0, ¢') of x with o > 7. We first claim that every
x=(&7,0) € DN (Q1(0) x [t —1,t] xS) with fa(z) —7 < 77 and for which there exists a stopping
neighbor y = (n,0,0') of z with 0 > 7 satisfies & N (Bay,,r—a(§) x (7,7 + 779 x §) # 0. Indeed,
fo(y) — o < fo(x) — 7 < 77% implies B,.,,-a(§) N B,,,—a(n) # 0. Hence, for all € > 0 there exists

ty > 0 such that for all ¢ > t,4

P(Es,,) <E#{z € 2N (Q1(0) x [t —1,t] X S) : E3 4,4, holds}
t
< A/ / (14 7)°P(P(Baryr—a (&) X [1,7+ 779 x §) > 0)drd&.
Ql(o) t—1

By stationarity and the Markov inequality the integral in the last line is bounded from above by

t t
/t 1(1 + T)aEgp(B%zT—“(O) x[r, 7+ 779 x S)dT < /t 1(1 + T)O‘/@dr‘212d+|o‘|7'a_a(d+1)d7'
< t2a—(d+1)a+s.
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Using Lemmas and [I6] we can now prove Theorem [7] The idea is to make use of the
observation that if a grain has a small but non-zero growth duration, then it is constrained to lie
very closely to the boundary of its stopping neighbor. Recall that we assume, additionally, that
A= {z€R?: B(z) <1} is the unit ball with respect to a certain norm 3(-) on R?. Furthermore,
we also suppose that the process @ is independently marked.

Proof of Theorem [7 For readability we write f instead of fe and f; instead of min{t, fs}, where
t > 0. Moreover, without loss of generality we may assume ¢ € (0, min{1, («+1)/2}). We first show
that the number of x = (¢,7,¢) € N (Q1(0) x [0,00) x S) satisfying 0 < f(z) — 7 < 77%27¢ and
having a stopping neighbor y = (n,0,¢') € ® with o > 7 is finite with probability 1. Indeed, since
2a0 < (d 4 1)ay — 1 we may combine the estimate obtained in Lemma |16{ with the Borel-Cantelli
lemma to obtain the almost sure finiteness of the number of z = (§,7,£) € N (Q1(0) x [0,00) X S)
satisfying 0 < f(xz) — 7 < 77?27¢ and having a stopping neighbor y = (n,0,¢') € ® with ¢ > 7.

It remains to consider the case, where z = ({,7,0(A4)) € ¢ admits a stopping neighbor y =
(n,0,0'(A)) with 0 < 7. We claim that then £ must lie close to the boundary of the grain associated
with y. To be more precise, we assert that

e+ (frly) —o+pr ) (A)\ (f-(y) — 0)O'(A),
where p = 1+r2/r1. Indeed, the assumption f(z) > 7 yields £ € n+ (f-(y) —o)©’(A). On the other
hand, from f(z)—7 < 77%27¢ we conclude that ({+77*27°O(A))N(n+(f-(y)—o+7*279)O'(A)) #
(). By the choice of ry, s, we therefore obtain

(©)7HE) +rary im0 2A) N ((O) 7 ) + (fr(y) — o+ 77%27F) A) £ 0.

Finally, since A is the unit ball with respect to a norm, we conclude

E—ne(frly) —o+pr 27%)0'(4),

where p = 1 4+ r3/r1. For o = (£, 7,0(A)) € @ we say that the event E,, occurs if there exists
y = (n,0,0'(A)) € BNRETS such that E—n € (f,(y)—o+pT~2275)O' (A)\(f+(y)—0)O'(A). Observe
that when using the notation A?(Jll =n+ (Ag?l@pr—az—s(a’(A)) \Af’l, with A‘,(fl = (fr(y)—0)O'(A),
we see that E, , can be written as {§ € UyeédemS Agll} Hence, for any 1 € (0,1) and ¢ > 2,

P(Usedn(Qi(o)x[t—1,x5) Paz) <E#{z € 2N (Q1(0) x [t —1,t] x S) : B4z}

t
=\ / / (14 7)P(€ € Uyeaprpars AL))drde
1(0) Jt—1
t
< )‘2|a|ta/ P(o € Uye¢de,T51,sA§;17;)dT (11)
t—1

t
+ /\2|a|ta/ P(0 € Uyconmixirer -xs) AL ) dr. (12)
t—1

We first consider expression (LI). If y € @ is such that (f-(y) — o)ro < 751, then there exists a
constant ¢ > 0 (not depending on y or 7) such that

Vd(Al(ll,‘?') = Vd(A)((fT(y) —o+ pTﬁazf‘S)d — (fr(y) — O-)d) < Cl/d(A)T*ozz757_(1171)517

provided that 7 > 0 is sufficiently large. Also observe that if E{ ., occurs, then B (o) ﬂAg(/l,; = () for
ally € SNRETS with y & B3 L, (0) x S and, moreover, (f,(y) —o)ry < 75 for all y € $NB.+, (o).
Hence,

]P(O & UyE@ﬁRd’TEI v‘sA(yl,‘)r) = /{,Jl]El/d (B]_(O) N Uy€¢de,7—51 sA?(Jlﬂ)_)
-1 1
< #ig Bra(Uyean(;2, (0)xs) At 185 o, +P(Er )

1,751

<Kk;'E > Va (A.v(ﬁ)lEim +P(E) ye1).
yePN(BI L, (0)xS)
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For the first summand we compute

E Y wlA)ie L, < oA TURES (B (o) X S)
yePN(B] L, (0)xS) '

TE1
< Aevg(A)r—ez—etd=Dea / / (14 0)*dodn
Bjre1(0) JO
< Aevg(A)kg(a + 1)_12d+1+|0‘|7_0‘2+51(2d+a)_5.
For any 1 € (0,¢/(4d 4 2«)) we use the inequality as > o + 1 to deduce that
t
)\2|°‘|ta/t 1 P(0 € Uycopnmarcs)AL))dr <717/, (13)

for all sufficiently large ¢ > 0. Next, we derive a suitable upper bound for the expression IP’(O €

Uyean®axrer,7xs) Ag(/ll) appearing in (12). If y = (n,0,0'(A)) € & is such that (f-(y) — o)rs <
o~“%e1 and o < 7, then there exists a constant ¢/ > 0 (not depending on y or 7) such that

va(AS)) = va(A) ((f-(y) = o+ pr~27) = (fr(y) = 0)7) < dva(A)7 02 2 (- Daar(@=De
for all sufficiently large 7 > 0. Also observe that if ES_ -, occurs, then By(o) N AS} = ( for

all y € &N ((RY\ By(o)) x [r%1,7] x 8) and, moreover, (f;(y) — o)ra < o~ T for all y €
& N (By(o) x [, 7] x S). As before,

IP’(O € U Az(;l,;) < ;' Eyy (31 (o) N U Agl,l)
yePN(RE X [751,7]xS) yePN(RYx [7°1,7]xS)
swma( U A, L, +PEe)
yEPN(B4(0)x[r°1,7]xS) '
< H;lE Z Vd(A?(Jl,z')lEg,gl,Tsl + P<E2751’7—61>,

yEPN(Ba(o) X [T°1,7]XS)
and we also obtain that

E Z Vq (Aél’z_)lEg,51’751 S C/yd(A>T_a2—€E Z O-—(d—l)a1+(d—l)51

yEPN(Ba(o) X [T°1,7]XS) (n,0,8")ePN(B4(0) x[T°1,7])

< /\c’Vd(A)T_O‘Q_E/ / (1+ J)O‘J_(d_l)alJr(d_l)Eldndo
71 J By (o)

< Ac’yd(A)Ta2Emd4d/ (1+ U)O‘af(dfl)o‘ﬁ(d*l)alda,
1

which is at most 7-*2+17¢/2 provided that 7 > 0 is sufficiently large and that 1 € (0,¢/(2d — 2)).
We recall —ag + a1 = —a — 1 to deduce that

1
)\2%"‘/ ]P’(o € U Ag})dT < gmime/d (14)
t—1 yePN(REX[151,7]XS)

for all sufficiently large ¢ > 0. Finally, taking relations and into account, and using the
Borel-Cantelli lemma completes the proof. O

Remark. In the proof of Proposition We subdivided @ N (Q1(0) x [0,00) x S) into equidistant
parts {@ N (Ql(o) X [n,m+ 1) x 8)}n>0, computed suitable bounds for these parts and finally
applied the Borel-Cantelli to obtain information on the global behavior. One could try to improve
the results by considering different subdivisions, but it is not hard to check that e.g. the subdivision

{80(Q1(0) x [Sr_ k7,002 KP) < 8)}7120 with 3 € (=1, 00) is optimal for 3 = 0.
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4.2 Simulation results

Using Theorems [0 and [7] we see that with probability 1 eventually the growth duration of a visi-
ble germ (&, 7) will be contained in the interval (T_(a+1)(d71+1)_5,T_(a+1)/d+5). Before trying to
determine the true value of the exponent in the power-law decay rigorously, it is reasonable to
obtain estimates with the help of Monte Carlo simulations. For ¢t > 0 let N(¢) denote the (random)
number of all visible germs which have arrived until time ¢ in the unit cube @Q1(0). In other words,
N(t) =#{z e dn( 7i’s(o)) : fo(z) > 7}. In Figure |3| we show plots of log N (t) versus logt for
various values of o and where the initial grain shape is deterministic and given by the unit disk
Bi (o) in R?,

log(t)

log N(t)

Fig. 3: log N(t) versus logt for « = —1/2 (black), @ = 0 (green),
a =1 (red), « =2 (blue) and o = 3 (orange).

From a conceptual point of view, it would be slightly more natural to provide plots of logt vs.
log N (t). However, from a computational point of view, it makes sense to first fix a large number
N (in our simulations N = 109), and then to simulate the models with varying parameter «, until
N grains are visible. In Figure [3| we provide a plot of log N(t) versus logt¢. In particular, for small
values of o one can observe clearly that N(t) is approximately of the form C(a)t*® for suitable
C(a),a(a) > 0. For higher values of « this relationship is still plausible although it is also apparent,
that more germs have to be created until the power law becomes visible.

In [8], numerical evidence is provided that the radius (which in our model is proportional to
the growth time) of the nth visible grain is of the order n~ Y@= where o/ ~ 2.56. Furthermore,
the relation o’ ~ 2.56 was observed to be universal in the sense that changing the speed at which
grains grow does not have an effect on o’. The change of growth speed corresponds in our model to
a change in the rate at which new germs appear. Making use of these results, we see that we can
approximate the desired exponent of the power law corresponding to the grain radius at time ¢ by
—a(a)/(a/ —1). A table of estimated values of a(«) and b(«) = a(«) /(o — 1) is shown in Table
The values for a(a) were fitted using linear regression, based on the last 500,000 data points.

a | —05 0 1 2 3
a(e) 10391 0781 157 233  3.05
b(a)/(a+1) | 0501 0.501 0.503 0.498 0.489

Table 1: Estimated exponents a(«) and b(a) = a(«)/(a/ — 1)
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Taking into account errors induced by finite sample size and by performing the simulation on
a bounded torus instead of the entire Euclidean space, the last line in Table [£.2] suggests that the
upper bound derived in Proposition [f]is in fact the true decay rate for the growth durations. To be
more precise, in the following conjecture we assume that the marks of ¢ are constant and given by
some A € S.
Conjecture. As t — oo, the distribution of the random variable t(O‘H)/d(fq;U{(o’t,A)}(o,t,A) —t)
conditioned on the event {f@u{(o,t,A)} (o,t, A) >t} converges to the distribution of a non-degenerate
random variable.

5 Space-filling property

In this section, we prove Theorem [§] i.e., we show that stationary Apollonian packings are space-
filling in the sense that P(v4(R*\ AP(®)) = 0) = 1. In the proof, we show that there exists ¢ € (0,1)
such that with probability 1, for every ¢ > 0 the final pore-space volume v4(Q1(0) \ AP(®)) is smaller
than ¢ times the volume of the pore space in the unit cube at time ¢.

In order to prepare the proof of Theorem[8| we need to introduce certain auxiliary constructions.
Let t > 0, ¢ € N* and assume that the projection of ¢ to S consists of rotations of a set A € S
that is the unit ball with respect to a certain norm on R?. Furthermore, assume that ¢ does not
contain strong descending chains. In the following, we write AP(¢,t) = U, ¢, int g(z, min{t, f,(z)})
for the Apollonian packing observed at time ¢ > 0. In order to control the volume of the pore space
Q1(0)\AP(p, 1), we choose a subdivision of Q1(0) into congruent subcubes of length a = 1/(2N —1),
where N > 1 is some positive integer. In the proof we will investigate properties of this subdivision
for large values of N. Without loss of generality, we may assume that v4(Q1(0) \ AP(p,t)) > 0.
Furthermore, the subfamily consisting of vacant subcubes not intersecting AP(p,t) will play an
important role. Therefore, we put

Svac = {z € Z"N Qan—1(0) : Qu(az) N AP(p,t) = 0}.

Also define pmax = SUPge B (o) da(0,€), pmin = infecp, (o) da(0,€), p = [pPmax/pmin| and p’ =
d + 3p, where d4 denotes the metric induced by A. Furthermore, it is convenient to consider the
subset St of Sy,c consisting of those sites whose associated cube is neither close to the boundary

of the cube Q1(0) nor to the boundary of a grain in AP(p,t), i.e.,
S\',';tc = {Z € Svac N QZN—l—le’(O) : Qle’a(aZ) N AP(()O7 t) = @}

When covering the pore space Q1(0) \ AP(¢p,t), we distinguish between big and small grains. For
x ey, '
Se = {2 € S ¢ g(@, fo(x)) N Qalaz) # 0}

denotes the family of all sites z € Sint

vac

with the grain g(x, f,(x)). Moreover,

whose associated cube @, (az) admits non-empty intersection

Sbig - U S;E
z=(&,7,0)Ep
f«p(x)_7-24pmaxa

denotes the family of all sites z € Si"t whose associated cube Q,(az) intersects some grain with
growth duration at least 4pmaxa. We also consider the environment S;?g consisting of all 2/ € Syac
such that 2’ € Qq,/(2) for some z € Shg.

First, we derive a lower bound for the contributions vq(Qqa(az) NAP(¢) \ AP(p,t)) for z € S;?g.
Lemma 17 Lett > 0, N > 1 and ¢ € N* and assume that the projection of ¢ to S consists of
rotations of a set A € S that is the unit ball with respect to a certain norm on RY. Furthermore,

put a = 1/(2N — 1) and assume that ¢ does not contain strong descending chains. Then,

> va(Qalaz) NAP(9) \ AP(p, 1)) > a#S5 /(20" + 1)*%,

ZES;irg
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Proof. We claim that for every z € Shig there exists a site h(z) € Syac such that h(z) € Q2,/(2) and
Qa(ah(z)) C AP(p) \ AP(p,t). This claim will yield the desired inequality, since

Y va(Qalaz) NAP(p) \ AP(p, ) = a®#h(Shig) = a’#55, /(20 +1)*7,

zESJg

where the second inequality uses (2p" + 1)?#h(Shig) > #Sbig and (29’ + 1)?#Spig > #S;g.
To prove the claim, we first choose any = (§,7,0) € ¢ with f,(x) — 7 > 4pmaxa such that
z € S;. Then, we distinguish two cases. If dy(az, &) > 3pmaxa, then we put

n =&+ (az = §)(1 = 3pmaxa/de(az,§))
and choose h(z) € Z% so that n € Q.(ah(z)). First, observe that
(ah(2) — az| < ah(=) — 1l + 1 — az] < Vida + 3pmacalé — acl/de(az,€) < a(v/d+ 3p).
Next, we note that Q,(ah(z)) C AP(p), since for every ¢ € Q,(ah(z)),
de(§,¢) < de(&,m) + de(n, ah(2)) + de(ah(2), () < de(az,€§) = 3pmax + Pmaxt + Pmax,

which is at most f,(z) — 7, since Qq(az) N g(z, fyo(x)) # 0. Finally, to show that Q,(ah(z)) N
g(z,min{t, f,(x)}) = 0, we note that for every ¢ € Q,(ah(z)),

de(§,¢) = de(&,m) — de(n, ah(z2)) — de(ah(2),¢) > de(az,§) — 3pmax@ — Pmax@ — Pmaxa@
> min{ftp(x)7 t} — T+ 8plpmina — 5pmaxa,

Next, we prove the existence of a site h(z) with the
this can happen only if

where the last inequality follows from z € Sint.

desired properties in the case dy(az,¢) < 3pmaxa. Note that since z € Sint
7 > t. Choosing h(z) = z, for every ¢ € Q,(az) we obtain that

dg(f, C) < d£(£7 aZ) + dg(CLZ, C) < 3pmaxa + Pmaxa@ < fgo(m) -7,

where the last inequality is due to the choice of . O

Next, we consider lower bounds for the contributions from cubes associated with sites in SVEC\S;?g.

We show that in a non-vanishing proportion of these cubes newly arriving grains cover a substantial
amount of volume. To be more precise, we introduce the subset Scent of Syn. describing the set of
sites z € Z% for which

Uz € Qa/?(az) and @N (Q(8p+1)a(az) X (t27tz + pminaf]) = @7

where (u.,t.,¢.) are the coordinates of the first germ appearing in ¢ N (Q8p+1)a(az) X (t,00) x S).
The importance of Scent is due to the observation that for every z € Scent \ S;i’g, the set Qq(az) N
AP(p) \ AP(p,t) contains Bayap) (uy).

Lemma 18 Leta,t >0, N > 1 and ¢ C R4t be as in Lemma . Then, for every z € Scent\S;g,
the set Qq(az) NAP(p) \ AP(p,t) contains a ball of radius a/(4p).

Proof. First, note that pminal, D By (4p)(0), so that it suffices to show that Qq(az)Ng(z, fo(x)) =0
for all x € o N REt=FrPmna \ L(y_ ¢.)}. Suppose we could find x = (£,7,£) € @ N RGE=FPmina:S \
{(uz,t.,0:)} such that Qq(az) N g(x, fo(x)) # 0. First note that £ € Qspt1)a(az), since z € St
implies ¢ N (Q(sp+1)a(az) x [0,t]) = 0 and z € Scent yields x & Qsp11)a(az) X [t,t. + pmina]. Thus,

fcp(m> -T2 dl(fa GQa(az)) > 4ppmina > 4pmaxaa
which contradicts the assumption that z € Spig. O

Hence, the next goal consists in deriving a lower bound for #Scen: in terms of #S\i,’;tc. Whereas
Lemmas [I7) and [I§ are purely deterministic, we will now need some randomness which will allow us

to achieve the desired lower bound with the help of the law of large numbers.
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Lemma 19 Lett > 0, be as in Lemma[I7, and let @ be an independently marked point process that
1s constructed as in Theorem |Z| Then, there exists ¢, > 0 such that

)= 1.

lim P(#Scent > co#SME

a—0
Proof. The proof is performed in two steps. First, choose a subset Sj,¢ C St such that #Si,g >
(8p + 1)794#SI"t and such that int Qsp+1)a(@z1) Nint Q(spy1ya(azz) = O for all pairwise distinct
21, 22 € Sind. Moreover, conditioned on @ NR%*S the events that {z € Scent } zes,, are independent,
identically distributed and each occurs with some probability P, > 0. Once we show that there
exists a deterministic p > 0 that does not depend on t and satisfies P(liminf, o P, > p) = 1, the
law of large numbers implies that

lim IEJ)(:f%'éscent > C*#S\I/r;tc) > lim ]P)(#Scent > p#Sind/z) =1,
a—0 a—0

where ¢, = p(8p + 1)7%/2, noting that the definitions of the sets Scent, St and Sinq depend on a.
In order to prove the existence of p, we establish lower bounds for the probabilities of the events
{Uo S Qa/Q(O)} and
{@ N (Q(8p+1)a(0) X (TO,TD + pmina] X S) = (Z)}

First, we note that the spatial homogeneity of @ implies that P(U, € Qq/2(0)) = 1/(16p + 2)%. In
order to compute a lower bound for the second probability, it is convenient to distinguish between
the cases @ < 0 and o > 0. First, assume that @ < 0. Then, the rate at which new germs appear
decreases in system time and we obtain

IP’(@ N (Q(8p+1)a(0) X (TO,TO + pm;na] X 8) = @) > ]P’(Qj N (Q(8p+1)a<0) X (O,pmina] X S) = @)

Pmin@
= exp(—A(8p + 1)dad/ (14 7)%dr),
0

which is at least exp(—A(8p + 1)%a%pmina) and tends to 1 as @ — 0. It remains to consider the case,
where a > 0. Then, for every b > 0,

t+b
P(T, > t+b) =exp(— A(8p+ l)dad/ (1+7)%dr)
=exp(—ABp+ )% (1 +t+0)*T — (1 +1)*T) /(a + 1)).

In particular, choosing b, ; = (a~%+(1+t)+1)1/ @+ _(14¢), we see that py = inf;~ lim inf, 0 P(T,—
t < bgt) > 0. Moreover, conditioned on the event {1, —t < b, +} if a > 0 is sufficiently small, then
the probability of the event {® N (Qsp+1)a(0) X [T, To + pmina] x S) = 0} is at least

To+pmina
exp(— A(8p + l)dad/ (1+7)%dr)
To
t+ba,t+pmina
> exp(— A(8p+ 1)dad/ (14 7)*dr)
t+ba,t

—ABp+ 1)%a(1 +t + ba )T (1 4 pmina/ (1 +t + bat))* T = 1)/(a + 1))
—2X(8p + 1)%a(1 +t + by )* 1)

I
@
»
ko)

\
V]
>
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+
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and the latter expression is larger than some positive constant p; provided that a < (14 t)’(o‘“)/ d,
In particular, choosing p = pop1/(16p + Z)d proves the claim. O

With the help of Lemmas [I7HI9] we can now prove Theorem 8]
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Proof of Theorem [§ Our goal is to show that there exists ¢ € (0,1) such that with probability 1,
for every t > 0,

va(Q1(0) \ AP(®)) < qra(Q1(0) \ AP(®,1)).

Letting t — oo will then complete the proof of Theorem

Using Lemma we see that for every z € Scent \ S;?g,

va(Qa(az) NAP(®) \ AP(2,t)) > ra(4p) “a?,
so that

Z Vd(Qa(aZ> NAP(®) \ AP(2, t)) > Hd(4p)_dad#(scent \ S;g)'

Zescent\sgi—g

Combining this with Lemma [I7] yields

> va(Qalaz) NAP(®) \ AP(®,1)) > c1a’#Scen, (15)

ZESvac

where ¢; = min{xq(4p) "%, (29" +1)724}.
From and Lemma we conclude that the event
v4(Q1(0) NAP(D) \ AP(®,1)) > c1a®#Scent > crc.a’#-Sin

vac

occurs with a probability tending to 1 as a tends to 0. It remains to show that for all sufficiently
small a > 0,

a# S > va(Q1(0) \ AP(,1))/2.

Indeed, as AP (&, t) consists of a finite union of convex bodies, it is elementary that lim,_,q a®(#Snt —

#S,2c) = 0 and lim, 0 v4(Q1(0) \ AP(®,1)) — a%4#S,2c = 0. Putting ¢ = 1 — c1¢o/2, we see that for
every t > 0,

P(va(Q1(0) \ AP(®)) < qua(Q1(0) \ AP(2,1))) = 1,

as desired. O

6 Results on percolation

In this section, we investigate properties of connected components in stationary Apollonian packings
and prove Theorems and

6.1 Oriented percolation

In the present subsection, we consider the problem of oriented percolation for the directed graph
G(®). This result can be seen as an immediate extension of [9] to the case of germ configurations
that are not spatially locally finite. It turns out that also in this more general setting, the absence
of weak /-descending chains is the key to the proof of Theorem

Proof of Theorem [3 It is an immediate consequence of Corollary [2] that any infinite directed self-

avoiding path v = (z;);>1 in G(®P) gives rise to the weak descending chain (z;, fo(z;))i>1. Combining
this observation with Corollary [4] proves Theorem 0
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6.2 Non-oriented percolation

In Section we have seen that for a large class of marked point processes @ there is almost
surely no oriented percolation in the graph G(®). However, when moving from the oriented to the
unoriented case, the problem of percolation becomes more complicated and we will prove four results
(Propositions 3| and |4 as well as Theorems |4] and .

First, some notation and assumptions need to be introduced. Let @ be a spatially stationary
marked point process in RS and assume that & does not admit strong descending chains and
that with probability 1 each x € & admits a unique stopping neighbor. For instance, the latter
property is satisfied in models based on a Poisson point process of germs with independently marked,
strictly convex and non-rotated grains. This will be shown in Section [6.3] Then, we let hg : & —
@ denote the function which assigns to each z € @ its uniquely determined stopping neighbor.
Furthermore, we say that {z, hg(x)} defines a doublet if he(hg(x)) = x and note that if G(P) does
not percolate, then for any x € @ there exists a uniquely determined doublet {2’, hg(z’)} such that
hg(x) C {2, ha(2")} for all sufficiently large n > 1. Here hj denotes the n-fold iteration of hg. We
denote by ®youp the spatially stationary marked point process in R®*S consisting of all elements
of the form mine {2, hg(z')}, where {z’, he(x')} forms a doublet in ¢ and where minj, denotes
the lexicographical minimum. We can use @youp to interpret the family of connected components of
G(P) as a marked point process with centers in Pyoup by associating with a connected component
C of G(?) the uniquely determined z’ € @youp such that hl(z) C {z’, he(z’)} for all z € C and all
sufficiently large n > 1.

In the first result discussed in this section, we will use Lemma [16] to note that under suitable
assumptions the process of clusters in G(®) is locally finite in the sense that the projection of its
center process Pyoup to R? forms a stationary point process with finite intensity.

Proposition 3 Let &' = {(&,7:,60;)}i>1 be an independently SOq-marked Poisson point process
such that the intensity function A : R4+ — [0, 00) of the underlying unmarked Poisson point process
is given by with v € (—=1,1/(d—1)). Put ® = {(&;, 73, 0i(A) }i>1, where A € S. It is also assumed
that with probability 1 each x € © admits a unique stopping neighbor. Then, EK < oo, where K
denotes the number of (§,7,0) € Pyoub such that £ € Q1(0).

Proof. Choose ry > 1 such that A C B,,(0). We distinguish several cases. First, if z = (£, 7,¢),y =
(n,0,0') € @ form a doublet with £ € Q,.,(0) and 1 € Qgr,(0), then (fop(x) — T)ro > 19, or || > 20
and (fo(y) — o)r2 > |n|/2, or |n| < 20 and (fo(y) — o)rs2 > ro. Hence, Lemma [15] shows that the
expected number of such doublets is finite. Therefore, it suffices to bound the expectation of the
number K’ of doublets formed by z,y € @ N (Qsy,(0) X [0,00) x S).

Since a € (—1,1/(d — 1)) there exists € > 0 such that 2a — ((a+1)/d—¢)(d+ 1) < —1. We note
that K’ is at most K; + Ko, where K; is the number of x = (£, 7,¢) € & such that £ € Qg,(0),
fo(z) — 7 < v (etD/dte and 2 admits a stopping neighbor y = (1,0,¢) with ¢ > 7, and where
K is the number of z = (¢,7,¢) € @ such that £ € Qg,,(0) and fg(z) — 7 > 7= (@F1)/d+e Then,
Lemma [16] implies EX; < oo, while Theorem [f] yields EK, < oc. O

Remarks. Note that the distribution of the number of doublets observed in a bounded sampling
window depends on «. Intuitively, we would expect that the number of doublets increases in «.
Indeed, if the arrival rate of germs increases, then it should be more probable that a growing grain
will form a doublet with a newly arrived germ. In Figure [@] we provide numerical evidence for this
observation, where for each parameter a € {—0.5,0,1,2,3} we provide a graph for one simulation
run that shows how the number of connected components evolves with the number of grains that
have been added to the system. For o € {—0.5,0} the number of clusters stabilizes already after
the first few hundred grains. For a € {1,2} it is hard to tell from the data whether the number
of connected components converges or diverges, but in either case the convergence/divergence is
rather slow. Finally, for & = 3 one can see more clearly a divergent behavior.

Next, we investigate the problem of percolation in Apollonian packings where growth is stopped
after a finite amount of time. To state the result precisely, consider the following finite-time variant
of Definition Bl

25



— a0 2
— apha-—05 87

be
Number of connectet

T T T T T T T T T T T T
0 2000 4000 6000 8000 10000 06400 26405 46405 66405 80405 10408

Number of grains Number of grains

Fig. 4: Evolution of the number of connected components with increasing number of grains for
a € {—0.5,0} (left) and for a € {1,2,3} (right).

Definition 8 Let ¢ € N* and assume that ¢ does not admit strong descending chains. For each
to > 0, we define a directed graph G(to, ) on ¢, where for z,y € ¢ an edge is drawn from z to y
if and only if the graph G(y) contains the edge (z,y) and max{f,(x), f,(y)} < to. The undirected
graph G'(tg, ) is defined similarly.

We now show that with probability 1 there is no percolation after a finite amount of time in the
associated stationary Apollonian packing.

Proposition 4 Let m > 1 and @ be an independently and spatially stationary marked point process
in RETS  where the underlying unmarked point process is an m-dependent point process in R4+ with
absolutely continuous second factorial moment measure. Furthermore, assume that with probability
1 each x € @ admits precisely one stopping neighbor y € ®. Then, for each ty > 0, with probability
1 the graph G'(tg,®) does not percolate.

Proof. Similar to [9], the statement can be proven by applying the mass-transport principle. First,
observe that uniqueness of stopping neighbors implies that if z,2’,2” € @ are such that G(®)
contains an edge both from z’ to z and from z’ to z”, then x = z”. In particular, it suffices to
exclude the existence of a self-avoiding path v = (z;);>0 where either there is an edge from z; to
zi41 in G(@) for all i > 0 or there is an edge from z;41 to z; in G(®) for all i > 0. Since Theorem [3]
shows that the directed graph G(®) does not percolate almost surely, it remains to exclude the
second option, where without loss of generality, we may assume that x1 € Pgoup. In other words,
by stationarity, we need to show that with probability 1 there does not exist an infinite path in
G(to,?) which ends inside Q1(0).

Recall that hg maps each 2 € @ to its unique stopping neighbor. By Theorem [3] with probability
1, the directed graph G(®) does not percolate. Hence, for each x € ¢ the set

Viz)={yeco| h;(ac) = y for infinitely many j > 0}

consists of precisely two elements. Define a function ¢ : & x & — {0,1/2} such that ¥ (x,y) equals
1/2, if y € V(x) and equals 0 otherwise. Furthermore, define a function ¢’ : Z x Z¢ — [0, 00) by

P (21, 22) = Z Z Y(z,y)
2€dnQ'0% (21) yednQ!0% (22)
and note that by stationarity,
EY /(2,00 =E > 4'(0,2) = E#(® N (Q1"(0))) < oo
z€7Z4 z€Z4

In particular, ) ;4 9'(z,0) is almost surely finite, so that with probability 1 there does not exist
an infinite path in G(tg, ®) which ends inside Q1(0). 0
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Tt is expected that the percolative behavior of G'(®) is quite different from that of the graphs
G'(t,®P). Indeed, in a homogeneous Poisson scenario with ball-shaped grains, Theorem [5 shows that
with probability 1, all connected components of G'(®) consist of infinitely many points = (£, 7,¢) €
@ satisfying fo(z) > 7. Nevertheless, Theorem [4] shows that the connected components of G'(®) are
small in the sense that each covers only a finite volume.

Proof of Theorem [ The proof is similar to the proof of Proposition [4 In particular, the function
V has the same meaning. Define a function ¢’ : Z x Z — [0, 00) by

P (21, 22) = Z Z 1y€(Q1(Zz)x[o,oo)><3)Vd(g(x’f¢(2>)le(zl)).

z€P yeV(x)

Then, by stationarity,

EY ¢/(z0)=E) 4(0,2) <va(@i(0)).

z€74 z€7Z4

In particular, P(3 . ;4 v¥'(2,0) < o0) = 1. Note that Vd(Ua:ecy 9(z, fo(x))) = oo for some y €
with V(y) N Q1(0) # 0 would imply »°__,. %' (2,0) = oo, which completes the proof. 0

Remark. We conjecture that Proposition [4] can be sharpened in the sense that with probability 1,
for every x € @ the cluster U, .. 9(v, fo(y)) forms a bounded subset of R<,

Finally, we prove Theorem [5| That is, we show that when measuring the size of clusters in terms
of the number of constituting germs, then percolation occurs almost surely. For this purpose, we
restrict ourselves to the special case, where @ is an independently marked Poisson point process in
R+ such that 1) the intensity function of the underlying Poisson point process is constant both
in space and time, and 2) the marks are constant and given by the unit ball in R%. Our idea of
proof is to consider locations where growing balls get into contact. We show that close to any such
location, there are infinitely many smaller balls attaching to one of these two balls. By the hard-core
property, the two balls in contact provide a sufficient amount of protection against interaction from
distant germs. To make this precise, we first state an elementary geometric auxiliary result. It is
used to provide (i) a lower bound for the distance of balls to the contact location of two other balls
and (ii) an upper bound for the radius of a ball subject to the non-overlapping condition with the
balls in contact.

Lemma 20 Let &, & € RY with € # ¢ and put r = |€—¢'|. Furthermore, let H denote the hyperplane
through &' that is perpendicular to & — &' and let n € R4\ B,.(€) be in the same half space of H as €.

(i) If In =& > r/2, then [n = &'[ = (In — & —7) = r/4.
(ii) If In — &'| < /2, then |n — & —r < [n]/4.

Proof. Without loss of generality, let ¢’ = 0 and assume that |n — &| > r. First, we deal with claim
(i). If the distance of n from H is at least r/2, then |n| > |n — £|. Otherwise, let 1’ denote the
projection of  on H. Then, since max{3|7’|,|n' —&|} > r,

r2 3r

==&l =Wl—In—&=-——Fs 2"
[+ 10" = ¢ 4
Next, consider claim (ii). Again, write " for the projection of n to H. Then,

/12 2
W2l Jnl

Y -l N G LU
et s T S S

which proves the second claim. O
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Proof of Theorem [5] We show a stronger statement in the sense that if we consider any two balls
that are in contact with each other, then there exists an infinite number of balls attaching to the
union of those balls. Let tq > 0 be arbitrary and let 2y = (£1, 71, 41), 22 = (€2, 7o, b2) € PNRDTS be
two germs whose associated balls are in contact, i.e., max{fo(x1), fo(z2)} < to and g(x1, fo(x1)) N
g(z2, fo(x2)) = {€12} for some &1 € R Put ry = fo(z1)—71,72 = fo(w2)—T2, B = By, (£&1)UB,, (&)
and assume that 71,75 > 0. Choose any s; € (0, min{1,71/4,73/4}) such that ®N(Bs, (&12) X [0, to] X
S) =0. Let y; = (n1,01,¢}) be chosen as the germ in @ N ((Bs, (£12) \ B) % [0,00) x §) whose time
coordinate is minimal. We claim that if [, —&12] < s1/2 and @N(Bs, (&12) X (01, (01 +51)) X S) = 0,
then the ball at y; attaches to the set B. Indeed, part (i) of Lemma[20]shows that the radius of the
ball (i.e., the growth duration) at y; is at most s /4, so that the ball is contained in Bsj, /4(£12). Parts
(i) and (ii) of Lemmashow that no balls corresponding to germs in (R%\ By, (£12)) x [0, 00) that are
different from x; and z intersect Bss, /4(§12). Finally, using @ N (B, (12) X (01, (01 +51)) X S) =0
shows that the ball at y; can only be in contact with the ball at 21 or the ball at xs.

Now, proceed recursively as follows. For i > 2 choose any s; € (0, s,_1) such that &N (B, ({12) ¥
[0,0,-1+8i—1]xS) = 0. Let y; = (n;, 04, ¢;) be chosen as the germ in @N((Bs, (&12) \ B) x [0, 00) X S)
whose time coordinate is minimal. Then, again Lemma can be used to see that if |n; — &12| < s;/2
and @ N (Bs, (&12) X (04,0 + s;) X S) = (0, then the ball at y; attaches to the set B.

Hence, we conclude that conditioned on @ N R%%i-1F5i-1XS the probability that the ball at y;
attaches to the set B is at least

va(Bs, /2(&12) \ B)
va(Bs,; (§12) \ B)
The second factor is at least exp(—Arkq), whereas elementary geometry shows that the first can be

bounded from below by a constant depending only on the radii r; and r5. Therefore, with probability
1, for infinitely many ¢ > 1 the ball at y; attaches to the set B. O

exp(— Aa(Bs, (&12) \ B)si).

6.3 Uniqueness of stopping neighbors

In the previous subsection, we have seen that the question of uniqueness of stopping neighbors
is important for proving the absence of percolation. This uniqueness property has already been
investigated in literature. If there exists some ¢y > 0 such that & ¢ R%*0S | then the latter property
has been considered in [9]. It should be possible to adapt the arguments presented in that paper
to the case & C R®TS, but to keep our presentation self-contained we provide a different proof for
the Poisson case with non-rotated grains. First, we discuss the effects on the growth-stopping times
when removing one germ from the process. To state this result precisely, we need to introduce some
notation.

Let ¢ € N* be locally finite and assume that the marks of ¢ are constant and given by the unit
ball A with respect to a certain norm on R%. Let f : ¢ — [0,00) a family of @-growth-stopping
times. Furthermore, let 2o = (0,70, fo) € ¢ be such that {o & U, e 4, 10t 9(2, min{7o, f(z)}) and
put to = f(xo) < co. Also put ¢’ = ¢ NRH0S\ {24} and define ¢ = ¢’ N ¢, as the set of all
x = (§1,0) € ¢ with £ € intg(xo, 7). Finally, let ' : ¢ — [0,t0] be a family of (¢o,)-growth-
stopping times and define the function f” : ¢’ — [0,to] by f”(x) = min{f(x),te} if x € ¢’ \ ¢ and
f'(x) = f(z) if €.

Lemma 21 The function " defines a family of (to,¢’)-growth-stopping times.

Proof. First, observe that if x = (§,7,¢) € ¢ is such that £ € g(xg, ), then g(z,t) C g(xo,t) for
all t > 7. Indeed, for any ¢ € R? we note that ¢ € g(¢,t) is equivalent to ¢ — & € (t — 7)A. From
&—&o € (1 —719)A and from the assumption that A describes the unit ball with respect to a certain
norm on R%, we conclude ¢ — & € (t — 1) A, i.e., ¢ € g(&,t). To check the hard-core property of f”
we have to verify that for every z € ¢’ and y € ¢’ \ ¢/,

(int g(z, f"(2))) N g(y, min{f"(z), f"(y)}) = 0. (16)
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The cases where x,y € 1 or x,y € ¢’ \ ¢ are immediate. Next, assume = € ¢ and y € ¢’ \ ¥. Then,
the argument at the beginning of the proof yields g(x, f'(z)) C g(zo,to). Since f defines a family
of p-growth-stopping times, we have (int g(xo,t9)) Ng(y, f(y)) = (. Finally, assume that 2 € ¢’ \ ¥
and y € 9. Then,

(int g(z, min{f(x),0})) N g(y, f'(y)) C (int g(2, min{f(x), to})) N g(xo, to),

where the right-hand side is empty, since f defines a family of y-growth-stopping times. This
completes the proof of .

It remains to verify existence of stopping neighbors. If z € v is such that f'(z) < top and y € ¥
forms a stopping neighbor of x with respect to f’, then it is easy to see that y also forms a stopping
neighbor of z with respect to f”. So let x € ¢’ \ ¥ be such that f”(z) < to and let y € ¢ denote
a stopping neighbor of x with respect to f. Then, we distinguish two cases and first assume that
¢ € int g(y, min{7, f(y)}). In particular, our assumption = € ¢’ \ ¢ implies y € ¢’ \ 9, so that y
is also a stopping neighbor of z with respect to f”. Now assume & ¢ int g(y, min{7, f(y)}). Then,
fly) < f(x) <t so that it suffices to show y & 1. However, y € ¢ would imply

0# 9z, f(x) Ngly, f(y) C g(=, f(z)) Ng(xo, f(y))-

Since the right-hand side is contained in (int g(xo,to)) N g(z, f(z)) = 0, this completes the proof of
Lemma 211 0

In Lemma we assume additionally that A is strictly convex, i.e., A is convex and the topo-
logical boundary of A does not contain any line segments of positive length.

Lemma 22 Let o > —1, A > 0 and & be an independently marked Poisson point process in R4S
whose marks are constant equal to A and whose underlying Poisson point process has a spatially
constant intensity function X : R%* — [0,00). Then, with probability 1, for each x € ® there exists
precisely one stopping neighbor y € @ with respect to fgp.

Proof. Since \ is spatially constant, we can write A\(7) instead of A(§, 7). The statement is easy
if there exists y € @ such that £ € intg(y, fa(y)). Therefore, from now on we assume & ¢
Uyeep\ () 0t 9(y, fo(y)). To show that with probability 1, any such x does not admit two distinct
stopping neighbors y1,y2 € @, we distinguish several cases.

Case 1: max{fs(y1), fo(y2)} < fo(z). Before we begin with the proof, it is convenient to recall
some geometric notions from [16]. For 2 € R? and B C R? a strictly convex body with o € int B
we write h'z(z) = min{r > 0 : z € rB}. Furthermore, if additionally K C R? is closed, put
Ip(K,z) = {y € K : d®(K,z) = Wz(y — x)} and define the ezoskeleton exop(K) of K with
respect to B by exop(K) = {z € R*\ K : #1I5(K,z) > 2} (recall from Section that we write
dB(K,r) = min{r > 0: (x +rB) N K # 0}). It is shown in [16, Lemma 2.1] that v4(exop(K)) = 0
if B C R? is strictly convex and K C R? defines a closed subset of R%. Note that if 2 € & is such
that « admits two different stopping neighbors y1,ys € @, then

¢ € exoa(g(yr, fo(yr)) U g(y2, fo(y2)))-
By Lemma we compute
fo(yi) = min{fe(2), fa(yi)} = min{fo (), fo\ (2} (W)} = for {2} (Wi,
for all i € {1,2}, so that

E Z 1€€eX0A(g(y1af¢\{a:}(yl))Ug(y27f¢\{x}(y2)))

z,Y1,Y2€P
z,y1,y2 pw. disjoint

- /H“ A("1)/]%’5 A(az)/ooo A(T)

Eva(exoa(g(y1, foutyumt 1)) U gy, fouiy 1 (¥2))))drdydy:
=0.
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Case 2: fo(x) = fo(y1) > fo(y2). As before, we may use Lemma to deduce that
fo\fyy (y2) = min{ fo(y2), fa(y1)} = fo(y2)-
Hence, by the hard-core property, fe\y,}(2) < fo(r) and another application of Lemma [21] yields
for(yiy () = min{ fo(x), fo(y1)} = fo(z).

In particular, we conclude that

o1 = foly1) — d* (g(z, fo(2),m) = forguur (@) — d? (9(2, for(y1y (2)), M),

where y; = (91,01, ¢}). Furthermore,

E E Loyr=fan (4, (@) —dA (9, far (v} (@) m1)
z,y1 €P
z,y1 pw. disjoint

s T /RdE/O MOV o= fous g (@)=d4 (9o fa oy (@) ) Ao 11 A2

0.

Case 3: fo(x) = fo(y1) = fo(y2). As x and yo are mutual stopping neighbors, we obtain that

01 = f@(yl) - dA(g(xv qu(x))ﬂh) = f{z,yg}(x) —d* (g(xa f{x,yz}(x))anl>7

where y1 = (1,01, ¢}), so that as in Case 2,

E Z 101:f{w,y2}($)—dA(g($,f{m,y2}(3:)),771)
z,Y1,Y2€P
T,y1,y2 pw. disjoint

= /RM,S A(T) /RH’S )\(02)/Rd/0 MO Loy = oy () —dA (G f oy (@)),m) do1dN1 dY2dT

= 0. O

7 Open problems and topics of further research

In the present paper, we provided the basis for a rigorous mathematical treatment of random
Apollonian packings and rotational random Apollonian packings which constitute popular grain
packing models in physics. The results discussed in Sections [3] to [f] provide a hint to the rich
mathematical structure of stationary Apollonian packings and we conclude this paper by advertising
two conjectures as starting points for future research. Let A > 0, « > —1, A € § and @ be an
independently marked Poisson point process in R%+® that is constructed as in Theorem @ We
have seen in Section [5| that AP(®) is space-filling in the sense that v4(R?\ AP(®)) = 0 a.s. More

precisely, the random closed set R?\ AP(®) is expected to be of fractal nature in the following sense.

Conjecture. P(d — 1 < dimpausdort R? \ AP(®) < d) = 1.

The problem of determining the Hausdorff dimension has already been considered for deter-
ministic Apollonian packings of disks in dimension d = 2. In [2] it has been shown that the latter
dimension is at least 1.1 and at most 1.4. To estimate the Hausdorff dimension for planar random
Apollonian packings with @ = 0 and disk-shaped grains, we performed Monte Carlo simulations
whose results support the conjecture that the Hausdorff dimension is not an integer. To be more
precise, Figure |5 shows a plot of log § versus log as, where as = P(Qs(0) N AP(®) # (). Estimating
the slope based on the last two data points suggests that, approximately, as € O(5%43), regardless
of the value of a. It is well-known that as € O(6%*3) implies dimpausdorf AP(®) < 2 — 0.43 with
probability 1, see e.g. [18], 22]. Hence, we obtain sound evidence that the Hausdorff dimension is
strictly smaller than 2.
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log a_delta
=1.0 -0.48 0o
1

-1.5

-2.0

-log delta

Fig. 5: —log, ¢ versus log, as for « = —1/2 (black), a = 0 (green),
a =1 (red), « = 2 (blue) and oo = 3 (orange).

A second research question concerns connectivity in rotational random Apollonian packings. In
Section [3.3] we provided an existence result for stationary approximations to rotational Apollonian
packings and we conjecture that in distribution these approximations converge to a limiting object
whose configurations inside a bounded sampling window would be similar to ordinary rotational
random Apollonian packings, as illustrated in Figure [f] Moreover, we conjecture that in contrast to
the results obtained in Section [6|the analogue of the graph G'(®) for stationary rotational Apollonian
packings consists of a single connected component with probability 1.

Fig. 6: Realization of a rotational random Apollonian packing
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