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S1. Decomposition of multivariate probability densities. Here we briefly summarize
the mathematical arguments needed to arrive at a decomposition of a multivariate probability
density into a product of univariate probability densities and bivariate copula densities, see
e.g. [3, 4] for further details. First, the necessary steps are provided for the decomposition of a
general multivariate density function f; , : R™ — [0,00) for any fixed integer n € {2,3,...}.
Afterwards, the example of a quadrivariate density f123.4 : R* — [0, 00) will be used to illustrate
these steps.

S1.1. General case. Suppose that we are given n random variables W7, ..., W,, with absolutely
continuous joint distribution and differentiable multivariate distribution function. While in the
main text we simply denoted their n-variate joint density of (W7, ..., W,,) by f, we will need the
additional specification of the indices 1,...,n here, i.c., instead of f we will write f1__ . in the
following. The ultimate goal is to represent fi ., by the univariate densities f; of W; and some
(conditional) bivariate copula densities ¢;; evaluated by means of some conditional distribution
functions F; and F' j of W; and W, respectively, where 4, j € {1,...,n}. To get there, three steps
are required: (i) Rewrite the n-variate density fi ., in terms of univariate conditional densities
using the chain rule for conditional probability densities, and (ii) consecutively convert the
univariate conditional densities into bivariate conditional densities. Finally, in step (iii), each

bivariate density is expressed by a bivariate copula density function. The procedure stops once
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each of the bivariate conditional densities is written as a product of marginal densities and
bivariate copula density functions.

Rewriting fi , as product of univariate conditional densities. To express the n-
variate density fi,.. ., in terms of conditional densities, the chain rule for conditional probability
densities is used. Intuitively, this corresponds to consecutive drawing of the sample (wq, ..., wy,)
from fi _ ,, each time conditioning on the already drawn values. The resulting identity then
reads as

fl,...,n(wh cee awn) = fn;l...nfl(wn; Wi, ... awnfl)fnfl;l...n72(wn71; Wiy ey wan)

X o X foq(woswy) fi(wr), for all wq,...,w, € R, (S1)

where fi1 i—1(;w1,...,wi—1) : R — [0,00) denotes the univariate conditional density of W;
given that (W1,...,W;_1) = (w1,...,w;—1), for all i = 2,...,n. Note that this decomposition
is possible regardless of the order of the variables with respect to which we start the draw. In
the formulation considered above, the variables are chosen in ascending order, as it drastically
simplifies the notation in the following arguments.

Converting univariate conditional densities into bivariate conditional densities.
Note that the univariate conditional densities on the right-hand side of Eq. are defined by

fi,.a(wr, . wy)
fA;l...'—l Wi, W1y e v, Wi—1) = = ) 82
i (0 ) o wi ) (52)
for all wi,...,w; € Rand ¢ = 2,...,n. For ¢ = 2 the numerator on the right-hand side of

Eq. is already a bivariate density. This is desired, as we can later apply Eq. to the
numerator, which cancels out the denominator in Eq. . If i > 3, an additional step is
necessary, where we use the fact that the conditional bivariate density fi 2. ;-1 of (W1, W;),
given that (Wa, ..., W;_1) = (wa, ..., w;_1), is defined by

frioi—1(wi, wiswe, ..., wi—g) = (0, wi) , forall wy,...,wjeR. (S3)
Jo,..i—1(wa2, ..., wi—1)
Thus, it holds that
fi,i(wi, o wi) = fre,. i1 (Wi, wis wa, .. wimt) fa, L i—1 (W, - wi—1) (S4)

for all wy,...,w; € Rand ¢ > 3. Inserting Eq. into the numerator of Eq. yields another
representation of f;.1. ;1 for ¢ > 3 through

frie, i—1(wi, wiswa, .. wim1) fai—1(we, .. wi1)
i1, 4—1\Ws; W1, ..., Wi—1) =
fz i ( 2] 5 s Wy ) f17_,,7i_1(w1,...,u)i_1) ,
_ frigeici(wi wisws, . wis)

for all wy,...,w; € R, S5
Jr2.im1(wyswa, ..., wim1) ! ’ (55)

in which the numerator is now again a bivariate density. Analogously to Eq. for the case
i = 2, we will later apply Eq. to the numerator of Eq. , which again cancels out the
denominator of Eq. (SF).

Expressing arbitrary bivariate densities by bivariate copula densities. Sklar’s the-
orem [3, 4] states that any bivariate probability density f;; : R> — [0, 00) of a two-dimensional



random vector (W;, W;) can be expressed by a bivariate copula density ¢; j : [0,1]*> — [0, 0) via
f@j(wi, wj) = CZ'J' (Fz(wz),Fj(w])) fz(wz) fj(wj), fOl" all wi, wj € R, (86)

where F; and Fj are the (univariate) cumulative distribution functions of W; and W, respec-
tively, and ¢; ; is the bivariate copula density of some copula function C; ; : [0,1]* — [0, 1], that
l 0*Cij(ui, uj)
¢ j(ui, uj) = “owdu, for all w;, u; € [0,1]. (S7)
Bivariate copula functions C;; can be chosen from a wide range of parametric function families
to fit the bivariate density f; ; best. For an overview on such function families, the reader may
refer to, e.g., the selection given in Tables and below, see also [II, 2]. By construction,
copula densities couple the marginal distributions of W; and W; (via F; and Fj) to a bivariate
(joint) probability density, by means of one or several additional copula-specific parameters,
that contain the relation strength between the two variables W; and W, alike the correlation
coefficient in bivariate Gaussian distributions.
In the case of a conditional bivariate density of the form f; ;. 1, j 1 with i +1 < j, using
again Sklar’s theorem, a representation analogous to Eq. is acquired by adding the indices

i+ 1,...,7 — 1 of the conditioning variables to every factor, yielding

Figiittyjm1 = Cijiittet (Fisi1,jm1s Fjit,jm1) Sisittmgmt fisit1,j—1, (S8)

where we suppress the arguments of the functions for better readability. At this point, the
simplifying assumption is used, i.e., we assume that the copula density c¢; j.i4+1,.. ;-1 in Eq.
does not depend on the specific values of (wjt1,...,wj—1). This allows us to represent the
numerator in Eq. through a (conditional) bivariate copula density.

Assembling the multivariate probability density fi . ,. We can now express each
conditional density in Eq. by a bivariate conditional density via Eq. . Subsequently,
each of these bivariate densities is expressed by a bivariate copula density as prescribed in
Eqgs. and This yields the following expression

n—1 n—1 n
fl,...,n = H H Ci jii+1,...,5—1 (E i1, — 1, F, Jyi+1..,5—1 H fka (SQ)
i=1 j=it1 k=1

where we again suppress the arguments of functions for better readability.

S1.2. Example: Decomposition of a quadrivariate probasbility density. For the case n = 4, we
now demonstrate all the steps considered above, necessary to decompose the joint (quadrivari-
ate) probability density fi23.4 : R* — [0, ) of a 4-dimensional random vector (W1, Wa, W3, Wy)
into a product of univariate (marginal) probability densities and bivariate copula densities. To
this end, it is most instructive to show this by adding the random variables Wy, Wa, W3, W, one
by one.

If we consider only one variable W7y, then f; is its marginal density and no decomposition is
necessary. With one more additional variable, W, we need to decompose the joint desnity fi o
of (W1, Ws). Following Eq. , we readily get that

f172(w1,w2) = C1,2 (Fl(Wl),FQ(WQ)) fl(wl) fg(wz), for all w1, w2 € R. (SlO)
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Adding a third variable, the dependencies between the variables Wi, Wa, W3 in fi 23 cannot
be captured by one single bivariate copula anymore. Rather, we rewrite fi23 bymeans of
conditional probability densities (like in Eq. (S1)), i.e.,

fr23(w1, w2, w3) = f312(ws; w1, we) fo,1 (wa; wr) fir(wr), for all wi,wa, w3 € R, (S11)
Using Egs. and , we get that the second factor fo.1 in Eq. (S11f) is given by
Wi, w
f2;1(wl; wg) = W = 61,2 (Fl(wl),FQ(WQ)) f2(lU2), fOI" all w1, W2 e R. (812)

Furthermore, using Egs. and , the first factor fs.12 in Eq. (S11) can be written as
follows:

fl 3; 2(w17 ws; w2)
Jr2(wr; w2)
c1,32 (Fr2(wi; wa), Fyo(ws; wz)) fro(wi;ws) fao(ws; wa)
J12(wr;wo)

= 132 (Fia2(wi; w2), Fao(ws;w)) faz(ws; wa),

fa.1,2(ws; wi, wa) =

for all wy, w2, w3 € R. Therein, for the factor f3.0 we get that

fa,3(wa,w3)

fa(w2)
by Eq. . Inserting these expressions for fo.; and fs,1 2 into Eq. (S11f) yields

f3 2(’(03, wg) = C2,3(F2(1U3), F3(’(U3)) f3(w3), for all w1, W2, W3 € R,

f1,2,3(w1,w2,w3) = fi(w1) C1,2 (Fl(wl)aFQ(’wQ)) fa(w2)
x 1,32 (Fuys(wi;ws), Fao(ws;wa)) fao(ws;ws)
= fi(wr) c12(Fi(wi), Fa(ws)) fa(ws)
x c132(Fra(wi; wy), Fao(ws; wa)) co3(Fa(ws), F3(ws)) f3(ws),

for all wy,wo,x3 € R. Thus, in a more compact form that suppresses the arguments of the

functions, we have

fi23 = c12(F1, F) ca,3(Fy, F3) c1,3.2(F1,2, F5:2) (S13)

i :]w

Finally, the fourth variable Wy is added, where we start again with rewriting fi 2 34 by means

of univariate conditional densities, i.e.,

f1,2,34(w1, wo, w3, wa) = fa1,23(wa; w1, w2, w3) f3,2,1(w3s w1, wa) fo1(wo;wr) fr(wr), (S14)

for all wy,...,ws € R. Comparing this expression with Eq. (S11) we can see that we have
supplied already all factors except fs.123. Using Egs. and , this conditional probability



density takes the form

f1,4;2,3(w1, wa; wo, w3)
fa1,2,3(wa; wi, we, w3) =
fi.2,3(wr; we, w3)

c1,4:2,3(Fria,3(w1; we, w3), Fia3(wa; we, w3))
f1:2,3(w1; w2, w3)

X fri2,3(w1; wa, w3) fa.2,3(wa; wa, w3)

14323 (Fri2,3(w1; wa, w3), Fuo 3(wa; wa, w3)) fao,3(wa; wa, ws),

for all wq,...,ws € R, where

2,4;3(W2, W3; Wyq
f42273(w4; w2, w3) = f ( ’ ) )
fo2;3(wa;w3)

c2,4:3(Fo;3(w2; w3), Fu3(wa; w3)) fo,3(w2;ws) fa3(wa;ws)
fa;3(wa; w3)

= c2,4;3(Fo;3(wa; w3), Fuz)(wa; w3) faz(wa;ws),

and
Cwa) — f3,4(ws3, wy)
f4;3(w4a 3) - f3(W3)
_ c3a(F3(ws), Fi(wa)) f3(ws) fa(wa)
B f3(ws)

= c34(F3(w3), Fa(ws)) fa(wa),

for all we, w3, wy € R. Inserting all these expressions into Eq. (S14) and sorting the factors gives
the final decomposition of fi 234 into a product of univariate (marginal) probability densities

and bivariate copula densities:

12,34 = c12(F1, F2) ca3(Fy, F3) c34(F3, Fy) c1,32(F1;2, F3,2)
4
x c2,4:3(Fo;3, Fy.3) c1,4;2,3(F1;2,3, Fa;2.3) H Jr- (S15)
k=1

Now the multivariate density f1 234 is expressed by bivariate copula densities and the univariate
marginal densities. Arranging all factors of this decomposition in Figure [S1|shows that we again
generated a tree-like representation of related factors. In the spirit of Figure 4in the main text,
colored patches highlight the factors, which join the decomposition with each additional variable.
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F1GURE S1. Factors contributing to the pair copula decomposition of the quadri-
variate probability density fi 234 in Eq. (S15), arranged in a tree representation.
Each colored patch contains the factors that are introduced with a new variable.



S2. Modeling of univariate probability densities. Detailed information on the univariate
probability densities, which are used in this study to model the (marginal) distributions of
microstructure descriptors ¢, 4, Sy, 79 and 73, is given in Table Here, Iy denotes the zero-
order modified Bessel function of the first kind, I' is the Gamma-function, and 14 denotes the
indicator function of a set A. Note that the Rician distribution is the distribution of the length
of a two-dimensional random vector with independent and identically (normally) distributed
components, see e.g. [5].

TABLE S1. Probability density functions used to model the univariate distribu-
tions of the microstructure descriptors ¢, ¢, Sy, 70, 73, see also [6].

distribution density function descriptor estimated
parameters
¢ (uncompressed) o = 165.297
N a— _ = 244.86
beta F(EX);Z&?);U 11 —x)8 111[071](33) p
a = 109.653
e (compressed) b — 997 68
k = 43.860
7o (uncompressed) 0 — 0.015
d k = 55.562
shifted (=11 (2=1)F 7o (compressed) 0 — 0011
CGamma, 0FT () € 0 :H-[O,OO) (SC)
k =10.740
T3 (compressed) 0= 0194
k=3.213
73 (uncompressed) 0 — 1537
_ z\k k = 62.9873
Gamma %(;)e*(?) ]1[0700) (7) d (uncompressed) 0 — 1.6961
= 98.508
d (compressed) ° B
Weibull 2 (2)" exp (= (2)7) 1y (@) p=lr631
Sy (compressed) g : 221821
Rician 2 1o (%) exp (%) 1jo.wy(z) Sy (uncompressed) Z:: %B%i



S3. Prediction of the Bruggeman exponent. Besides the results presented in Section 3.3,
we provide additional information on the comparison between the linear models given in Eqgs. [16]
and [18], respectively, for the predicting the Bruggeman exponent a. Figure shows scatter
plots of the respective residuals, i.e., the difference between the value of a calculated through
Eq. [15] and the value of a predicted through the linear models in Egs. [16] and [18], respectively,
in dependence of the specific surface area Sy .
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FIGURE S2. Scatter plots of residuals when predicting the Bruggeman exponent
a by means of the sheet thickness § (left column), and by means of ¢ and the
specific surface area Sy (right column). In the line above the plots, the corre-
sponding Pearson correlation coefficient between the residuals and the specific
surface area Sy is given.



S4. Bivariate probability densities for descriptor pairs. Besides the results presented
in Section 2.5, we provide the bivariate probability densities for all pairs of microstructure
descriptors obtained via kernel density estimation based on (i) tomographic image data and
(ii) simulated data drawn from the copula-based model, see Figures and The chosen
copula families and their associated copula parameters are given in Tables and for the
uncompressed and the compressed sample, respectively.

TABLE S2. Copula families and their associated copula parameters in the case
of uncompressed paper sheets.

Copula Model type Parameters

Cp,rs Student-t 0, = —0.37,05 = 30
Croms Survival Gumbel 0 =1.87

Cs o Gaussian 0 =—-0.41

Css Gaussian 0 =-0.37

Cp o573 Frank 6 =-1.09

Cs,r3:70 Independence

Cs,7y:5 Independence

Cp.5:r,ms  Clayton (rotated 270°) 0 =—0.27

Csr:67  Survival Gumbel 0 =1.12

Cp.S:570,7s Tawn Type 1 (rotated 270°) 6, = —1.49,6, = 0.08

TABLE S3. Copula families and their associated copula parameters in the case
of compressed paper sheets.

Copula Model type Parameters

Cp.rs Tawn Type 1 (rotated 270°) 6; = —1.38,62 = 0.19
Cps BB8(rotated 90°) 01 = —4.63,05 = —0.66
Cp.s Survival BB8 01 = 3.55,02 = 0.91
Csr, BBS8(rotated 90°) 61 = —2.13,0, = 0.91
Csryp Survival Clayton 0 =0.20

Cs,raip Joe (rotated 90°) 0=-1.25

Cpro:6 BB7 (rotated 90°) 01 = —1.04,05 = —0.45
Css:prs Independence

Cryrsps  Clayton 0 =0.24

Csro:p5m5 Tawn Type 2 01 =4.89,62 = 0.00
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FiGure S3. Joint probability density of selected descriptor pairs for the un-
compressed (left columns) and the compressed sample (right columns). For each
descriptor pair, the bivariate density obtained via kernel density estimation is
shown for measured image data (left) and simulated data drawn from the copula-
based model (right). Shown are descriptor pairs that have a clearly visible nega-
tive correlation: (g,79), (¢,73), (£,6), (J,70), and (J, 73), see also Figure 6 in the

main text.
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FIGURE S4. Joint probability density of selected descriptor pairs for the un-
compressed (left columns) and the compressed sample (right columns). For
each descriptor pair, the bivariate density obtained via kernel density estima-
tion is shown for measured image data (left) and simulated data drawn from the

copula-based model (right).
in Figure

Shown are remaining descriptor pairs not covered
i.e., (13,79) and all possible pairs containing the specific surface

area Sy, see also Figure 6 in the main text.
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