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Abstract. Diffraction-based methods for 3D microstructure mapping have revolutionized the
investigation of grain growth phenomena in polycrystalline materials. These techniques pro-
vide unprecedented experimental access to the location, shape and migration of individual grain
boundaries in real samples, together with other relevant boundary parameters, such as misorien-
tation and inclination. However, achieving the ultimate goal of such studies — the identification
of physical mechanisms responsible for the observed evolution of microstructure — is impeded
by the voxel-based representation of microstructure intrinsic to 3D mapping. The staircase-like
discretization of grain boundaries complicates the determination of boundary positions and
local curvatures, motivating a transition from a discrete to a continuous representation of the
boundary network. This paper introduces an approach based on smoothing thin-plate splines
with radial basis functions to represent grain boundaries as continuous surfaces. The method
can approximate arbitrarily shaped boundaries while preserving local mean curvatures and, for
time-resolved series of images, local boundary velocities. Its accuracy is validated against two
datasets: a multiplicatively weighted Laguerre tessellation, where mean curvatures are known
analytically, and a Reuleaux tetrahedron evolving under a phase field model, for which local
boundary velocities can be determined exactly. The applicability of the method to experimen-
tal data is demonstrated using time-resolved 3D maps of grain growth in an Al–Mg alloy.

Keywords: polycrystalline material; kinetics of grain growth; spline; radial basis
function; 3D microstructure mapping; 3DXRD microscopy
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1. Introduction

For more than a century, grain growth in polycrystalline materials has intrigued researchers
because of the profound impact of grain size on materials properties. Early investigations
established that curved grain boundaries migrate toward their center of curvature [1], and Burke
and Turnbull’s analytic model [2] explained the parabolic relationship between the average grain
size and annealing time during normal grain growth, under the assumption that the velocity v
of a grain boundary is given by the product of its mobility M , excess energy per unit area γ
and mean curvature H:

v = MγH. (1)

This equation provides a framework for simulating grain growth [3–14], with recently imple-
mented algorithms capable of handling millions of grains, from which statistically robust mea-
sures for ensemble-averaged features of the microstructure can be extracted [15, 16]. However,
despite these advances, discrepancies persist between experimental observations and model-
based predictions. Modern experimental techniques, such as orientational imaging microscopy
[17], automated serial sectioning [18, 19] and X-ray diffraction-based microscopy [20], have re-
vealed shapes of grain size distributions as well as other aspects of microstructure evolution
that current models do not accurately predict [21]. For example, a recent investigation of grain
growth in polycrystalline Ni found that, for 35% of the grains in the sample, conventional
growth models fail to predict the correct sign of a grain’s volume change, let alone the detailed
evolution of its shape [22].

Thus, it appears that current analytic and computational models for grain growth do not fully
capture the complexities of the physics underlying grain boundary migration. Furthermore,
early approaches considered solely the influence of the mean curvature H on microstructure
evolution, associating each grain boundary with the same value of the parameters M and γ —
a condition referred to as “ideal” grain growth. However, in real polycrystalline materials, the
mobility and excess energy are known to vary from boundary to boundary and even from one
region to another within a single boundary [23,24]. These variations arise from the dependence
ofM on other parameters, such as the grain boundary misorientation θ [25,26] and the boundary
inclination [27]. Values for M and γ are typically determined from bicrystal experiments [25,27],
from measurements of grain boundary grooving [28] or from atomistic simulations [29–32].
However, all of these approaches suffer from the practical difficulty of properly sampling the
high-dimensional parameter space of quantities on which M can depend.

Recently, an effort was initiated to extract the working principles of grain growth from ex-
perimentally acquired image datasets depicting the evolution of the grain boundary network in
polycrystalline materials [33]. Because the approach works backward from measured effect to
governing cause, the authors refer to their method as the reverse engineering of grain growth.
The procedure relies on 3D X-ray diffraction (3DXRD) microscopy [34–36], which is used to
map the microstructure of polycrystalline specimens nondestructively and in 3D. Time-resolved
snapshots are acquired that track the migration of grain boundaries under isothermal annealing
conditions. The resulting reconstructions constitute the basis for estimating the quantities v
and H for each grain boundary. Inserting these values into Eq. (1), the product of M and γ —

commonly called the reduced mobility M̃ — can be determined from the relation

M̃ = Mγ =
v

H
. (2)

Imaging techniques such as 3DXRD microscopy typically generate maps of microstructures
that are projected onto a grid of equispaced voxels. The discrete nature of such a voxel-based
representation introduces intrinsic “granularity” that greatly complicates the accurate determi-
nation of grain boundary mean curvatures and their local velocities. To mitigate these issues,
it is necessary to transition from a discrete to a continuous representation of microstructure.
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Several methods have been explored to generate a continuous representation of grain boundaries
— i.e., one in which each grain boundary is represented by a continuous function.

For polycrystalline materials, a common approach involves the use of distance-based tessella-
tion models [37–43], which partition 3D space into distinct regions that parametrically represent
the individual grains of a polycrystal. This method has the advantage of allowing for the an-
alytic computation of mean curvature at each point on a grain boundary from the parametric
representation. However, these parametric tessellation models provide limited flexibility in ac-
curately fitting the morphology of individual grain boundaries, as the representations typically
rely on low-order polynomial functions [44]. This constraint becomes particularly problematic
for boundaries with shapes deviating significantly from low-order polynomial forms, resulting in
overly smoothed and less realistic surface representations. Furthermore, when distance-based
tessellation models are used to represent experimentally acquired image data of polycrystalline
materials, the grain topology and, in particular, neighborhood relationships between adjacent
grains are sometimes not preserved [45], potentially leading to a loss of grain boundaries during
construction.

An alternative approach involves the use of surface meshing techniques to represent grain
boundaries [33, 46]. This method has the advantage of making almost no model assumptions
when representing grain boundaries, with meshes providing an accurate geometric representa-
tion of grain boundary structures extracted from image data. Surface meshing was used, for
example, in Refs. [33] and [46] to determine values for the velocity and reduced mobility of grain
boundaries from voxelized 3D image data.

In the present paper, we develop a computational approach — referred to as the surface rep-
resentation method — that employs smoothing thin-plate splines [47, 48] based on radial basis
functions [49–52] to represent each grain boundary as a continuous surface in 3D. This method
provides an explicit representation of arbitrarily shaped, curved grain boundaries, thereby facili-
tating computation of the local mean curvature and velocity at each point on the grain boundary
network. The proposed approach circumvents the problem of losing grain boundaries during
the tessellation construction step, preserving all neighborhood relationships between grains.
Assessment of the proposed approach is carried out with respect to three different datasets:
First, the method is evaluated according to its accuracy in computing local mean curvatures
of boundaries between the cells of a discretized multiplicatively weighted Laguerre tessellation.
This type of tessellation can exhibit curved grain boundaries, which, in turn, can serve as con-
tinuous representations of experimentally acquired image data (under the assumption that the
latter’s grain boundaries are amenable to representation by polynomials). The advantage of
constructing a test case around a multiplicatively weighted Laguerre tessellation is found in the
fact that the true local mean curvature is known analytically at all points on the boundaries of
the tessellation.

Secondly, we evaluate the accuracy with which the surface representation method estimates
local boundary velocities and reduced mobilities. Here, we apply it to a discretized Reuleaux
tetrahedron dataset [33, 53] that has been coarsened using a phase field simulation. Such a
simulation generates time-resolved image data from known input parameters — in particular,
from the boundary mobility M and the excess energy γ — thus fixing the value of the reduced

mobility M̃ . By construction, the curved surfaces of the Reuleaux tetrahedron are spherical

patches, exhibiting constant curvature. Thus, under the assumption of identical M̃ at each
point on the tetrahedron surface (a condition enforced by the simulation algorithm), we can
draw on Eq. (1) to compute an analytic value for the boundary velocity v as a function of time,
against which the output of the surface representation method can be validated.

Finally, we apply the method to time-resolved experimental 3DXRD image datasets obtained
from an Al-1wt% Mg (AlMg) alloy undergoing grain growth [54]. By representing grain bound-
aries as continuous surfaces using smoothing thin-plate splines, our approach provides a more
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robust and flexible tool than previous methods for studying microstructure evolution. Owing to
its local accuracy, the new framework provides the mathematical foundation for assessing the
influence of local variations in boundary curvature on the effective mobility of individual grain
boundaries in polycrystalline materials. In turn, such findings have the potential to help resolve
(apparent) discrepancies between the conventional picture of curvature-driven grain growth
and recent reports of “anti-curvature” grain boundary migration [55] or migration partially or
completely uncoupled from curvature [46,56,57].

2. Materials and image processing

In this section, the materials and image processing methods employed in the present paper are
described. Topics include a description of the 3D image data in Section 2.1 and the extraction of
grain boundaries from the image data in Section 2.2. For the sake of clarity, the most important
mathematical symbols used in this paper are listed and explained in Appendix C.

2.1. Description of 3D image data

The objective of this paper is to describe a method to analyze the migration of points located
on the grain boundaries of real experimental image data. The term grain boundary denotes
the interface between adjacent grains of the same phase in a polycrystalline material. To
extract such interfaces from image data, a formal definition of the image dataset is required:
each image is defined as a mapping I : W → {0, 1, 2, . . . , nG}, where the domain W ⊂ Z3 =
{. . . ,−1, 0, 1, . . .}3 is given by W = W ′∩Z3 for a bounded cuboidal sampling window W ′ ⊂ R3,
and nG ≥ 1 denotes the total number of grains in the domain. In this framework, the image I
assigns each voxel x ∈ W to a specific grain or the background — i.e., I is given by

I(x) =

{
i, if x belongs to the ith grain for i ∈ {1, 2, . . . , nG},
0, otherwise,

(3)

for each x ∈ W . In the present paper, three datasets are considered. First, the surface rep-
resentation method mentioned in the introduction is applied to a discretized version of a mul-
tiplicatively weighted Laguerre tessellation that had been fitted to an experimental dataset,
as detailed in Section 2.1.1 below. Subsequently, our method is applied to two time-resolved
datasets: initially, to a simulated single-grain dataset (Section 2.1.2), and, finally, to a sequence
of 3D images representing the evolving microstructure of an AlMg alloy (Section 2.1.3).

2.1.1. Multiple-grain dataset: Multiplicatively weighted Laguerre tessellation. In or-
der to generate a realistic multiple-grain dataset for model validation, we employ a multi-
plicatively weighted Laguerre tessellation, which is a special type of distance-based tessellation
model [58] and a simplified version of a generalized balanced power diagram (GBPD) [59]. This
tesselation model is fully specified by a marked point pattern given by

G = {(gi,mi, ai) : i ∈ {1, . . . , nT }} ⊂ R3 × R× R,

consisting of seed points gi, multiplicative weights mi and additive weights ai for each i ∈
{1, . . . , nT }, with the integer nT ≥ 1 denoting the number of tessellation cells. The ith cell
Ci ⊂ R3 of the multiplicatively weighted Laguerre tessellation T = {Ci : i ∈ {1, . . . , nT }} is
then defined as

Ci = {x ∈ W ′ : ∥x− gi∥2mi − ai ≤ ∥x− gj∥2mj − aj for each j ∈ {1, . . . , nT }} (4)

for some cuboidal sampling window W ′ ⊂ R3, where ∥·∥ denotes the Euclidean norm in R3.
The boundaries between cells of the multiplicatively weighted Laguerre tessellation are patches
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of quadratic surfaces; that is, the boundary between two cells Ci and Cj is given by the set

Cij = {x ∈ Ci : ∥x− gi∥2mi − ai = ∥x− gj∥2mj − aj}. (5)

A discretized version Td = {Cd,i : i ∈ {1, . . . , nT }} of T is obtained by evaluating Eq. (4) on
the lattice W = W ′ ∩ Z3; that is, the ith (discretized) cell Cd,i of Td is given by

Cd,i = {x ∈ W : ∥x− gi∥2mi − ai ≤ ∥x− gj∥2mj − aj for each j ∈ {1, . . . , nT }} (6)

for each i ∈ {1, 2, . . . , nT }. In a voxelized image setting, the tessellation Td can be represented
by an image ITd : W → {0, 1, . . . , nT }, where for each x ∈ W it holds that ITd(x) = i if x ∈ Cd,i

for some i ∈ {1, 2, . . . , nT }. For the remainder of this paper, whenever we use tessellations to
represent polycrystalline materials, we will refer to individual tessellation cells as grains and to
the boundaries between adjacent cells as grain boundaries.

In this work, we consider a multiplicatively weighted Laguerre tessellation that had previously
been fitted in Ref. [43] to 3DXRD data from an AlCu alloy [34]. In Figure 1(a), 2D slices of
the experimentally acquired image data and the corresponding discretized version of the fitted
multiplicatively weighted Laguerre tessellation are visualized.

2.1.2. Single-grain dataset: Reuleaux tetrahedron. A Reuleaux tetrahedron (see, e.g.,
Refs. [33,53,60]) is created by the intersection of four spheres of equal radius r > 0, positioned at
the vertices s1, s2, s3, s4 ∈ R3 of a regular tetrahedron with side length r; the centerpoints of the
four spheres are located at the vertices s1, s2, s3, s4. Here, the Reuleaux tetrahedron is formally
defined as a subset of the continuous Euclidean space R3 contained in a cubeW ′ ⊂ R3, where the
surrounding space of the Reuleaux tetrahedron is partitioned into four surrounding regions of
equal volume by placing planar boundaries along diagonals of the faces of the cubic observation
window W ′ and extending each plane inwards until it intersects the Reuleaux tetrahedron
along one of its edges, as described in Ref. [33]. An analytic representation of the Reuleaux
tetrahedron with radius r is given by the set R = {x ∈ W ′ : ∥x−si∥ ≤ r for each i ∈ {1, 2, 3, 4}}.
The boundary of R can be decomposed into four grain boundaries Ri ⊂ R with i ∈ {1, 2, 3, 4}
corresponding to the boundaries of the four spheres centered at s1, s2, s3, s4 ∈ R3, where Ri ={
x ∈ R : ∥x− si∥ = r}. A discretized version Rd ⊂ Z3 of the Reuleaux tetrahedron is given by

Rd = {x ∈ W : ∥x− si∥ ≤ r for each i ∈ {1, 2, 3, 4}}, (7)

where W = W ′ ∩ Z3. In the present paper, the discretized Reuleaux tetrahedron Rd is rep-
resented by an image IRd

: W → {1, 2, 3, 4, 5}, which assigns each voxel in W either to the
Reuleaux tetrahedron by the label five or to one of the surrounding four regions by the label i
for the ith surrounding region, i.e., it holds that

IRd
(x) =

{
5, if x ∈ Rd,

i, if x belongs to the ith surrounding region,
(8)

for any x ∈ W and i ∈ {1, 2, 3, 4}. A visualization of the continuous and corresponding voxelized
version of the Reuleaux tetrahedron with radius r = 80 is shown in Figure 1(b). (The four
regions that surround the tetrahedron were omitted from the figure for clearer visualization.)
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Figure 1. (a) 2D slice through a 3DXRD microscopy measurement of AlCu and the corre-
sponding 2D slice of a discretized version of a multiplicatively weighted Laguerre tessellation
fitted to the experimental dataset. (b) 3D rendering of the analytic representation of a Reuleaux
tetrahedron in continuous Euclidean space R3 and its voxelized discretization. The color of each
boundary of the Reuleaux tetrahedron matches the color of its corresponding sphere centerpoint
s1, s2, s3, s4 ∈ R3.

2.1.3. Experimental dataset: Al-1 wt% Mg (AlMg) alloy. A key objective of this paper is
to develop a method to analyze the local migration behavior of grain boundaries in experimental
image data. To pursue this goal, 3D microstructure mapping was performed on a cylindrical
AlMg specimen with a diameter of 1.4mm, extracted from a cold-rolled plate via spark erosion.
The plate had undergone a 50% reduction in thickness through cold rolling before the sample
was recrystallized at 350 ◦C for 75min. The 3D microstructure of the sample was mapped using
3DXRD microscopy at the BL20XU beamline of the SPring-8 synchrotron radiation facility
in Japan. These measurements, subsequently reported in Ref. [54], were performed using an
incident X-ray beam with a width of 1600 µm and a height of 300 µm, operating at an energy of
32 keV. The 3DXRD measurement protocol employed an angular step of 0.48◦ to capture both
far-field and near-field diffraction peaks, with exposure times of 1 s per frame for far-field images
and 0.1 s per frame for near-field images. Figure 2 shows the reconstructed 3D microstructure
at two different time steps.

0min 30min

Figure 2. Maps of microstructure evolution in the AlMg specimen at 400 ◦C, recorded by
3DXRD microscopy. Only the outside surface of the cylindrical specimen is visible in the 3D
rendering (left), but each such reconstruction includes the interior grain boundaries, as seen in
2D cross sections illustrating changes in interior grain shapes with increasing annealing time
(middle, right). The colors of individual grains are assigned randomly; however, the same colors
are mapped consistently to the same grains across all time steps.

2.2. Extraction of grain boundaries from image data

To enable analysis of grain boundaries captured in image data, we first extract the boundaries
from the images. A grain boundary Gij ⊂ W of two adjacent grains Gi, Gj ⊂ W for any pair
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i, j ∈ {1, . . . , nG} with i ̸= j is given by the image IGij : W → {0, 1}, with

IGij (x) =

{
1, if I(x) = i and #Dj(x) ≥ 1 or I(x) = j and #Di(x) ≥ 1,

0, otherwise,
(9)

for each x ∈ W , where # denotes cardinality and Dk(x) = {y ∈ W : ∥x− y∥= 1 and I(y) = k}
is the 6-neighborhood of the voxel x ∈ W within grain Gk for k ∈ {1, . . . , nG}. The grain
boundary Gij is then given by Gij = {x ∈ W : IGij (x) = 1}, with nGij = #Gij being the
number of grain boundary points belonging to this grain boundary.

3. Surface representation of grain boundaries

Image datasets of polycrystalline microstructures are usually specified in a discrete, voxel-based
manner, which provides easy access to the volume of individual grains and the grain size dis-
tribution. However, voxelized representations of microstructures introduce problems in the
analysis of grain boundaries and their descriptors, such as surface area or mean curvature. To
address this, we propose a method that fits a surface to each voxelized grain boundary image
using smoothing thin-plate splines [47, 48]. The process of creating such a surface representa-
tion is detailed in Section 3.1. Because a thin-plate spline is a composition of differentiable
functions, once a grain boundary has been represented by a surface defined by such splines,
the mean curvature can be computed at each point using standard methods from differential
geometry [61, 62], as described in Section 3.2. When using this method to represent a grain
boundary at consecutive time steps by two surfaces (see Section 3.3), it is possible to compute
local variations in velocity and reduced mobility, as described in Section 3.4.

3.1. Surface representation using smoothing thin-plate splines

To represent a grain boundary Gij ⊂ W by a surface in R3, the set Gij is first transformed
by a rigid (translation and rotation) transformation T : R3 → R3 [63, 64]. The translation
aligns the centroid of the grain boundary voxel coordinates with the origin of R3. The rotation
is determined by applying a principal component analysis (PCA) [65] to the set of translated
voxel coordinates, which identifies a plane in R3 that best represents this set. This plane is then
aligned with the (x,y)-coordinate plane of R3 through an appropriate rotation. As a result of
this transformation, the set Gij is represented by the set

Kxy = {(p(k)x , p(k)y ) : k ∈ {1, 2, . . . , nGij}}, (10)

which contains the x- and y-components of the transformed grain boundary voxel coordinates,

and the set Kz = {p(k)z : k ∈ {1, 2, . . . , nGij}} which contains the corresponding z-components.
These sets of transformed voxel coordinates will be utilized to represent grain boundaries by a
surface S ⊂ R3 of the form

S = {(px, py, s(px, py)) : (px, py) ∈ A} (11)

with some surface function s : R2 → R and a bounded domain A ⊂ R2. These types of surfaces
are continuous representations of transformed grain boundaries using the function s, which
maps points in A onto the z-coordinate of the surface S. In order to represent a transformed
grain boundary with S, the surface function s has to be fitted by means of the sets Kxy and Kz

introduced above. Note that without constraining the surface function to a bounded domain
A, the surface S given in Eq. (11) would result in an infinitely large (unbounded) set. In order
to construct a suitable bounded domain A, we construct an alpha shape of the set Kxy, which
is determined using the Matlab function alphaShape — see [66,67] for additional details.
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The surface function s : A → R is modeled by a parametric function sw : A → R with some

parameter vector w = (w(1), w(2), . . . , w
(nGij

)
) ∈ RnGij . The values of sw are given by

sw(px, py) =

nGij∑

k=1

w(k)φ(∥(px, py)− (p(k)x , p(k)y )∥), (12)

for each (px, py) ∈ A. Here, φ : [0,∞) → R is a radial basis function that is given by the
thin-plate spline φ(r) = r2 log(r) for each r > 0 and φ(r) = 0 for r = 0, where log denotes
the natural logarithm. The advantage of employing thin-plate splines over other radial basis
functions lies in their property of minimizing the bending energy among all twice-differentiable
functions used for interpolation. Thus, the use of thin-plate splines results in a particularly
smooth fitted surface, which is well-suited for accurately representing grain boundaries in the
context of the present paper. For more details on thin plate splines, the reader is referred to
Refs. [49–52,68].

Although thin-plate splines inherently introduce a smoothing effect, omitting smoothing when
generating a surface representation from voxelized image data may result in a surface that
reproduces the voxelized geometry too closely. Therefore, the parameter vector w is determined
by minimizing a loss function that accounts for the smoothness of the resulting surface by
introducing an additional smoothing parameter λ ∈ [0, 1]. More precisely, a good choice ŵ ∈
RnGij of the parameter vector w for a given value of λ is obtained from

ŵ = argmin
w∈R

nGij


λ

1

nGij

nGij∑

k=1

∥p(k)z − sw(p
(k)
x , p(k)y )∥2 + (1− λ)L(sw)


 , (13)

where L(sw) controls the surface roughness, which is given by

L(sw) =

∫

A

[(
∂2sw(px, py)

∂p2x

)2

+ 2

(
∂2sw(px, py)

∂px∂py

)2

+

(
∂2sw(px, py)

∂p2y

)2
]
d(px, py).

Here, ∂2sw(·)/∂2(·) denotes the second-order partial derivatives of sw with respect to the vari-
ables px and py, respectively. For a given value of λ, the optimal parameter vector ŵ is computed
using the Matlab function tpaps [69].

To obtain a good choice λ̂ ∈ [0, 1] for the smoothing parameter λ, a heuristic approach is
proposed. This approach is based on fitting an ellipsoid and a surface S by means of Eq. (11)
with surface function sw to the transformed set of grain boundary voxels. Note that part of the

boundary of the fitted ellipsoid also corresponds to a surface. The parameter λ̂ is then obtained
by comparing these two surfaces with respect to their local mean curvature (as described in
Section 3.2) — i.e., by minimizing the mean difference between the local mean curvature of
these two surfaces. This results in a sufficiently smooth surface that nevertheless preserves the
global shape of the voxelized grain boundary obtained from the image data. Further details

regarding the computation of λ̂ are given in Appendix A.

3.2. Computation of normal vector field and local mean curvature

The surface representation S of a grain boundary given in Eq. (11) enables computation of the
normal vector field NS : S → R3, as well as the local mean curvature HS : S → [0,∞), with
respect to NS for each point of S. Note that, in the context of grain boundary migration, it is
assumed that a grain boundary migrates toward its center of curvature [46,70] — i.e., the local
mean curvature is defined to take on only positive values, and its normal vector field points
toward its center of curvature [71]. In the following, we describe how these quantities can be
computed from the surface function s, which is then replaced by the parametric approximation
sw given in Eq. (12); see also Refs. [62, 72–74].
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For this purpose, first, the upward-pointing normal vector field ÑS : S → R3, which is charac-

terized by its positive third component, and the local mean curvature H̃S : S → R are computed,
where

ÑS(px, py, pz) =
(
− ∂s(px, py)

∂px
,−∂s(px, py)

∂py
, 1
)/

∥
(
− ∂s(px, py)

∂px
,−∂s(px, py)

∂py
, 1
)
∥

and

H̃S(px, py, pz) =

(
1+

∂s(px,py)

∂px

)2 ∂2s(px,py)

∂2py
−2

∂s(px,py)

∂px

∂s(px,py)

∂py

∂2s(px,py)

∂px∂py
+
(
1+

∂s(px,py)

∂py

)2 ∂2s(px,py)

∂2px

2
(
1+
(

∂s(px,py)

∂px

)2
+
(

∂s(px,py)

∂py

)2) 3
2

(14)

for each (px, py, pz) ∈ S. Second, the local mean curvature HS(px, py, pz) at (px, py, pz) ∈ S is
computed by

HS(px, py, pz) = |H̃S(px, py, pz)|, (15)

and the normal vector NS(px, py, pz) at (px, py, pz) ∈ S is given by

NS(px, py, pz) = sgn(H̃S(px, py, pz))ÑS(px, py, pz), (16)

where sgn: R → {−1, 0, 1} denotes the sign function with

sgn(x) =





1, if x > 0,

0, if x = 0,

−1, if x < 0.

3.3. Time-resolved surface representation of grain boundaries

To examine a given grain boundary at two successive time steps t and t + ∆t, for some t ≥ 0
and ∆t > 0, the grain boundary is first extracted from the image data at the respective time
steps, as described in Section 2.2. The grain boundaries between the ith and jth grain at t
and t+∆t are denoted by Gij,t and Gij,t+∆t, respectively. The surface representations of Gij,t

and Gij,t+∆t are constructed by means of Eq. (11) and denoted by St and St+∆t, respectively.
However, to obtain the surface St+∆t, the same rigid transformation that was performed on Gij,t

for the construction of St is also applied to Gij,t+∆t. This ensures that the relative positions
of the grain boundaries at two consecutive time steps remain the same even after the rigid
transformation. The two surfaces St and St+∆t are given by

St = {(px, py, st(px, py)) ∈ R3 : (px, py) ∈ At} (17)

and

St+∆t = {(px, py, st+∆t(px, py)) ∈ R3 : (px, py) ∈ At+∆t}, (18)

where the corresponding surface functions are denoted by st : At → R and st+∆t : At+∆t →
R, respectively. The domains At and At+∆t are constructed as alpha shapes as described in
Section 3.1. An illustration of the time-resolved surface representation of grain boundaries is
provided in Figure 3(a), where a grain boundary at times t and t+∆t is modeled by a surface
that migrates upward in the vertical direction and simultaneously shrinks in area.

3.4. Local velocity and reduced mobility of grain boundaries

The time-resolved surface representations of a grain boundary defined above enable us to com-
pute the velocity of grain boundaries locally — that is, for individual points on the grain
boundaries. In the present section, we explain how the migration of points on a grain bound-
ary is tracked between two consecutive time steps and how the pointwise velocity and reduced
mobility are computed.
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surface St
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grain boundary
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Figure 3. Surface representation and pointwise tracking of grain boundaries over time. (a) Sur-
face representations St (red surface) and St+∆t (blue surface), which are constructed using the
sets Gij,t and Gij,t+∆t of grain boundary voxels (black dots) extracted from 3D image data and

rigidly transformed, as described in Section 3.3. (b) Restricted surface representations S̃t and

S̃t+∆t for assessing grain boundary migration in the overlapping region, and (c) point-by-point
assignment, as described in Section 3.4.1.

3.4.1. Pointwise tracking of grain boundaries. The procedure of tracking the migration of
grain boundaries is based on the time-resolved surface representations described in Section 3.3.
In general, each point on a grain boundary is assumed to migrate with time in the direction
of its center of curvature, which corresponds to its local normal direction. However, since the
precise trajectory of a point on St within the time interval [t, t+∆t] is unknown (because image
measurements can only be performed for non-infinitesimal time steps, and possible inaccuracies
occur when estimating the normal vector from voxelized image data), a different approach is
proposed. This method is based on constructing a pointwise correspondence between the surface
representations St and St+∆t. Once the displacement of each grain boundary point has been
established, it is straightforward to compute the local velocity values.

Another challenge arises from triple junctions (curves of intersection of grain boundaries),
the migration of which can add or remove area from a given grain boundary independently of
the change in area entailed by migration of the grain boundary itself. To mitigate this issue,
only the migration of points belonging to the intersection At ∩ At+∆t of the surface function
domains At and At+∆t is considered. This means that a point-by-point assignment is applied
only to the restricted surface representations

S̃t = {(px, py, st(px, py)) ∈ R3 : (px, py) ∈ At ∩At+∆t} (19)

and

S̃t+∆t = {(px, py, st+∆t(px, py)) ∈ R3 : (px, py) ∈ At ∩At+∆t},

as illustrated in Figure 3(b).

The pointwise correspondence is constructed in such a manner that multiple assignments of
points are excluded, and the sum of Euclidean distances between all assignments is minimized.
In the literature, this is known as an assignment problem [75,76]; the point-by-point assignment
can be obtained from the Matlab function matchpairs, which employs the algorithm proposed
in Ref. [77]. More precisely, the pointwise assignment is applied to finite (discretized) subsets

S̃d,t and S̃d,t+∆t of S̃t and S̃t+∆t, respectively; see Figure 3(c). These discretized versions are
given by

S̃d,t = {(px, py, st(px, py)) ∈ R3 : (px, py) ∈ Kxy,t ∩At ∩At+∆t} (20)

and

S̃d,t+∆t = {(px, py, st+∆t(px, py)) ∈ R3 : (px, py) ∈ Kxy,t+∆t ∩At ∩At+∆t},
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where Kxy,t and Kxy,t+∆t are time-dependent versions of the sets of transformed grain boundary
voxel coordinates introduced in Eq. (10). After performing a point-by-point assignment on the

discrete sets S̃t and S̃t+∆t, we obtain an assignment of each pt ∈ S̃d,t to a point pt+∆t ∈ S̃d,t+∆t.

It should be noted that, upon discretizing the corresponding (continuous) surface represen-
tation — which is an essential step for determining point-by-point assignments — the meaning
of quantities such as the local mean curvature or the normal vector (see Section 3.2) for points
on these discretized surfaces becomes unclear. To address this issue, the local mean curvature

and normal vector of points on a discretized surface representation S̃d,t are instead associated
with the curvature and normal vector of these points on the corresponding continuous surface

representation S̃t. More precisely, for a point pt ∈ S̃d,t, the curvature HS(pt) and the normal

vector NS(pt) are determined according to Eqs. (15) and (16), where S = S̃t. In the following,

we use the notation HS(pt) for the local mean curvature of a point pt ∈ S̃d,t, without specifying

that S = S̃t.

3.4.2. Local velocity of grain boundaries. After the grain boundary points have been
tracked over time, the time-dependent displacement of these points can be determined. More

precisely, for each pt ∈ S̃d,t assigned to a point pt+∆t ∈ S̃d,t+∆t, its displacement vector
D(pt) ∈ R3 is given by

D(pt) = pt+∆t − pt, (21)

where d(pt) = ∥D(pt)∥ ≥ 0 denotes the displacement of pt.

If each point pt migrates solely in the direction of the center of curvature at that point, the
normal vector NS(pt) from Eq. (16) and the displacement vector D(pt) would be equal up to a
scaling factor — i.e., the equation

D(p) = hNS(p),

would hold for some h > 0. To assess the validity of this assumption, the proposed model
leverages the ability to distinguish between the component of displacement in the direction of
the surface normal (normal direction) and the component lying within the tangent plane (in-
plane direction), which is orthogonal to the normal vector. The normal displacement vector
Dn(pt) of pt is given by

Dn(pt) =
(D(pt), NS(pt))

∥NS(pt)∥
NS(pt), (22)

where (·, ·) denotes the dot product. The displacement of pt in the normal direction is then
given by dn(pt) = ∥Dn(pt)∥ ≥ 0. Furthermore, the displacement vector in the in-plane direction
is given by D⊥(pt) = D(pt)−Dn(pt). To analyze the extent to which the direction of movement
of pt deviates from the normal direction, we compute the displacement angle α(pt) ∈ [0, 2π)

between D(pt) and Dn(pt) for each pt ∈ S̃d,t (cf. Figure 4). A grain boundary point pt migrates
exactly toward its center of curvature if D(pt) = Dn(pt), which is equivalent to α(pt) = 0.

With the displacement vector D(pt) defined in Eq. (21), the local velocity vector V (pt) at

pt ∈ S̃d,t is given by

V (pt) =
D(pt)

∆t
, (23)

with local velocity v(pt) = ∥V (pt)∥. Similarly, the local velocity vectors Vn(pt) and V⊥(pt) in
the normal and in-plane directions, respectively, are given by Vn(pt) = Dn(pt)/∆t and V⊥(pt) =
D⊥(pt)/∆t. The local velocities in normal and in-plane directions are then given by vn(pt) =
∥Vn(pt)∥ and v⊥(pt) = ∥V⊥(pt)∥.
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Figure 4. 2D illustration of the procedure for computing displacement vectors of grain bound-

ary points. (a) Pointwise correspondence of points p
(k)
t ∈ S̃d,t with points p

(k)
t+∆t ∈ S̃d,t+∆t, as-

signed as described in Section 3.4.1. (b) The displacement between two assigned points pt and
pt+∆t is computed separately in normal and in-plane directions, expressed by the displacement
vectors Dn(pt) and D⊥(pt), respectively, along with the displacement angle α(pt) between D(pt)
and Dn(pt).

3.4.3. Local reduced mobility of grain boundaries. It should be noted that the velocity of
each grain boundary cannot be observed directly at each time step t, but only inferred as an
aggregated quantity from two consecutive time steps t and t+∆t. Moreover, the evolution of the
microstructure between these time steps depends on the mean curvature at each time. Therefore,
the temporal change of local mean curvature must be incorporated into the computation of local

reduced mobility. More precisely, for each pt ∈ S̃d,t assigned to pt+∆t ∈ S̃d,t+∆t, the local mean

curvature HS(pt) for the surface S̃d,t and the local mean curvature HS(pt+∆t) for the surface

S̃d,t+∆t are computed to obtain the change in mean curvature HS , which is given by

HS(pt) =
1

1
2

(
1

HS(pt)
+ 1

HS(pt+∆t)

) . (24)

Then, the local reduced mobility M̃(pt) ≥ 0 of the point pt ∈ S̃d,t, which is assigned to pt+∆t ∈
S̃d,t+∆t, is computed via

M̃(pt) =
v(pt)

HS(pt)
, (25)

according to Eq. (2). Furthermore, the local reduced mobility at pt ∈ S̃d,t in the normal direction

is given by M̃n(pt) = vn(pt)/HS(pt), and in the in-plane direction by M̃⊥(pt) = v⊥(pt)/HS(pt).

4. Model validation

The primary objectives of this study are to develop methods for computing local mean curva-
tures and local velocities along individual grain boundaries, with the goal of estimating their
local reduced mobility, where a central challenge lies in deriving these quantities from the voxel-
based representations of grain boundaries extracted from 3D image data. These considerations
give rise to two fundamental questions: (1) Can the proposed model accurately reconstruct
smooth surface representations of grain boundaries from voxelized data? (2) If the model pro-
vides an appropriate continuous representation of a grain boundary, is it then possible to track
the migration of individual grain boundary points reliably over time? These questions are sys-
tematically examined below to evaluate the general applicability of the proposed approach. For
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this purpose, the method is applied to the synthetic datasets introduced in Sections 2.1.1 and
2.1.2.

It is important to note that, for the synthetic datasets, ground truth values of various geo-
metric and kinematic descriptors are available. These ground truth values are used to assess the
accuracy of the proposed surface representation method and the resulting kinematic descriptors.
In the case of the multiplicatively weighted Laguerre tessellation, each grain boundary of the
tessellation is analytically defined by a quadratic surface, which allows for a direct comparison
between the analytic grain boundary and the fitted surface representation. In particular, for
this dataset, the local mean curvature at each grain boundary point is known and treated as the
ground truth, enabling the evaluation of question (1). For the Reuleaux tetrahedron dataset,
multiple iterations of a 3D phase field algorithm [10] were carried out starting from the initial
Reuleaux tetrahedron. A specific value of the grain boundary reduced mobility is input to the
phase field algorithm and incorporated into the equation of motion; this value is taken to be
the ground truth for the reduced mobility. Consequently, this dataset enables the investigation
of question (2).

It should be pointed out that discrepancies between computed geometric and kinematic values
and their ground truths can occur due to various reasons, such as approximation or representa-
tion errors. Moreover, in the context of this paper, it is difficult to carry out a direct comparison
between, on the one hand, geometric and kinematic descriptors obtained from the surface repre-
sentations and, on the other hand, the corresponding ground truth values. This difficulty arises
from the fact that the ground truth data are derived from continuous analytic representations of
the tessellation and of the Reuleaux tetrahedron, whereas the proposed method operates on vox-
elized versions of these datasets, which inherently introduces discretization errors. For instance,
in the tessellation-based datasets, the input data for determining the surface representations
are not the analytic grain boundaries themselves, but rather their voxelized representations.
The latter type of representation already introduces errors, even before the proposed surface
representation method has been deployed. Similarly, for the Reuleaux tetrahedron, the output
of the 3D phase field algorithm is also discretized before applying the surface fitting procedure
to its grain boundaries. Despite these inherent sources of error, the two synthetic datasets
provide a reasonably good basis for validating the proposed methodology.

4.1. Smooth surface representation of tessellation grain boundaries

To assess the capability of the proposed model to represent grain boundaries extracted from
image data, it is first applied to a multiplicatively weighted Laguerre tessellation, which includes
a wide variety of differently shaped grain boundaries (see Section 2.1.1). In previous studies,
this tessellation model has been fitted to experimental data [40, 41, 43], and it has been found
to exhibit grain boundary structures comparable to those observed in real microstructures. A
quantitative assessment of the model’s accuracy in reconstructing both the surface geometry
and, in particular, the local mean curvature is obtained by evaluating the pointwise accuracy,
which is outlined in Section 4.1.1. Because in this work the multiplicatively weighted Laguerre
tessellation is specified on a voxel grid, all variables considered in this section are given in voxels
(voxel unit).

4.1.1. Pointwise accuracy. Instead of S, the notation Sij is used here to denote the surface
representation of grain boundary Cij between two adjacent grains i and j of the multiplicatively
weighted Laguerre tessellation, for any i, j ∈ {1, 2, . . . , nT } with i ̸= j — see Eq. (5). The
discretized representation of Cij is denoted by Gij and obtained from image data as described
in Section 2.2. To enable a direct comparison between Cij and Sij — where Sij is fitted with
respect to Gij and represents Cij in a rigidly transformed coordinate frame (see Section 3.1)
— the surface Sij is first discretized. We consider the discretized version Sd,ij ⊂ Sij given by
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Sd,ij = {(px, py, s(px, py)) : (px, py) ∈ Kxy,ij}, where Kxy,ij is given by Eq. (10) for the set Gij and
s denotes the surface function, which is fitted as described in Section 3.1. Then, the discretized
surface representation Sd,ij is transformed with the corresponding inverse rigid transformation

T−1
ij : R3 → R3 to obtain the surface S′

d,ij = T−1
ij (Sd,ij). Subsequently, each point p′ ∈ S′

d,ij is

assigned to a point p on Cij that has the smallest Euclidean distance to p′. More formally, the
mapping O : S′

d,ij → Cij is considered, which is given by

O(p′) = argmin
p∈Cij

∥p′ − p∥ (26)

for each p′ ∈ S′
d,ij . Numerically, the minimization problem stated in Eq. (26) is solved using

the Matlab function fmincon.

Accuracy of surface representation. First, the function δ : S′
d,ij → [0,∞), given by

δ(p′) = ∥O(p′)− p′∥ (27)

for each p′ ∈ S′
d,ij , is used to evaluate the model fit. This function enables us to assess how well

the back-transformed surface S′
d,ij aligns pointwise with the underlying grain boundary Gij .

Small values of δ(p′) indicate that the surface representation accurately mimics the correspond-
ing analytic grain boundary at p′ ∈ S′

d,ij .

Local mean curvature accuracy. Second, the model is evaluated in terms of its accuracy in
estimating local mean curvature values. Recall that the grain boundary between two grains can
be represented by a quadratic surface — see Eq. (5) — and the local mean curvature can be

computed as described in Ref. [41]. Therefore, we consider the function C̃ij : R3 → R given by

C̃ij(x) = ∥x− gi∥2mi − ai − ∥x− gj∥2mj + aj , (28)

for each x ∈ R3, with seed points gi and gj , multiplicative weights mi and mj , and additive

weights ai and aj of grains Gi and Gj (cf. Section 2.1.1). Note that C̃ij(x) = 0 for each x ∈ Cij .

For the function C̃ij introduced in Eq. (28), the gradient is denoted by ∇
C̃ij

: R3 → R3, the

Hessian matrix by Hess
C̃ij

: R3 → R3×3 and the trace by tr : R3×3 → R — see Ref. [74]. Note

that the partial derivatives of C̃ij are obtained by utilizing the implicit function theorem [78].
Then, the local mean curvature H∗ : Cij → R is given by

H∗(x) =
∇

C̃ij
(x)Hess

C̃ij
(x)∇

C̃ij
(x)⊤ − ∥∇

C̃ij
(x)∥2tr(Hess

C̃ij
(x))

2∥∇
C̃ij

(x)∥3
, (29)

for each x ∈ Cij — see Eq. (16) in Ref. [40] — where ∇
C̃ij

(x)⊤ denotes the transposed matrix

of ∇
C̃ij

(x). In the special case of a multiplicatively weighted Laguerre tessellation, Eq. (29)

simplifies to H∗(x) = −2(mi −mj)/∥∇C̃ij
(x)∥ for each x ∈ Cij .

For each p′ ∈ S′
d,ij , we use the relative error εrel(p

′) between the local mean curvature HS(p
′)

and the corresponding ground truth value H∗(O(p′)) to evaluate the accuracy in estimating
mean curvature values. More precisely, the mapping εrel : S

′
d,ij → [0,∞) of p′ ∈ S′

d,ij is consid-
ered, where

εrel(p
′) =

∣∣∣∣
H∗(O(p′))−HS(p

′)

H∗(O(p′))

∣∣∣∣. (30)

A small value of εrel(p
′) indicates that the local mean curvature HS(p

′) is close to its ground
truth value H∗(O(p′)).



15

Accuracy of surface representation near triple junctions. The surface representation of grain
boundaries near triple junctions is expected to be less accurate, owing to the reduced number
of points available for surface fitting. Therefore, when evaluating the accuracy of the proposed
method, the Euclidean distance of grain boundary points from triple junctions is additionally
taken into account. More precisely, the set Jij ⊂ W of voxels corresponding to all triple junctions
associated with grain boundary Gij is given by

Jij =
⋃

k∈{1,2,...,nT }\{i,j}

Gij ∩Gik. (31)

Then, the influence of the distance of the grain boundary points to triple junctions can be
evaluated by analyzing the accuracy with respect to the set S′

d,ij,dmin
⊂ S′

d,ij , instead of S′
d,ij ,

where

S′
d,ij,dmin

= {p ∈ S′
d,ij : min

x∈Jij
∥p− x∥ ≥ dmin} (32)

for some adjustable minimum distance dmin ≥ 0. In this case, the evaluation of model accuracy
is restricted to points that are located at least a distance dmin from the triple junctions.

4.1.2. Fitting results. We now evaluate the accuracy of the surface representation model
introduced in Section 3 using the functions δ and εrel given by Eqs. (27) and (30), respectively,
focusing particularly on the effect of excluding points within dmin of a triple junction. Figure 5
presents box plots for the values of δ and εrel for various specifications of the parameter dmin.
In addition, the median and mean values of each box plot are indicated by brown and orange
lines, respectively. Note that, as the value of dmin increases, it becomes increasingly likely for all
points on smaller grain boundaries to be excluded from the accuracy analysis, thus reducing the
overall number of grain boundaries included in the evaluation. The blue curve in Figure 5(b)
shows the number of grain boundaries considered by the analysis at each dmin value.

Figure 5(a) indicates that most δ-values lie well below 0.5, indicating that the pointwise Eu-
clidean distance between the reconstructed surface and the corresponding grain boundary of the
tessellation is less than half the length of a voxel. This suggests that the surface representation
model introduced in Section 3 provides a close approximation to the analytic grain boundaries
of the multiplicatively weighted Laguerre tessellation. Moreover, Figure 5(a) shows that the
mean and median values of δ decrease as dmin increases. This behavior is to be expected, since,
with an increasing value of dmin, more and more points near triple junctions are excluded from
the accuracy analysis, for which the surface representation is less accurate due to the reduced
number of points available for surface fitting.

The same behavior can be observed when estimating the local mean curvature, as visualized
in Figure 5(b). With increasing dmin, the values of εrel decrease, where this trend is even more
pronounced than for δ. Furthermore, Figure 5(b) shows that the values of εrel are generally
low for the majority of grain boundary points, as indicated by the small median value. Larger
values of εrel may be attributed to the sensitivity of local mean-curvature computations to the
second-order derivatives in Eq. (14). Consequently, even minor deviations between the fitted
surface and the corresponding analytic grain boundary can lead to substantial relative errors
in the estimated local mean curvature value. However, for dmin = 4, the values of εrel become
sufficiently small, while only a few grain boundaries are excluded by the dmin criterion, as
evidenced by the blue curve in Figure 5(b). When analyzing a voxelized ground boundary using
our method, a practical rule of thumb would be to consider only those boundary points that lie
at least 4 voxels away from the triple junctions.
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Figure 5. Box plots visualizing (a) values of δ for evaluating the accuracy of surface representa-
tions (Eq. (27)) and (b) values of the relative error εrel between local mean curvature values and
the corresponding ground truth values (Eq. (30)) for all grain boundary points p′ ∈ S′

d,ij,dmin
,

excluding all points with distance less than dmin from triple junctions. In (b), the number of
grain boundaries that remain after application of the dmin criterion is indicated by the blue
curve. In both subfigures, the boxes are bounded by the 25th and 75th percentiles, and the
whiskers extend from the 10th to the 90th percentile. Furthermore, the mean and median values
are marked by orange and brown lines, respectively.

4.2. Local velocity and reduced mobility of grain boundaries: Reuleaux tetrahedron

To assess the reliability of tracking the migration of individual grain boundary points over time
using the surface representation model introduced in Section 3, a Reuleaux tetrahedron (see
Section 2.1.2) with a radius of r = 80 voxels is employed as the initial configuration for a
computational simulation of grain growth according to Eq. (1). In this simulation study, 2400
iterations of a 3D phase-field algorithm [10] were performed, starting from the initial Reuleaux
tetrahedron of radius r = 80. The results of the simulation were recorded every 800 iterations,
yielding time-resolved image data at simulation steps t ∈ {0, 800, 1600, 2400} with a time-step
length of ∆t = 800 iterations. Each point on the grain boundaries of the Reuleaux tetrahedron
is assigned the same mobility and energy values (and, thus, the same reduced mobility), and
the grain boundary morphology is assumed to remain that of a Reuleaux tetrahedron over time.
This makes it possible to extract ground truth values for the mean curvature, grain boundary
displacement and velocity at each point in time. These quantities are denoted by H∗

t , d
∗
t , and

v∗t , respectively, and the reduced mobility that was input to the phase field simulation is denoted

M̃∗. Because the simulated microstructures are given on a voxel grid, all variables considered
in this section are specified in voxels (voxel unit). Further details regarding the phase field
algorithm and the determination of ground truth values may be found in Appendix B.

4.2.1. Surface representation approach. The surface representation method introduced in
Section 3 is applied to the output of the phase field algorithm. Note that, at each simulation
step t, the corresponding Reuleaux tetrahedron has four grain boundaries Ri,t for i ∈ {1, 2, 3, 4},
with each Ri,t represented by the discrete representation G5,i,t obtained from image data of the
Reuleaux tetrahedron, as described in Section 2.2. For simplification, we use the notation Gi,t,
instead of G5,i,t, since only the grain boundaries of the Reuleaux tetrahedron are considered

here. Each grain boundary Gi,t is represented by the surface S̃i,t given in Eq. (19), where,
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instead of S̃t the notation S̃i,t is used. For analyzing the migration of individual grain bound-

ary points on each grain boundary, the discretized surface representation S̃d,i,t ⊂ S̃i,t given by

Eq. (20) is utilized, where, again, instead of S̃d,t we employ the notation S̃d,i,t. To compare

S̃d,i,t to Ri,t, the surface S̃d,i,t is transformed with the corresponding inverse rigid transformation

T−1
i,t : R3 → R3 of the surface representation S̃i,t, as described in Section 3.1, resulting in the

surface representation S′
d,i,t = T−1

i,t (S̃d,i,t). For each grain boundary point p ∈ S̃d,i,t, the pro-
posed method provides values for the following quantities described in Section 3.4: local mean
curvature HS(p); displacement d(p); displacement in the normal direction dn(p); displacement

angle α(p); velocity in normal direction vn(p); reduced mobility M̃(p); and reduced mobility in

the normal direction M̃n(p).

Fitting results. Figure 6 shows results obtained by the surface representation method following
its application to the grain boundaries of the Reuleaux tetrahedron at t = 0 and t = 800. In

Figures 6(a) and 6(c), values ofHS(p) and α(p) are visualized for points p ∈ S̃d,i,0 associated with
a particular grain boundary Ri,0. In Figures 6(b) and 6(d), histograms of HS(p) and α(p) are

shown for all grain boundary points p ∈ S̃d,0,dmin
, where S̃d,0,dmin

=
⋃

i∈{1,2,3,4} Ti,0(S
′
d,i,0,dmin

),

and S′
d,i,0,dmin

is given by Eq. (32) for the surface representation S′
d,i,0. Here, points with distance

less than dmin = 4 from triple junctions are excluded, as described in Section 4.1. Note that
the red lines in Figures 6(a) and 6(c) indicate grain boundary points with distance dmin = 4 to
triple junctions. In addition, in Figure 6(b), the ground truth value H∗

0 = 0.0125, as well as the
mean and median values of all HS(p) values, are plotted as green, dashed orange and dotted
brown lines, respectively.
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Figure 6. Results of the surface representation method applied to the grain boundaries of the
Reuleaux tetrahedrons at steps t = 0 and t = 800. Values of (a) local mean curvature HS(p)

and (c) displacement angle α(p) for points p ∈ S̃d,i,0 associated with one grain boundary Ri,0.

Histogram of values of (b) HS(p) and (d) α(p) for all p ∈ S̃d,0,dmin
, excluding boundary points

with distance less than dmin = 4 to triple junctions, where the red line indicates all points with
a distance of 4 to the triple junctions. Corresponding ground truth, mean and median values
are indicated as green, dashed orange and dotted brown lines.

In addition, the surface representation method is evaluated with regard to its ability to
estimate boundary displacement and local reduced mobility. In the upper row of Figure 7, from

left to right, the values of d(p), dn(p), M̃(p) and M̃n(p) are visualized for points p ∈ S̃d,i,0

associated with a given grain boundary Ri,0. In the bottom row of Figure 7, histograms of the

values of d(p), dn(p), M̃(p) and M̃n(p) are shown for all grain boundary points p ∈ S̃d,0,dmin
,

excluding points with distance less than dmin = 4 to triple junctions. Moreover, in the bottom

row of Figure 7, the ground truth values H∗
0 = 0.0125, d∗0 = 3.08 and M̃∗ = 0.295, as well as the

median and mean values of d(p), dn(p), M̃(p) and M̃n(p), are plotted as green, dashed orange
and dotted brown lines, respectively.
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Figure 7. Results of the surface representation method applied to the grain boundaries of the
Reuleaux tetrahedron at steps t = 0 and t = 800. Top row, left to right: Values of displacement

d(p), displacement dn(p) in normal direction, local reduced mobility M̃(p) and local reduced

mobility M̃n(p) in normal direction for points p ∈ S̃d,i,0 associated with a particular grain
boundary Ri,0. Red lines indicate all points located a distance of 4 from the triple junctions.

Bottom row, left to right: Histogram of the values of d(p), dn(p), M̃(p) and M̃n(p) for all

p ∈ S̃d,0,dmin
, excluding boundary points with distance less than dmin = 4 from the triple

junctions. The corresponding ground truth, mean and median values are indicated as green,
dashed orange and dotted brown lines, respectively.

Discussion of Reuleaux tetrahedron results. It can be observed that the proposed surface repre-
sentation method closely approximates the grain boundaries of the Reuleaux tetrahedron, since

the values for HS(p) closely match H∗
0 for all p ∈ S̃d,0,dmin

, as long as boundary points are ex-
cluded that lie within dmin = 4 of triple junctions — see Figure 6(b). This result is comparable
to that of Section 4.1 for the multiplicatively weighted Laguerre tessellation.

Furthermore, although the values for α(p) deviate from zero for all p ∈ S̃d,0,dmin
in Fig-

ure 6(d), we can conclude that each p migrates toward its center of curvature, as all α(p) values
remain below 30◦. The observed deviations from zero arise from the fact that the proposed
surface representation method is applied to input data that have already been voxelized, which
introduces small geometric inaccuracies. Consequently, minor reconstruction errors can lead to
deviations in the estimation of the surface normal NS(p) and the mean curvature HS(p) at each

point p ∈ S̃d,0,dmin
. In particular, for points with values of HS close to zero, discrepancies can

become more pronounced, and the normal vector can even undergo direction reversal.

Comparing d(p) and dn(p) for all p ∈ S̃d,0,dmin
in Figures 7(a) and 7(b) (bottom row), it

is evident that the values of dn(p) are closer to the ground truth value d∗0 than are the d(p)

values. Similarly, Figures 7(c) and 7(d) (bottom row) show that the values of M̃n(p) are closer

to the reference value M̃∗ than are the M̃(p) values. Therefore, in the subsequent analysis of

pointwise migration, only the displacement dn(p), velocity vn(p), and reduced mobility M̃n(p)

in the normal direction are considered for each grain boundary point p ∈ S̃d,0,dmin
.

It should be noted that, in the migration analysis of the Reuleaux tetrahedron, only those
grain boundary points exhibiting a minimal distance from the triple junctions of the corre-
sponding boundary at time t were considered. These points were subsequently matched with
points located on the same grain boundary at time t+∆t. However, the distances of matched
points (i.e., at t + ∆t) from triple junctions were not taken into account. Nevertheless, the
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results obtained are sufficiently accurate. In particular, for the experimental data presented
in Section 5, the same surface representation method is applied to grain boundaries at time t
without explicitly considering the triple junctions at time t+∆t. Incorporating triple junction
information across consecutive time steps in the analysis of local grain boundary migration is a
possible topic for future work.

4.2.2. Exchanged volume method. In the literature, the grain boundary velocity has been
computed from the ratio of the volume exchanged between two neighboring grains during a time
step ∆t and the average surface area of the boundary between the same two grains, normalized
by ∆t [33, 46]. We refer to this approach as the exchanged volume method, and we compare
it to the surface representation method introduced in the present paper. By the exchanged
volume method, for a grain boundary Ri,t of the Reuleaux tetrahedron with i ∈ {1, 2, 3, 4} at
simulation step t ∈ {0, 800, 1600}, the grain boundary velocity vex,i,t ∈ [0,∞) between t and
t+∆t is given by

vex,i,t =
Vex,i,t

1
2(SA,i,t + SA,i,t+∆t)∆t

, (33)

where Vex,i,t ∈ [0,∞) denotes the exchanged volume between t and t+∆t, which is determined
from the image data by counting the voxels that are exchanged between the grains under con-
sideration. Furthermore, SA,i,t ∈ [0,∞) and SA,i,t+∆t ∈ [0,∞) denote the surface areas of the
grain boundary at consecutive time steps. In the present paper, these two surface areas are
computed from 3D image data using the method proposed in Ref. [79]. It should be noted that
the exchanged volume method yields a single velocity value vex,i,t for a given grain boundary,
rather than the local velocities of points on the boundary. Since all grain boundaries of the
Reuleaux tetrahedron possess identical morphology and, by construction, migrate at the same
velocity, it is reasonable to consider their mean velocity given by vex,t = 1

4

∑4
i=1 vex,i,t. Fur-

thermore, the exchanged volume method provides only velocity values; it gives no information
regarding the local mean curvature directly. Therefore, to compare the two methods in terms

of the reduced mobility, we compute the reduced mobility M̃ex,t ∈ [0,∞) in the context of the
exchanged volume method by the formula

M̃ex,t =
1

2
vex,t

(
1
1
rt

+
1
1

rt+∆t

)
,

where rt and rt+∆t denote the radii of the Reuleaux tetrahedron at times t and t+∆t, respec-
tively; these radii are determined by means of Eq. (43) in Appendix B.

Figure 8 presents a comparison of results obtained by the surface representation method and
the exchanged volume method for the simulation steps t ∈ {0, 800, 1600}. In Figures 8(a) and

8(b), the values of local velocity vn(p) and local reduced mobility M̃n(p) in normal direction for

points p ∈ S̃d,t,dmin
are visualized as violin and box plots, respectively. Here, the set S̃d,t,dmin

is

given by S̃d,t,dmin
=

⋃
i∈{1,2,3,4} Tt(S

′
d,i,t,dmin

), and S′
d,i,t,dmin

is given by Eq. (32) for the surface

representation S′
d,i,t, excluding points with distance less than dmin = 4 to triple junctions. The

box plots are generated as described in Section 4.1.2. In addition, the ground truth values

v∗0 = 0.0039, v∗800 = 0.0043, v∗1600 = 0.0049 and M̃∗ = 0.295, as well as the median and mean

values of vn(p) and M̃n(p), are plotted for all t ∈ {0, 800, 1600} as green dots, dotted brown and
dashed orange lines, respectively. Furthermore, the values of mean velocity vex,t and reduced

mobility M̃ex,t obtained by the exchanged volume method are visualized as magenta squares in
subfigures (a) and (b), respectively.

Both methods demonstrate comparable performance, as the values of vn(p) and M̃n(p), as

well as vex,t and M̃ex,t, closely correspond to the ground truth values v∗t and M̃∗ for all t ∈
{0, 800, 1600}. The distributions of vn(p) and M̃n(p) are relatively symmetric around their
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respective mean values, which show only minor deviations from the ground truth. It should be
noted that the exchanged volume approach relies on prior knowledge of the mean curvature of
the Reuleaux tetrahedron to compute the reduced mobility. Although this method performs
reliably when the mean curvature of an entire grain boundary is known, it yields only a single,
aggregated reduced mobility value per boundary. In contrast, the surface representation method
enables pointwise estimation of the reduced mobility, providing a more detailed and spatially
resolved characterization of grain boundary migration behavior.
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Figure 8. Comparison of surface representation and exchanged volume methods at steps t ∈
{0, 800, 1600}, showing violin plots, box plots, mean and median (orange and brown lines) of

the (a) local velocity vn(p) in normal direction and (b) local reduced mobility M̃n(p) in normal

direction, obtained by the surface representation method for grain boundary points p ∈ S̃d,t,dmin
,

excluding points with distance less than dmin = 4 to triple junctions. Ground truth values of
velocity v∗t and reduced mobility M∗

t are indicated as green dots in (a) and (b), respectively.

Furthermore, the values of mean velocity vex,t and mean reduced mobility M̃ex,t that were
obtained via the exchanged volume approach are indicated as magenta squares in (a) and (b),
respectively. In both subfigures, the boxes are bounded by the 25th and 75th percentiles, and
the whiskers extend from the 10th to the 90th percentile.

5. Grain boundary migration in an AlMg alloy

Employing 3D image data from two consecutive time steps, we quantify the migration of grain
boundaries in the AlMg specimen described in Section 2.1.3. In the present section, the evolution
of the initial microstructure that takes place during a 15-minute annealing period is analyzed
using the surface representation method introduced in Section 3.1. For the time steps t = 0min
and t + ∆t = 15min, we consider all grain boundaries between any two adjacent grains, with
i, j ∈ {1, . . . , nG} and i ̸= j, where nG > 0 denotes the number of grains observed in the AlMg
specimen at both time steps t and t + ∆t. Each grain boundary is extracted from the image
data following the steps described in Section 2.2, resulting in sets Gij,t and Gij,t+∆t of grain

boundary voxels. Then, for these sets, surface representations S̃ij,t and S̃ij,t+∆t are constructed,

as described in Section 3.1, where, instead of S̃t and S̃t+∆t the notations S̃ij,t and S̃ij,t+∆t are
used to denote the surface representations of Gij,t and Gij,t+∆t, respectively. When fitting these
surface representations, the smoothing parameter λ was fixed at 0.001. This value is equal to the
average smoothing parameter applied by the surface representation method to multiplicatively
weighted Laguerre tessellations. In particular, this value was found to adequately preserve
the geometric characteristics of each boundary while ensuring a sufficiently smooth surface
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representation, effectively mitigating the voxelized appearance present in the original image
data input. Moreover, the decision to fix the value of λ allows the proposed method to be
applied to experimental data containing a much larger number of grain boundaries without the
additional computational cost of optimizing λ for each grain boundary.

To analyze the migration of individual grain boundary points on each grain boundary, we

utilize the discretized surface representations S̃d,ij,t ⊂ S̃ij,t and S̃d,ij,t+∆t ⊂ S̃ij,t+∆t given by

Eq. (20), where, instead of S̃d,t and S̃d,t+∆t, the notations S̃d,ij,t and S̃d,ij,t+∆t are used. Then,

each point pt ∈ S̃d,ij,t is matched with a point pt+∆t ∈ S̃d,ij,t+∆t, as described in Section 3.4, to
determine the pointwise displacement. In order to analyze the influence of local mean curvature
on grain boundary migration, the local mean curvature value HS(pt) is computed for each point

pt ∈ S̃d,ij,t. Furthermore, to enable a comparison between S̃d,ij,t and Gij,t and, in particular, to

account for the distances of points in S̃d,ij,t from the triple junctions, the surface S̃d,ij,t is trans-

formed back with its corresponding inverse rigid transformation T−1
ij,t : R3 → R3, as described

in Section 3.1, resulting in the surface representation S′
d,ij,t = T−1

ij,t(S̃d,ij,t). For simplicity, since

only a single time step is considered in this context, the notations Gij , S̃d,ij , S
′
d,ij and T−1

ij are

used in the following instead of Gij,t, S̃d,ij,t, S
′
d,ij,t and T−1

ij,t , respectively.

It is well accepted in the literature that the crystallographic misorientation of adjoining
grains strongly influences the migration kinetics of the corresponding grain boundary [24,27,80].
Therefore, in the present section, we also investigate the influence of misorientation on the
migration behavior. Note that the crystallographic orientation of lattice planes in a grain is
specified relative to a chosen reference frame by a rotation matrix [81]. From 3DXRD image
data, we obtain the local crystallographic orientation in each voxel of the measurement. For
two grains that meet at a grain boundary Gij , the difference in their orientations is quantified
by the misorientation angle θij ∈ [0, π), which denotes the (minimum) angle through which the
lattice of one grain would need to be rotated to match the lattice of the other grain. A detailed
description of how the misorientation angle is extracted from the orientation of two adjacent

grains can be found in [81]. Accordingly, for each grain boundary point p ∈ S̃d,ij , the associated
misorientation angle θ(p) is given by θij . Because θij has the same value at each point along the
grain boundary Gij , in addition to characterizing boundary migration in a pointwise manner in
Section 5.1, we also analyze the migration of entire grain boundaries in Section 5.2.

5.1. Local grain boundary migration

Using the surface representation of the grain boundaries, the local mean curvature values HS(p),
velocity values vn(p) in normal direction and displacement angle values α(p) are computed for

each point p ∈ S̃d,dmin
, whereby points less than dmin = 4 from triple junctions are excluded, as

described in Section 4.1. Here, the set S̃d,dmin
is given by S̃d,dmin

=
⋃

i,j∈{1,...,nG},i ̸=j Tij(S
′
d,ij,dmin

),

where S′
d,ij,dmin

is given by Eq. (32) for the surface representation S′
d,ij . Figure 9 displays the

relationship between these quantities as bivariate kernel density estimates [82]. The latter are
shown in Figure 9(a) for (HS(p), α(p)) and in Figure 9(b) for (HS(p), vn(p)) at each grain

boundary point p ∈ S̃d,dmin
.

A potential relationship between HS(p) and vn(p) is evaluated using the Pearson correlation
coefficient (PCC) [83] and the empirical distance correlation coefficient (EDCC) [84]. The PCC
is utilized to identify linear relationships, where a PCC value close to 1 or −1 indicates a strong
linear relation, whereas a value close to 0 indicates little to no linear correlation. The EDCC
is used to identify potential nonlinear relationships; in the case of two random variables, the
EDCC equals zero if and only if these variables are independent, allowing for the detection of
general (nonlinear) dependencies. For the quantities HS(p) and vn(p), we obtained PCC and
EDCC values of 0.04 and 0.0013, respectively.
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In addition, a possible relationship between the grain boundary crystallography and the grain
boundary itself is investigated with respect to the values of vn(p) and θ(p) for all grain boundary

points p ∈ S̃d,dmin
. Figure 10(a) displays violin and box plots of the values of θ(p) and vn(p),

using a bin width of 5◦ for the values of θ(p) for each box plot. Here, PCC and EDCC values
of 0.09 and 0.21 were obtained for the values of vn(p) and θ(p), respectively.

local mean curvature HS [µm−1]

d
is
p
la
ce
m
en
t
an

gl
e
α
[◦
]

p
ro
b
ab

il
it
y
d
en
si
ty

local mean curvature HS [µm−1]

lo
ca
l
ve
lo
ci
ty

v n
[µ
m
/m

in
]

p
ro
b
ab

il
it
y
d
en
si
ty

(a) (b)

Figure 9. Bivariate kernel density estimates of the values of (a) local mean curvature and
displacement angle (HS(p), α(p)), and (b) local velocity in normal direction and displacement

angle (vn(p), α(p)) for all grain boundary points p ∈ S̃d,dmin
, excluding points with distance less

than dmin = 4 from triple junctions.
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Figure 10. (a) Violin and box plots of local velocity values vn(p) in normal direction against

misorientation angles θ(p) for grain boundary points p ∈ S̃d,dmin
, excluding points less than

dmin = 4 from triple junctions. (b) Violin and box plots of mean local velocity values vn,ij
in normal direction against misorientation angles θij for all grain boundaries Gij , where the
number of grain boundaries in each bin is indicated by the blue curve. The boxes are bounded
by the 25th and 75th percentiles, and the whiskers extend from the 10th to the 90th percentile.
The mean and median values in each bin are marked by orange and brown lines, respectively.

5.2. Grain boundary migration

In addition to the pointwise characterizations of the previous section, we have also evaluated
the migration behavior of entire grain boundaries. As described above, for each surface repre-

sentation S̃d,ij,dmin
, the mean velocity vn,ij ∈ [0,∞) in normal direction and standard deviation
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σvn,ij ∈ [0,∞) of the pointwise velocities of a given grain boundary are considered. The values
of vn,ij and σvn,ij are given by

vn,ij =
1

#S̃d,ij,dmin

∑

p∈S̃d,ij,dmin

vn(p) and σvn,ij =

√√√√
1

#S̃d,ij,dmin

∑

p∈S̃d,ij,dmin

(vn(p)− vn,ij)2.

(34)

Here, the coefficient of variation [85] of mean velocity, given by σvn,ij/vn,ij , indicates the extent
of variability in relation to the mean velocity value for each grain boundary and is utilized as
a descriptor for how uniformly a grain boundary migrates. More precisely, we judge a grain
boundary to migrate rather uniformly if the value of σvn,ij/vn,ij is small.

Furthermore, the mean curvature of each surface representation S̃d,ij,dmin
is evaluated from

the mean µij ∈ [0,∞) and standard deviation σij ∈ [0,∞) of local mean curvature values HS(p)

for all p ∈ S̃d,ij,dmin
, where µij and σij are given by

µij =
1

#S̃d,ij,t,dmin

∑

p∈S̃d,ij,dmin

HS(p) and σij =

√√√√
1

#S̃d,ij,dmin

∑

p∈S̃d,ij,dmin

(HS(p)− µij)2. (35)

Similar to the above, the coefficient of variation of local velocity — given by σij/µij — provides
a descriptor of how irregularly a grain boundary is curved. We consider a grain boundary to be
curved irregularly if it manifests a large variation in local mean curvature values and, therefore,
a large ratio σij/µij .

Figures 11(a) and (b) display bivariate kernel density estimates of (µij , σij/µij) and (vn,ij , σvn,ij/

vn,ij), obtained for each grain boundary with surface representation S̃d,ij,dmin
. Furthermore, a

bivariate kernel density estimate of (µij , vn,ij) is presented in Figure 11(c). In analogy to the
investigation of local grain boundary migration, we also examine the relationship between crys-
tallography and migration behavior of entire grain boundaries. Figure 10(b) displays violin and

box plots of θij and vn,ij values for each grain boundary with surface representation S̃d,ij,dmin
.

Furthermore, the relationship between µij and vn,ij is evaluated by computing the PCC and
EDCC, yielding values of 0.07 and 0.0016, respectively. In contrast, for the quantities θij and
vn,ij , the correlation coefficients PCC and EDCC are found to be 0.13 and 0.25, respectively.
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Figure 11. Bivariate kernel density estimates of (a) mean and coefficient of variation (µij , σij/
µij) of local mean curvature values, (b) mean and coefficient of variation (vn,ij , σvn,ij/vn,ij) of
local velocity values in normal direction, and (c) of (µij , vn,ij) for all grain boundaries Gij with

surface representation S̃d,ij,dmin
, excluding points with distance less than dmin = 4 from triple

junctions.

5.3. Discussion of migration results

In this section, the results obtained for the AlMg dataset are discussed. In particular, the
pointwise migration of grain boundaries is examined, with particular emphasis placed on the
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influence of local curvature and crystallographic orientation on the migration velocity. In addi-
tion, the relationship between the local migration behavior of individual boundary points and
the overall migration of entire grain boundaries is investigated.

Local migration toward center of curvature. The results obtained from the surface representa-
tion method indicate that the assumption of grain boundary points migrating toward their local
center of curvature does not generally hold, as a considerable fraction of points deviates from
this behavior. This can be seen in the large displacement angles α(p) evident in Figure 9(a) for

points p ∈ S̃d,dmin
. It should be noted that points with small local mean curvature values HS(p)

are particularly sensitive to numerical errors in normal vector determination, which may lead to
artificially large α(p) values. Nevertheless, approximately 78% of the points exhibit local mean
curvature values greater than 0.002, and around 32% of these points are associated with α(p)
values exceeding 90◦.

Influence of curvature and crystallographic orientation on velocity. The results obtained indi-
cate that the local mean curvature has almost no influence on the value of the local boundary

velocity. For grain boundary points p ∈ S̃d,dmin
, no functional relationship is apparent between

values of local mean curvature HS(p) and velocity vn(p) in normal direction, as shown in Fig-
ure 9(b). This observation is supported by the PCC value of only 0.04. In addition, the EDCC
value of HS(p) and vn(p) equals 0.0013, further indicating the absence of a significant correla-
tion between these two quantities. These findings suggest that, at the scale of individual grain
boundary points, velocities in polycrystals are not proportional to the local mean curvature,
in contrast to the fundamental assumption underlying Eq. (1). These results are comparable
to those proposed in Refs. [46, 55,56], where the authors investigate the influence of mean cur-
vature on the migration of grain boundaries in Ni, SrTiO3 and Fe polycrystals. It should be
noted that the cited studies assessed the relationship between velocity and mean curvature for
grain boundaries considered as a whole, whereas our analysis cast doubt on the local validity
of Eq. (1) — i.e., at individual points on a grain boundary. Nevertheless, our results indicate
that the lattice misorientation of a grain boundary, quantified by the misorientation angle θ(p),
has a noticeable influence on vn(p). Although no linear relationship is detected between θ(p)
and vn(p) (as evidenced by a PCC value of 0.09), the EDCC value of 0.21 deviates significantly
from zero, indicating the presence of a nonlinear relationship. This trend is consistent with Fig-
ure 10(a), where both the mean and median of vn(p) increase with θ(p), reaching a maximum
within the interval [25◦, 35◦], followed by a decline at higher misorientation angles. When con-
sidering the combined influence of HS(p) and θ(p) on vn(p), the EDCC value increases slightly
to 0.25, suggesting a modest additional contribution of local mean curvature when coupled
with crystallographic misorientation. These results are similar to those reported in Refs. [86]
and [54], where the same AlMg dataset was analyzed to characterize the migration of entire
grain boundaries.

Relation between local and entire grain boundary migration. The surface representation method
provides detailed information regarding the local migration of grain boundary points. As out-
lined in Section 5.2, these local descriptors can be systematically aggregated to characterize
the migration behavior of entire grain boundaries. The analysis carried out in the present pa-

per shows that grain boundary representations S̃d,ij,dmin
are generally flat, as reflected by their

relatively small average curvature values µij . The median value for µij of only 0.0045 µm−1 is
around 15 times smaller than the inverse of the specimen’s average grain radius (0.068 µm−1).
At the same time, the comparatively large σij/µij values indicate that these boundaries exhibit

significant variations in HS(p) across points p ∈ S̃d,ij,dmin
. In contrast, with respect to the

velocities at various points on an individual grain boundary, the values of σvn,ij/µvn,ij are small
in comparison to those of µvn,ij , indicating that nearly all points on a given grain boundary mi-
grate at about the same speed, despite local curvature variations. This observation bolsters the
interpretation that local curvature has little to no effect on the migration of grain boundaries
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considered as a whole. While a local geometric descriptors like mean curvature might influ-
ence boundary migration at very short length scales, the crystallographic relationships between
neighboring grains and their general interconnected nature appears to have a stronger impact
on the overall migration of grain boundaries in a polycrystal [56].

6. Conclusions

In this paper, we have developed a method for locally tracking grain boundaries in polycrys-
talline materials. Our approach enables the computation of mean curvature and velocity at
individual points on a grain boundary directly from 3DXRD grain mappings. The method
employs smoothing thin-plate splines to represent voxelized grain boundaries as continuous sur-
faces, allowing for the accurate evaluation of local quantities. Validation has been performed
against a multiplicatively weighted Laguerre tessellation, which provides ground truth values for
local mean curvature, as well as against a single-grain dataset (a Reuleaux tetrahedron) that was
coarsened using a phase field simulation, furnishing known ground truth values for local velocity
and reduced mobility. Furthermore, the applicability of the method was demonstrated on an
experimental dataset exhibiting a complex grain architecture, for which the time-dependent mi-
gration of grain boundaries was analyzed. In the latter study, no clear correlation was identified
between the local mean curvature of grain boundaries and the velocity of individual boundary
points; however, the method did reveal significant correlations between the crystallographic
misorientation at a grain boundary and both the local and boundary-averaged normal veloci-
ties. As such, the proposed method offers a robust framework for the extraction of grain growth
kinetic data from time-resolved, voxelized mappings of grain boundary networks. Although pre-
vious approaches have been limited to determining boundary-averaged quantities, our method
operates in a pointwise manner, thus providing a basis for identifying local grain boundary
descriptors that may have previously unrecognized effects on boundary migration. In future
work [87,88], we plan to employ this method to assess the impact of second-phase particles on
grain boundary migration during abnormal grain growth.
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Appendix

A. Ellipsoid fitting

In this section, the heuristic approach for determining the optimal value λ̂ of the smoothing
parameter λ in the surface representation (see Eq. (13) in Section 3.1) is outlined. This approach

involves fitting an ellipsoid to the grain boundary of interest and selecting λ̂ such that the local
mean curvature (as described in Section 3.2) of the fitted surface closely matches that of the
ellipsoid. This ensures a sufficiently smooth surface while preserving the overall shape of the
voxelized grain boundary derived from the image data. The fitting routine of an ellipsoid on
voxelized image data closely follows the approach proposed in Ref. [89], where particle surfaces
were modeled that had been measured via atomic force microscopy in a dry particle coating
process.

Recall that the voxelized data of a grain boundary in the surface representation step are trans-
formed such that the surface is aligned with the (x,y)-coordinate plane (see Section 3.1). The
grain boundary is given by the set Kxy containing the x- and y-components of the transformed
grain boundary voxel coordinates, and the set Kz contains the corresponding z-components. In
this setting, the surface of an ellipsoid E ⊂ R3 is given by those points p ∈ R3 fulfilling the
equation

(p− ce)
⊤Q⊤UQ(p− ce) = 1, (36)

where ce = (c
(1)
e , c

(2)
e , c

(3)
e ) ∈ R3 are the coordinates of its center, U = diag(u1, u2, u3) is a

diagonal 3 × 3 matrix whose diagonal entries u1, u2, u3 > 0 are the lengths of its three semi-
axes, and

Q =



cos(γ1) − sin(γ1) 0
sin(γ1) cos(γ1) 0

0 0 1







cos(γ2) 0 sin(γ2)
0 1 0

− sin(γ2) 0 cos(γ2)






1 0 0
0 cos(γ3) − sin(γ3)
0 sin(γ3) cos(γ3)


 (37)

is a matrix that describes the rotation by angles γ1 ∈ [0, 2π),γ2 ∈ [0, 2π) and γ3 ∈ [0, 2π) about
the z-, y- and x-axis, respectively. In order to determine the best-fit ellipsoid, a loss function
g : R3 × (0,∞)3 × [0, 2π)3 is considered, which is given by

g(c(1)e , c(2)e , c(3)e , u1, u2, u3, γ1, γ2, γ3) =
∑

pz∈Kz

∥pz −Oz(pz)∥, (38)

where Oz(pz) is the orthogonal projection of pz ∈ Kz onto the surface of the ellipsoid described
by Eq. (36). In order to compute Oz(pz), the algorithm implemented in Ref. [90] is used.
Minimizing the loss function g results in an ellipsoid E ⊂ R3 that best matches the grain
boundary under consideration. In other words, this ellipsoid can be described explicitly by a
function e : Kxy → R that maps each point (px, py) ∈ Kxy onto the surface of the ellipsoid E:

E = {(px, py, e(px, py)) ∈ K × R : (px, py, e(px, py)) fulfills Eq. (36)}. (39)

The representation of the ellipsoid E ⊂ R3 given in Eq. (39) enables computing the local mean
curvature HE((px, py, e(px, py)) for each point (px, py) ∈ Kxy using Eq. (15) of Section 3.2,
where, instead of the surface representation S with surface function s, the set E with surface
function e is used.

The optimal value λ̂ of the smoothing parameter λ introduced in Eq. (13) is then computed
for a surface representation S with surface function sw by

λ̂ = argmin
λ∈[0,1]

∑

(px,py)∈Kxy

∥HS((px, py, sw(px, py)))−HE((px, py, e(px, py)))∥. (40)
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B. Phase field simulation

In Section 4.2, a three-dimensional phase field algorithm [10] was applied to a Reuleaux tetrahe-
dron with faces having a radius of 80 voxels. The phase field model reproduces the conventional
model of curvature-driven grain boundary migration proposed by Burke and Turnbull [2], in
which a grain boundary migrates with local velocity defined by Eq. (1). Since we employ an

isotropic simulation, each grain boundary evolves with the same reduced mobility M̃ = Mγ,
and the velocity of each grain boundary at time t ∈ [0,∞) can be expressed as

vt = M̃Ht. (41)

The configuration of grain boundaries generated by the phase field algorithm was repeatedly
recorded as image data once a fixed number of iterations had been carried out, introducing a
discretization step that renders the simulation results comparable to experimental image data.
The grain boundary mobility M and the excess energy γ are not direct inputs to our model
but rather defined implicitly by the phenomenological parameters of the simulation. In order to
determine the reduced mobility while also taking into account the effects of discretization, the
phase field algorithm was first applied to a sphere. The advantage of considering a spherical
grain is that its evolution under Eq. (1) can be computed analytically; consequently, the value

of M̃t at each time t ∈ [0,∞) is given by

M̃t =
V

2
3
vol,0 − V

2
3
vol,t

2(43π)
2
3 t

, (42)

where Vvol,0 and Vvol,t are the volumes of the sphere at times 0 and t, respectively. For additional
details on the phase field simulation, readers are referred to Ref. [86].

To determine the value of the reduced mobility in the discretized image data, denoted by

M̃d , 10 000 iterations of the phase field algorithm were performed on a spherical grain with an
initial radius of 80. The simulation results were recorded as image data every 200 iterations,

yielding time-resolved images at time steps t ∈ {0, 200, 400, . . . , 10000}. The value of M̃d was
then obtained from Eq. (42), where, for each time step t, the initial and current volumes, Vvol,0

and Vvol,t, are computed from the image data by counting the voxels belonging to the sphere.

Assuming a constant grain boundary mobility during the simulation, M̃d was computed as the

mean of M̃t over all recorded time steps, resulting in M̃d = 0.295.

Since the grain boundaries of the Reuleaux tetrahedron correspond to spherical patches, their
migration behavior is similar to that of the boundaries of the respective spheres. Consequently,
when the phase field algorithm is applied using the same setup as for the spherical case above,
we can assume that the grain boundaries of the Reuleaux tetrahedron migrate with the same

reduced mobility M̃d = 0.295. We carried out 2400 iterations of the phase field algorithm
on the initial Reuleaux tetrahedron with radius r = 80, where after every 200 iterations the
results obtained by the algorithm were recorded. As a result, time-resolved image data of the
Reuleaux tetrahedron are available at the simulation steps t ∈ {0, 200, 400, . . . , 2400}, with a
time-step length ∆t of 200 iterations. Furthermore, assuming that at each iteration of the
phase field algorithm the resulting body obtained from the time-resolved image data remains
a Reuleaux tetrahedron, each grain boundary point of the Reuleaux tetrahedron at a given
simulation step t ∈ {0, 200, 400, . . . , 2400} has a Euclidean distance of rt > 0 from the center
of the corresponding sphere, as described in Section 2.1.2. More precisely, the radius rt can be
computed from image data using the following formula provided in Ref. [60]:

rt = 3

√
12Vvol,t

3
√
2 + 32π + 81 cos−1(1/3)

, (43)
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where Vvol,t ∈ [0,∞) denotes the volume of the voxelized representation of the Reuleaux tetra-
hedron at simulation step t, obtained by voxel counting. Consequently, at each simulation step
t ∈ {0, 200, 400, . . . , 2400} of the phase field algorithm, each grain boundary point has a local
mean curvature Ht = 1/rt.

However, in order to obtain ground truth values for the grain boundary velocity from the
image data — to which the results of the proposed surface representation method can be com-
pared — two aspects must be addressed. First, only the output of the phase field algorithm at
iterations t ∈ {0, 800, 1600, 2400} with a time-step length of ∆t = 800 are considered for model
validation, as this interval corresponds to a sufficient number of iterations for noticeable grain
boundary migration to occur. Second, the simulation does not give us the velocity of a grain
boundary at any given time step t; rather, the velocity must be computed from the evolution of
microstructure that occurs during ∆t. As the Reuleaux tetrahedron shrinks in size, the mean
curvature of its faces increases. The average boundary velocity between time steps t and t+∆t,
vt,t+∆t can be computed from the time-averaged mean curvature Ht,t+∆t according to

vd,t,t+∆t = M̃Ht,t+∆t,

where Ht,t+∆t is given by

Ht,t+∆t =
1

nt,t+∆t

nt,t+∆t∑

i=1

Hti .

Here, ti for i ∈ {1, 2, . . . , nt,t+∆t} denote intermediate time steps between t and t + ∆t,
with t0 = t, tnt,t+∆t = t + ∆t and nt,t+∆t > 0. Note that for computing vd,t,t+∆t at time
steps t ∈ {0, 800, 1600, 2400} all available outputs of the phase field algorithm at iterations
0, 200, 400, . . . , 2400 are considered. For example, the value of H0,800 between time step 0 and
800 is given by H0,800 =

1
5(H0+H200+H400+H600+H800), where Hti is computed by Hti = 1/

rti and rti is given by Eq. (43). Furthermore, each point on the boundary of the Reuleaux
tetrahedron undergoes a displacement dd,t,t+∆t given by dd,t,t+∆t = vd,t,t+∆t∆t.

To summarize, the values of reduced mobility M̃d, mean curvature Ht, velocity vd,t,t+∆t and
displacement dd,t,t+∆t obtained at a given simulation step t ∈ {0, 800, 1600, 2400} with ∆t = 800
serve as ground truth values for validation of the surface representation model introduced in
Section 3. The superscript ∗ is used when referring to these ground truth values: i.e., we write

M̃∗, H∗
t , v

∗
t , d

∗
t , instead of M̃d, Ht, vd,t,t+∆t, dd,t,t+∆t, respectively.
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C. List of Symbols

grain boundary migration image data
symbol description symbol description

v velocity I image
M mobility W image domain
H mean curvature W ′ sampling window
γ excess energy nG number of grains observed in an image
θ misorientation angle Gi set of voxels belonging to the ith grain

M̃ reduced mobility Gij set of voxels belonging to the grain

boundary of ith and jth graint time
∆t timestep IGij binary image of Gij

p grain boundary point Dj(x) neighborhood of x within grain Gj

D displacement vector nGij number of voxels in Gij

d pointwise displacement Jij set of voxels belonging to the triple

junctions of GijV velocity vector
N normal vector field
α displacement angle

multiplicatively weighted
Laguerre tessellation

Reuleaux tetrahedron

T tessellation R set of points belonging to the

Reuleaux tetrahedronTd discretized version of T
ITd image of Td si ith sphere center that generates R
Ci ith cell r radius of the spheres
Cij facet of ith and jth adjacent cell Ri ith grain boundary
Cd,i discretized version of Ci Rd discretized version of R
nT number of tessellation cells IRd

image of Rd

G marked point pattern rt radius of Reuleaux tetrahedron at

time tgi ith seed point of G
mi ith multiplicate weight of G
ai ith additive weight of G

surface representation method exchanged volume method
T rigid transformation Vvol volume
Kxy (x,y)-components of transformed

grain boundary voxel coordinates

Vex exchanged volume
vex grain boundary velocity by means

of exchanged volume methodKz z-components of transformed grain

boundary voxel coordinates SA grain boundary surface area

S surface representation M̃ex reduced mobility by means of

exchanged volume methods surface function of S
A domain of s
sw parametric approximation of s
w parameter vector of sw
φ thin plate spline
λ smoothing parameter
L surface roughness control function
NS normal vector field of S
H local mean curvature regarding NS



33

model validation and results
symbol description

δ pointwise measure for accuracy of fitted surface representation
εrel pointwise relative error of mean curvature computation
dmin minimal distance of points to triple junctions
vn,ij mean of normal velocity values of points on grain boundary Gij

σvn,ij standard deviation of normal velocity values of points on grain boundary Gij

µij mean of local mean curvature values of points on grain boundary Gij

σij standard deviation of local mean curvature values of points on grain boundary Gij

index
symbol description

vn descriptor v in normal direction
St surface representation at time t
Sd discretized version of surface representation S
Sij surface representation of grain boundary Gij

Sij,dmin
points in Sij with at least a distance of dmin away from triple junctions Jij

H∗ ground truth value of descriptor H


