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Abstract. Grain growth in polycrystalline materials has conventionally been described by

curvature-driven models, which assume a direct proportionality between grain boundary (GB)

velocity and mean curvature. However, recent experimental and computational studies have

revealed significant deviations of GB migration from conventional models. These discrepancies

become particularly pronounced during abnormal grain growth (AGG), where a small fraction

of grains exhibits disproportionately rapid growth that cannot be fully explained by existing

theoretical models. This study extends previous experimental studies of AGG in a commercial

Al-Mg alloy (AA5252) by representing GBs obtained from time-resolved, synchrotron-based

diffraction-contrast tomography (DCT) measurements by continuous surfaces, overcoming the

limitations associated with voxel-based microstructural data. Such surface representations fa-

cilitate the analysis of the relationship between pointwise (local) mean curvatures and GB

velocities, while additionally accounting for potential pinning effects arising from second-phase

particles measured by phase-contrast tomography (PCT). By linking these localized GB dy-

namics with the connectivity of GBs, the findings provide insight into microstructural evolution

during AGG.
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1. Introduction

For more than a century, grain growth in polycrystalline materials—composed of numerous

individual crystallites (grains) having distinct crystallographic orientations separated by grain

boundaries (GBs)—has attracted significant research interest due to the strong influence of

grain size on the resulting materials properties. Early investigations established that curved

GBs migrate toward their center of curvature [1], and Burke and Turnbull’s analytic model [2]—

later extended by Hillert [3]—explained the parabolic relationship between the average grain

size and the annealing time during normal grain growth, under the assumption that the velocity

v of a GB is given by v = MγH, with mobility M , excess energy per unit area γ and mean

curvature H.

However, significant discrepancies persist between the predictions of this model and exper-

imental observations. Advancements in high-resolution characterization techniques—such as
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orientational imaging microscopy [4], automated serial sectioning [5, 6], and X-ray diffraction-

based microscopy [7]—have revealed complexities in grain size distributions and microstructural

evolution that current analytic models fail to capture [8]. Crucially, recent experimental mea-

surements and numerical simulations indicate that, in certain materials systems, GB velocity

is not correlated with GB mean curvature [9–12]. It has even been proposed that grain growth

fundamentally cannot be characterized as the result of curvature-driven GB migration [13]. In

particular, reported instances of GBs moving away from their center of curvature—referred

to as anticurvature migration—are not compatible with current curvature-driven grain growth

models [14, 15].

These theoretical limitations become particularly pronounced during abnormal grain growth

(AGG), a phenomenon in which a minority fraction of grains grows rapidly in comparison to

the surrounding grains. Current models adequately capture neither the physical emergence of

the so-called abnormal grains nor the persistence of their kinetic advantage. While the exact

thermodynamic mechanisms underlying AGG remain incompletely resolved [16], the literature

predominantly identifies two possible drivers. First, due to the presence of crystallographic

texture, AGG can initiate when a small fraction of grains deviates from the dominant crystal-

lographic texture of the polycrystal [17–19]. Consequently, the GBs of such grains exhibit high

misorientation angles. According to conventional theory, these highly misoriented boundaries

possess greater specific energies [20] and mobilities [21] compared to low-angle boundaries and,

thus, migrate faster than other GBs. Secondly, when a sample contains second-phase particles,

the latter can promote AGG by selectively retarding or arresting the migration of specific GBs

through Zener pinning [22–24].

To bridge the gap between empirical observation and predictive modeling, recent efforts

have introduced a reverse engineering approach, which extracts the governing model parameter

values directly from experimentally acquired three-dimensional (3D) datasets of evolving GB

networks [25]. This methodology requires the nondestructive, time-resolved 3D mapping of

polycrystalline microstructures under isothermal annealing conditions. Applying this approach,

a recent study [26] utilized diffraction-contrast tomography (DCT) [27, 28] to map AGG in the

commercial aluminum alloy AA5252. Additional microstructural information can be obtained

from phase-contrast tomography (PCT) [29], which enables precise spatial identification of

second-phase particles in this material. By correlating these two imaging techniques, the authors

demonstrated that AGG cannot be attributed to inhomogeneity in the distribution of pinning

particles. Instead, AGG appears to be correlated with the abnormal grain being bounded

by GBs with above-average misorientation angles and neighbor grains of smaller-than-average

size [26].

The primary objective of this study is to deepen the analysis of GB migration during AGG

in the AA5252 specimen presented in [26] by systematically investigating the local influence

of GB morphology on GB velocity. In particular, we extend the analysis of the relationship

between mean curvature and GB velocity beyond the conventional curvature-driven migration

picture. However, a major obstacle in the determination of GB morphology arises from the

voxel-based nature of the microstructural maps generated by DCT and PCT, whose discrete

structure complicates the accurate determination of GB mean curvatures and velocities. To

mitigate these computational limitations, we implemented a continuous rather than discrete

microstructural representation. Building on a modified version of the framework proposed

in [30], in which each GB is represented as a continuous surface representation, we are able

to compute the mean curvature and velocity at any given point on a GB. By additionally
2



investigating the dynamic interactions and constraints imposed by GBs connected via triple

junctions, we aim to resolve (apparent) discrepancies between experimental observations and

predictions of conventional GB migration models, in particular when considering AGG.

2. Materials and image acquisition

This section details the materials and experimental methodologies employed in the study.

2.1. Image acquisition and preprocessing of grain microstructures

The 3D microstructure mappings were carried out on a cylindrical aluminum alloy AA5252

specimen with a diameter of 0.8mm, extracted from a plate-shaped specimen by spark erosion.

Prior to extraction, the plate was cold-rolled to a thickness reduction of 80%, followed by re-

crystallization via two consecutive annealing steps of 30min at 400 ◦C in a custom-built vertical

furnace. Subsequently, the specimen was subjected to 15-minute annealing intervals at 500 ◦C,

reaching a total annealing time of 90min at this temperature. Additional details on specimen

preparation and thermal treatment are provided in [26]. After each annealing interval, the 3D

microstructure was characterized by DCT at beamline ID11 of the European Synchrotron Radi-

ation Facility (ESRF). Subsequently, the grain maps were registered, and the tracking algorithm

described in [31, 32] was applied to the grain maps to ensure that individual grains retain the

same label across subsequent time steps. For a detailed description of the imaging and data

processing procedures, see [26]. In total, six DCT grain maps with a resolution of 1.78 µm per

voxel side length were reconstructed with sufficient completeness and quality for quantitative

analysis. Figure 1 shows the reconstructed 3D microstructure at three different time steps, with

the abnormally growing grain of particular interest in this paper labeled Ga.

[111]

[101][001]
200	µm	

45 min
at 500°C

30 min
at 500°CGa Ga

Ga

Figure 1. Microstructural evolution in the AA5252 alloy for three selected annealing intervals.
The specimen was annealed at 500 ◦C for 90min, with the first DCT measurement acquired after
15min and subsequent measurements performed at 15-min intervals. A wedge-shaped portion
of the cylindrical specimen has been cut out to expose internal GBs. The abnormally growing
grain Ga is shown in orange. Grains are colored according to their crystallographic orientation
using the inverse pole figure (IPF) color coding scheme (lower right inset).

2.1.1. Description of 3D image data

Formally, the image obtained from DCT after processing is defined for each annealing time step

t ∈ {15, 30, 45, 60, 75, 90min} as a mapping It : W → {0, 1, 2, . . . , nt}. Due to the registration

process, all images have the same domain W ⊂ Z3 = {. . . ,−1, 0, 1, . . .}3, which is given by

W = W ′ ∩ Z3 for a bounded cubic sampling window W ′ ⊂ R3, and nt ∈ N denotes the number

of grains at time step t. In this framework, the image It assigns each voxel x ∈ W to a specific
3



grain label or to the background; i.e., It is given by

It(x) =

{︄
i, if x belongs to the ith grain for i ∈ {1, 2, . . . , nt},
0, otherwise,

(1)

for each x ∈ W . The ith grain at time t is given by the set of voxels Gi,t = {x ∈ W : It(x) = i}.

2.1.2. Preprocessing of image data

The images obtained from the DCT measurements exhibit various artifacts, including voxels

incorrectly classified as background despite being located within the specimen, as well as isolated

voxels erroneously assigned to grains to which they do not physically belong. Such artifacts can

adversely affect the accuracy of GB surface representations. To mitigate these artifacts, each

image It is preprocessed prior to further analysis.

In a first step, isolated voxels are identified that were erroneously assigned to grains to

which they do not belong. This is accomplished by determining, for each grain, all connected

components of voxels assigned to the corresponding grain label, employing an 18-neighborhood

connectivity criterion. Two voxels x1 and x2 are considered neighbors if ∥x1 − x2∥ ≤
√
2,

where ∥·∥ denotes the Euclidean norm in R3. In cases where multiple disconnected components

are detected for a single grain, only the largest connected component is retained, while all

smaller components are reclassified as isolated voxels. A similar procedure is applied to identify

voxels that were assigned erroneously to the background, despite being located within the

polycrystalline specimen. In particular, all connected components of the voxels labeled as

background by It are detected, and only the largest connected component is preserved; all

smaller disconnected components are reclassified as isolated voxels. This preprocessing step

results in a corrected image Ic,t : W → {−1, 0, 1, 2, . . . , nt}, where each voxel x ∈ W is assigned

to a specific grain, to the background label (0) or to the isolated voxel label (−1).

In a second step, isolated voxels are reassigned to surrounding grains. For this purpose, a

marker-based watershed algorithm [33] is employed. This algorithm is a region-growing algo-

rithm, meaning that the image to which the algorithm is applied is treated as a topographic

map, with region growing starting from a predefined set of markers. The regions grow until

they meet. In this context, these regions correspond to the grains, which enables us to assign

isolated voxels to specific grains. As the marker for the watershed algorithm, the marker image˜︁Ic,t : W → {0, 1, 2, . . . , nt} is utilized, which corresponds to the corrected image Ic,t with isolated

voxels excluded. Formally, the image ˜︁Ic,t is given by ˜︁Ic,t(x) = Ic,t(x) if Ic,t(x) ≥ 0, otherwise˜︁Ic,t(x) = 0 for each x ∈ W . The image used for the watershed algorithm is given by the nega-

tive Euclidean distance transform [34, 35] of the binary image Ib,t : W → {0, 1} that identifies

isolated voxels and background, where Ib,t(x) = 1 if Ic,t(x) ≤ 0, otherwise Ib,t(x) = 0, for each

x ∈ W . The application of the marker-based watershed algorithm to the negative Euclidean

distance transform of Ib,t corresponds heuristically to a region-growing procedure in which the

markers grow at a speed given by the negative Euclidean distance transform, progressively con-

suming the isolated voxels. From this algorithm, we obtain an image Is,t : W → {1, 2, . . . , nt},
which assigns each voxel x ∈ W to a specific marker in the marker image ˜︁Ic,t. Each region

consisting of connected voxels, assigned to a marker by Is,t, then corresponds to a grain. To

correctly represent the actual background of the specimen, the values of Is,t are reset to zero

for all voxels x ∈ W where Ic,t(x) = 0.
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2.1.3. Extraction of GBs from image data

A GB in a polycrystalline material represents an interface between two adjacent grains in the

underlying grain structure. By utilizing the image data Is,t at time step t, we extract the

GB between two adjacent grains Gi,t, Gj,t ⊂ W for any pair i, j ∈ {1, . . . , nt} with i ̸= j by

identifying voxels in W in the neighborhood of both grains. More precisely, the GB can be

described by the image IBij,t : W → {0, 1}, with

IBij,t(x) =

{︄
1, if Is,t(x) = i and #Mj,t(x) ≥ 1 or Is,t(x) = j and #Mi,t(x) ≥ 1,

0, otherwise,
(2)

for each x ∈ W , where # denotes cardinality and Mk,t(x) = {y ∈ W : ∥x− y∥= 1 and Is,t(y) =

k} is the 6-neighborhood of the voxel x ∈ W within the grain Gk,t for k ∈ {1, . . . , nt}. Then, the
GB can be represented by the set of voxels Bij,t = {x ∈ W : IBij,t(x) = 1}, with nBij,t = #Bij,t

selecting the number of voxels belonging to this GB. In the following, we refer to all voxels

belonging to Bij,t as GB points.

Of particular interest in the analysis of GB migration are triple junctions (curves at which

three GBs intersect). Therefore, we consider the set of voxels Jij,t ⊂ W belonging to the triple

junctions associated with a GB Bij,t, which is given by

Jij,t =
⋃︂

k∈{1,2,...,nt}\{i,j}

Bij,t ∩Bik,t. (3)

2.2. Image acquisition and registration of second-phase particles

To identify second-phase particles in the AA5252 specimen, time-resolved PCT measurements

were conducted and afterwards temporally and spatially aligned with the DCT measurements

in [26]. Subsequently, the second-phase particles were segmented from the PCT data as de-

scribed in [26], enabling the detection of particle–GB interactions and their influence on GB

migration.

To describe each particle, its center coordinates and corresponding volume-equivalent diam-

eter were determined prior to spatially aligning the PCT and DCT measurements. Then, the

coordinates of particle centers were transformed using the rigid transformations applied to align

the PCT and DCT measurements as described in [26]. This results in a set Et = {e(i)t }nEt

i=1 ⊂ R3

of second-phase particles detected for each time step t, where each e
(i)
t ∈ R3 denotes the coor-

dinates of the ith particle center, and nEt ≥ 1 is the overall number of particles identified at

time t. It should be noted that, although potential segmentation artifacts in the processing of

PCT data may result in variations in the spatial distribution of detected particles across the an-

nealing intervals, the analysis of the spatial distribution of particles in [26] found second-phase

particles to have remained stationary throughout the annealing process.

3. Representation and tracking of GBs

The image data of polycrystalline microstructures are usually specified in a discrete, voxel-

based manner, which provides easy access to the volume of individual grains and the grain

size distribution. However, voxelized representations of microstructures introduce problems in

the analysis of GBs and their descriptors, like surface area or mean curvature. To address this

challenge, we extracted each GB from the image data and represented it as a continuous surface.
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In this study, we modify the methodology introduced in [30] to construct surface represen-

tations based on spherical harmonics [36] rather than smoothing thin-plate splines. This alter-

native approach enables the representation of GBs associated with “island” grains and grains

having peninsula-shaped boundaries. Such GBs begin to curve back on themselves, a phenom-

enon that occurs in particular in the case of AGG, and for such GBs the method introduced

in [30] remains applicable only locally. In addition, the spherical harmonics–based approach

is conceptually simpler and provides improved accuracy in GB representation, particularly in

regions near triple junctions. Additional details are provided in Appendix A on the limitations

of thin-plate splines for representing the GBs of island grains, and a comparative evaluation of

both approaches is given there, as well.

3.1. Spherical harmonics representation

Spherical harmonics have previously been used in applications comparable to the present study

to model the outer shell of bounded 3D objects from volumetric image data, including particles

in cathodes of lithium-ion batteries [37, 38], quartz and glass particles [39], as well as objects ob-

served in biological image data [40]. In the following, we describe the use of spherical harmonics

for modeling a GB as a subset of the outer shell of a grain.

The modeling procedure for the outer shape of a 3D object follows the approach developed

in [36]. For this, we assume that the object is star-shaped, which means that the object has a so-

called star point, from which the line segment to any other point of the object is fully contained

within the object. Then, the outer shell of the object with star point c = (cx, cy, cz) ∈ R3 can

be described by a radius function r : [0, 2π)× [0, π] → [0,∞), where a point p = (px, py, pz) ∈ R3

on the outer shell can be expressed in Cartesian coordinates by

px = cx + r(θ, ϕ) sin(θ) cos(ϕ), py = cy + r(θ, ϕ) sin(θ) sin(ϕ), pz = cz + r(θ, ϕ) cos(ϕ) (4)

for some θ ∈ [0, 2π) and ϕ ∈ [0, π]. The outer shell is given by the set

O = {c+ r(θ, ϕ)(sin(ϕ) cos(θ), sin(ϕ) sin(θ), cos(ϕ)) : (θ, ϕ) ∈ [0, 2π)× [0, π]}. (5)

In practice, the radius function r is generally unknown. For image data, observations of r are

available only at discrete locations on the outer shell of a 3D object. Therefore, a continuous

approximation of the radius function is obtained by introducing a parametric representation

rw : [0, 2π)× [0, π] → R given by

rw(θ, ϕ) =
L∑︂

k=0

k∑︂
m=−k

wm
k Y m

k (θ, ϕ), (6)

where the entry wm
k of the parameter vector w is called a spherical harmonics coefficient, and

the function Y m
k is called a spherical harmonics function for any pair of integers k,m with

−k ≤ m ≤ k and k ≥ 0. For technical details on the construction and fitting of such a radius

function, see [36]. For practical reasons, the spherical harmonics series expansion considered in

Eq (6) is limited to a maximum degree of L > 0. If L increases unboundedly, it is possible to

gain a better and better approximation rw of the radius function r.

For notational simplicity, a GB Bij,t will be denoted by Bt, since an identical surface rep-

resentation procedure is applied to all GBs. To represent a GB Bt using spherical harmonics,

we first extract the GB from the image data as described in Section 2.1.3. Then, the GB Bt is

represented by a discrete set ΩBt ⊂ [0, 2π)× [0, π] before being modeled as a continuous surface

representation St ⊂ R3. By expressing each point in Bt in Cartesian coordinates as given in
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Eq. (4), we transform the set Bt into spherical coordinates. This results in the set ΩBt given by

ΩBt = {(θ, ϕ) ∈ [0, 2π)× [0, π] : cBt + r(θ, ϕ)(sin(ϕ) cos(θ), sin(ϕ) sin(θ), cos(ϕ)) ∈ Bt}. (7)

with star point cBt ∈ R3. The star point cBt is determined by fitting an ellipsoid to the points

in Bt, where the ellipsoid fitting procedure for voxelized image data closely follows the approach

proposed in [41], adapted for GB-specific fitting as described in [30]. The center of the fitted

ellipsoid is selected as the star point cBt . Then, by determining an appropriate estimate ˆ︁w for

the parameter vector w of the radius function given in Eq. (6), we obtain the continuous surface

representation St,

St = {cBt + r ˆ︁w(θ, ϕ)(sin(ϕ) cos(θ), sin(ϕ) sin(θ), cos(ϕ)) : (θ, ϕ) ∈ Ωt}, (8)

for some continuous domain Ωt ⊂ [0, 2π) × [0, π]. In order to obtain a suitable domain Ωt, we

construct an alpha shape of ΩBt , computed using the MATLAB function alphaShape (see [42,

43] for additional details). Empirically, choosing the parameter L = 5 yields sufficient smoothing

to ensure a robust representation of GBs obtained from noisy image data. Recall that the

complete outer shell of a grain can be represented using spherical harmonics. However, because

each GB is modeled as a subset of the grain’s outer shell, the grain itself does not need to be

star-shaped. This is particularly important in the context of abnormally growing grains, where

the star-shaped assumption is often violated.

The construction of a surface representation of a GB from image data enables the quantifi-

cation of its local migration dynamics and morphological characteristics. For computational

reasons, we discretize the (continuous) surface representation of a GB to determine a finite

number of points at which the local migration dynamics and morphological characteristics are

subsequently evaluated. Such a finite subset Sd,t of the surface representation St of a GB is

given by

Sd,t = {cBt + r ˆ︁w(θ, ϕ)(sin(ϕ) cos(θ), sin(ϕ) sin(θ), cos(ϕ)) : (θ, ϕ) ∈ ΩBt}. (9)

It is important to note that, once the corresponding (continuous) surface representation of

a GB has been discretized, the meaning of descriptors like the local mean curvature or the

normal vector (see Section 4) to points on the surface becomes unclear. To address this issue,

we instead associate the descriptors of points on the discretized surface representation Sd,t

with the descriptor values of these points obtained from the corresponding continuous surface

representation St.

3.2. Tracking of GBs

By constructing surface representations of a GB from image data over two consecutive time

steps, we are able to perform a pointwise tracking of the time-resolved representations and

thereby quantify local migration dynamics. The pointwise tracking procedure follows the

methodology proposed in [30]. More precisely, each GB is observed over two successive time

steps, t and t + ∆t, with t ≥ 0, ∆t > 0, then extracted from the corresponding image data,

and finally represented by the surfaces St and St+∆t given by Eq. (8). A pointwise correspon-

dence is then established between the discrete point sets Sd,t and Sd,t+∆t associated with St

and St+∆t—see Eq. (9)—where each pt ∈ Sd,t is uniquely associated with a corresponding point

pt+∆t ∈ Sd,t+∆t.
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4. Descriptors of GBs

The surface representation of GBs introduced in Section 3 provides a framework for describing

each GB with respect to its morphology and migration behavior, including the influence of

second-phase particles on GB migration as well as the crystallographic texture derived from

image data. In the present section, we introduce various descriptors of GBs, where for notational

simplicity, the GB between two adjacent grains Gi,t and Gj,t is denoted by Bt instead of Bij,t.

Recall that GBs are extracted from image data as stated in Section 2.1.3 and subsequently

represented by surfaces as described in Section 3. The latter procedure yields the surface

representation St for Bt by means of Eq. (8), with the discretized version Sd,t given by Eq. (9).

Note that the precision of GB surface representations is reduced near triple junctions due to

the smaller number of points available for surface fitting. Consequently, local descriptors are

evaluated exclusively for GB points located a sufficient distance from these junctions: following

the approach of [30], local descriptors are computed only for points pt within the discrete subset

Sd,dmin,t ⊂ Sd,t given by

Sd,dmin,t = {p ∈ Sd,t : min
x∈Jt

∥pt − x∥ ≥ dmin} (10)

for some adjustable minimum distance dmin ≥ 0, where Jt denotes the set of voxels corresponding

to the triple junctions associated with the GB, as defined in Eq. (3). Thus, GB characterization

is restricted to points that are located at least a distance dmin from the triple junctions.

4.1. Morphological descriptors

GB size. The size of a GB is described by its surface area, where the area is approximated

by the surface area At ∈ [0,∞) of its surface representation St. Using the spherical harmonics

representation considered in Section 3.1, the surface area At is computed as stated in [36] by

At =

∫︂
Ωt

r ˆ︁w(θ, ϕ)
(︃(︃

∂

∂ϕ
r ˆ︁w(θ, ϕ)

)︃2

+

(︃
∂

∂θ
r ˆ︁w(θ, ϕ)

)︃2

sin2(θ) + r2ˆ︁w(θ, ϕ) sin2(θ)
)︃1/2

dϕ dθ, (11)

where Ωt denotes the set of angles of the surface representation St (Eq. (8)). The integral in

Eq. (11) is approximated by Monte Carlo integration [44] over the set OBt given by Eq. (7).

GB shape. The shape of the GB is described by its mean curvature. Note that the spherical

harmonics representation enables the computation of the local mean curvature Ht(pt) ∈ R for

each point pt ∈ Sd,dmin,t. For details on computing local mean curvature values, the reader is

referred to [36]. The mean curvature Ht ∈ [0,∞) of the GB Bt is then computed by

Ht =

⃓⃓⃓⃓
1

#Sd,dmin,t

∑︂
pt∈Sd,dmin,t

Ht(pt)

⃓⃓⃓⃓
, (12)

where | · | denotes the absolute value.

4.2. Misorientation angle – a crystallographic descriptor of GBs

Note that the crystallographic texture of each grain is given by a rotation matrix relative

to a reference coordinate system [45]. More precisely, from the DCT image data stated in

Section 2.1.1, voxel-wise information on the local crystallographic orientations of the specimen

is obtained, which is used to determine the crystallographic orientation of each grain. For

a GB between two grains, the difference in the orientation of the grains is quantified by the
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misorientation angle φt ∈ [0, 62.8◦). Details of the procedure by which misorientation angles

are computed can be found in [45].

4.3. Descriptor of GB migration

In the analysis of GB migration, we distinguish between two classes of GBs: nonvanishing and

vanishing GBs. This distinction is based on whether a given GB is present in the image data

over two consecutive time steps. For both classes, the GB can be represented at the initial time

step using the surface representation framework described above, enabling the description of its

morphology and crystallography. However, only nonvanishing GBs enable a direct examination

of local migration behavior, since tracking the migration of GB points requires surface represen-

tations at two successive time steps. In the following, we detail the different procedures used to

analyze the migration behavior of these two GB classes by determining the velocity vt ∈ [0,∞)

of each GB over the interval from time step t to t+∆t.

4.3.1. Migration of nonvanishing GBs

Local GB velocity. The local migration of a GB is described by the displacement of points on

its discretized surface representations Sd,t and Sd,t+∆t. By pointwise assignments as described

in Section 3, the displacement vector D(pt) ∈ R3 of each point pt ∈ Sd,t to the assigned point

pt+∆t ∈ Sd,t+∆t is given by D(pt) = pt+∆t − pt. Consequently, the local velocity vloc,t(pt) at

pt ∈ Sd,t is given by vloc,t(pt) = ∥D(pt)∥/∆t.

Local GB migration direction. Furthermore, we analyze how much the migration direction of

a GB point deviates from its normal direction. This enables assessing whether a GB point

migrates toward its center of curvature. The discrepancy between migration direction and

normal direction of a GB point pt is described by the displacement angle αnv,t(pt) ∈ [0◦, 180◦]

between the displacement vector D(pt) and the displacement vector N(pt) ∈ R3 in normal

direction. For more details, we refer to [30]. A visualization of the determination of the local

migration direction of a nonvanishing GB is provided in Figure 2(a).

4.3.2. Migration of vanishing GBs

Certain GBs disappear over time because the associated grains are not adjacent anymore or

because one of the grains is no longer observable in the image data at later time steps. However,

these boundaries are still of interest, as they potentially exhibit migration characteristics that

differ from those of GBs that persist throughout the observation period.

GB velocity. The migration behavior of vanishing GBs is quantified using the volume ex-

changed between pairs of neighboring grains, where the exchanged volume Vex,t ∈ [0,∞) during

a time step ∆t is determined from the image data by counting the voxels transferred between

the two grains considered. Using the exchanged volume to describe the migration of a GB is

similar to the approach published in the literature of computing the GB velocity from the ratio

of the exchanged volume to the average interfacial area between the same grain pair at the

two time steps, normalized by ∆t [46, 47]. However, for vanishing GBs, the average interfa-

cial area cannot be determined. Thus, for a vanishing GB we estimate the boundary velocity

vex,t ∈ [0,∞) from

vex,t =
Vex,t

1
2At∆t

, (13)
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where the GB surface area At is given by means of Eq. (11). Additional details concerning

Eq. (13), particularly regarding the constant 1/2 in Eq. (13), are provided in Appendix B.

Local GB migration direction. A vanishing GB can still be represented by a surface as described

in Section 3; however, such a GB is observable at only a single time step, preventing a pointwise

correspondence of GB points between consecutive time steps. Consequently, the local GB

migration direction cannot be determined using the approach applied to nonvanishing GBs.

Instead, the migration direction of a GB point pt on a vanishing GB with surface representation

St is described by the displacement angle αv,t ∈ [0◦, 180◦], which we define as the angle between

the normal vector N(pt) and the vector pointing from pt to the center of mass of the grain

being consumed. The direction of N(pt) is chosen such that the angle between N(pt) and the

vector pointing from pt to the center of mass of the grain being consumed is minimized. A

visualization of the determination of the local migration direction of a vanishing GB is provided

in Figure 2(b).

4.3.3. Velocity and migration direction of GBs

The velocity of a GB vt ∈ [0,∞) is approximated in the case of a nonvanishing GB by the mean

value of local velocity values vloc,t ∈ [0,∞) at each GB point pt ∈ Sd,dmin,t; i.e., the value of

vloc,t is computed from

vloc,t =
1

#Sd,dmin,t

∑︂
pt∈Sd,dmin,t

vloc,t(pt). (14)

In case of a vanishing GB, the velocity vt is approximated by the velocity given in Eq. (13). To

quantify the migration direction of a GB represented by the surface Sd,dmin,t, we consider the

mean displacement angle αt ∈ [0◦, 180◦], which is approximated in the case of a nonvanishing

GB by the angle

αnv,t =
1

#Sd,dmin,t

∑︂
pt∈Sd,dmin,t

αnv,t(pt) (15)

and in the case of a vanishing GB by the angle

αv,t =
1

#Sd,dmin,t

∑︂
pt∈Sd,dmin,t

αv,t(pt). (16)

4.3.4. Migration of connected GBs

In addition, this study investigates the influence of GB network effects on the migration of

individual GBs. In a polycrystalline material, GBs constitute an interconnected topological

network in which individual boundaries are connected through triple junctions. Consequently,

the migration of a specific GB is kinematically constrained by the mobility of its adjacent GBs,

which we will be referred to as connected GBs. To quantify this collective behavior, we define

the mean velocity vcon,t ∈ [0,∞) of connected GBs. This value is derived by computing the

mean value of the individual velocities of all adjacent GBs, accounting for their classification as

either nonvanishing or vanishing GB (see Sections 4.3.1 and 4.3.2, respectively). The value of

vcon,t is then used to describe the influence of the GB network on the migration behavior of a

specific GB—that is, the influence of the migration behavior of GBs connected to that GB via

triple junctions—and is referred to as connected GB velocity.
10
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Figure 2. 2D illustration of the determination of the local migration direction of a GB point
pt (black dot) for (a) a nonvanishing GB and for (b) a vanishing GB. In case of a nonvanishing
GB, a GB point pt (black dot) located on the surface representation Snv

t (brown lines) migrates
with displacement vector D(pt) to the point pt+∆t located on the surface representation Snv

t+∆t

(yellow lines). The migration angle αnv,t(pt) corresponds to the angle between the normal vector
N(pt) (green arrow) and D(pt). In case of a vanishing GB, the migration angle αv,t(pt) of a GB
point pt (black dot) on the surface representation Sv

t (brown curve) corresponds to the angle
between the normal vector N(pt) (green arrow) and vector l(pt) (blue arrow) from pt to the
center of mass c (red dot) of the consumed grain (region enclosed by the black dashed line and
Sv
t ). In addition, in (a), the influence of second-phase particles (red dots) on the local migration

behavior of pt is visualized.

4.4. Descriptors for the influence of second-phase particles on GB migration

Second-phase particles are typically much smaller than the average grain size, yet they are

capable of interacting with migrating GBs. During such interactions, particles can exert drag

forces that decelerate or even immobilize the GB. In [26] the pinning effect of such particles

on boundary migration in AA5252 was examined at the GB level. To additionally investigate

the local pinning effect at the level of individual GB points, we introduce two descriptors that

enable a quantitative characterization of the influence of second-phase particles on local GB

migration behavior.

4.4.1. Spatial influence factor

We consider the pinning effect of particles on a GB point pt by quantifying the number of

particles within a ball B(pt, h) = {y ∈ R3 : ∥y − pt∥ ≤ h} with radius h > 0 centered at pt.

Each particle contributes according to its Euclidean distance from pt. More precisely, for pt we

consider the so-called spatial influence factor λh,t : R3 → [0,∞), which is given by

λh,t(pt) =
1

#{e ∈ Et ∩B(pt, h)}
∑︂
e∈Et

k

(︃∥pt − e∥
h

)︃
, (17)

where Et is the set of particle centers at time t, and k : R → [0,∞) denotes the Epanechnikov

kernel [48] given by k(x) = 3
4(1 − x2)1[0,1](x) for each x ∈ R, where 1A : R → {0, 1} denotes

the indicator of a set A ⊂ R, i.e., 1A(x) = 1 if x ∈ A, otherwise 1A(x) = 0. The choice of

this kernel is motivated by its compact support, which limits the influence of particles on a GB

point to those whose centers are located within a distance of at most h. In particular, for a GB

point pt and a particle with center e satisfying 0 < ∥pt − e∥ < h, the kernel function evaluates

to a positive value, i.e., k(∥pt − e∥/h) > 0. Consequently, the particle with center e exerts a
11



positive influence on pt by contributing positively to the sum in Eq. (17). A visualization of the

computation of the spatial influencing factor for a GB point is provided in Figure 2(a). For a

given value of h > 0, the descriptor λh,t considers the number of particles located within a ball

with radius h and center pt to influence the migration behavior of pt.

4.4.2. Mean spatial influence factor

In addition, we consider an aggregated effect of particles on a GB. For a GB with restricted

surface representation Sd,dmin,t we compute the mean spatial influence factor λh,t ∈ [0,∞) given

by

λh,t =
1

#Sd,dmin,t

∑︂
pt∈Sd,dmin,t

λh,t(pt). (18)

5. Results

Recall that in this study, GB migration in the AA5252 specimen is quantified using 3D image

data acquired at consecutive 15-minute annealing intervals from annealing times of 15 to 90

min. To investigate the temporal evolution of the microstructure during annealing, GBs are

extracted from the time-resolved image data (Section 2), represented as continuous surfaces

(Section 3), and subsequently characterized by various descriptors for migrating GBs (Section 4).

In particular, for each GB, we utilize the GB velocity vt, mean displacement angle αt, mean

curvatureHt and misorientation angle φt to describe its migration behavior, migration direction,

morphology and crystallographic texture, respectively. For investigating an effect of second-

phase particles on GB migration behavior, we examine the mean spatial influence factor λh,t.

We distinguish GBs exhibiting a positive influence factor (λh,t > 0)—that is, only GBs with

at least one second-phase particle in their vicinity—from GBs exhibiting an influence factor

λh,t = 0 to focus on regions actively subjected to particle interactions. The parameter h used

for the influence factors is chosen to be the mean volume-equivalent particle radius, resulting in

h = 1.88 µm, as determined in [26]. This value is motivated by the model of the Zener pinning

pressure [22], where particles of equal size with diameter 2r exert a pinning pressure on the GB

if their centers of mass lie within a distance r from the corresponding GB.

In the following analysis, only GB points located at a minimum distance of 2 voxels from triple

junctions are considered, i.e., dmin = 2. Additional details concerning this minimal distance to

triple junctions can be found in Section 4. For GBs to still manifest sufficient surface area to

ensure statistical reliability, only GBs with a minimum number of 200 GB points are considered.

This threshold is motivated by the rule of thumb proposed in [30] and adapted in Appendix A

for the surface representation of GBs based on spherical harmonics. Furthermore, to assess

a potential monotonic relationship between two descriptors of GBs, we utilize the Spearman

correlation coefficient (SCC) [49] in the present paper. The SCC, which ranges from −1 to 1,

quantifies the extent to which the relationship between two descriptors can be described by a

monotonic function, where a value of 1 (or −1) indicates a perfectly monotonically increasing

(or decreasing) relationship. Note that, when we refer to average values for a descriptor, the

values in square brackets correspond to the 25th and 75th percentiles, respectively.

The microstructure of the AA5252 specimen is comprised of different GB types (see [26]).

Slower-growing grains or grains that remain completely stagnant during annealing form bound-

aries referred to as matrix–matrix GBs. In contrast, there is an abnormally growing grain
12



Ga ⊂ W that already exhibits abnormal characteristics from the initial measurement, visual-

ized in Figure 1. The boundaries associated with this grain are called abnormal GBs.

5.1. Matrix-matrix GBs

To illustrate the influence of crystallographic texture and second-phase particles on the migra-

tion of matrix–matrix GBs, Figure 3 presents box plots of GB velocity values vt, grouped by

values of (a) the misorientation angle φt and (b) the mean spatial influencing factor λh,t. In the

present paper, for all box plots, the boxes are bounded by the 25th and 75th percentiles, and

the whiskers extend from the 10th to the 90th percentile. The mean and median values in each

bin are marked by orange and brown lines, respectively. Figure 3(a) indicates that the distribu-

tion of φt values closely resemble the Mackenzie distribution [50] for randomly oriented cubic

crystals, despite a weak peak around 10◦. Thus, matrix-matrix GBs are more-or-less randomly

distributed in misorientation space. Furthermore, these GBs consistently exhibit low vt values

with an average value of 0.090 µmmin−1 [0.053 µmmin−1, 0.108 µmmin−1]. No significant mi-

gration is observed for this GB type, as the average velocity is below 0.356 µmmin−1, which

corresponds to an average GB displacement of at least three voxels (each voxel has a side length

of 1.78 µm) during a time interval of 15min between successive grain mappings. Consequently,

the migration of matrix–matrix GBs is negligible within the spatial and temporal resolution of

the present analysis.

When considering the influence of particles, matrix-matrix GBs exhibit no visible differences

in the distribution of vt values when grouped by λh,t values (Figure 3(b)). Although each box

plot contains roughly the same number of GBs, there is no difference between the mean and

median values of the two groups. Furthermore, the SCC value of −0.023 between vt and λh,t

values indicates no significant monotonic relationship between GB velocity and second-phase

particle influence.
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Figure 3. Results for matrix-matrix GBs. Box plots of GB velocity values vt, grouped by
values of (a) the misorientation angle φt and (b) the mean spatial influence factor λh,t, with the
frequency and number of GBs in each box plot indicated by the blue curve and blue number,
respectively. The distribution of φt values is compared to the Mackenzie distribution (dashed
blue line). Bivariate kernel density plots (c) of vt and mean curvature Ht values. The measured
values of (vt, Ht) are plotted as red dots.

To analyze the GB morphology, in Figure 3(c) bivariate kernel density plots [51] of vt and

mean curvature Ht values are shown. Notably, matrix-matrix GBs exhibit an average mean

curvature of approximately 0.018 µm−1 [0.008 µm−1, 0.024 µm−1]. In comparison, matrix grains

exhibit an average mean diameter of approximately 30 µm across all annealing intervals, see [26],

corresponding to an inverse mean grain radius of approximately 0.067 µm−1. Thus, the average
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mean curvature of matrix–matrix GBs is approximately 3.68 times smaller than the inverse

mean grain radius, indicating that these GBs are predominantly flat. Furthermore, the SCC

value of 0.025 between vt and Ht indicates only a weak monotonic relationship between GB

velocity and mean curvature for matrix-matrix boundaries.

5.2. Abnormal GBs

Compared to matrix–matrix GBs, abnormal GBs exhibit substantially faster migration, moving

on average with a velocity of 0.781 µmmin−1 [0.067 µmmin−1, 0.902 µmmin−1]. To illustrate

the influence of crystallographic texture and second-phase particles on the migration behavior

of abnormal GBs, Figure 4 presents box plots of GB velocity values vt, grouped by values of

(a) the misorientation angle φt and (b) the mean spatial influencing factor λh,t. It can be

observed that the distribution of φt values is similar to that of matrix-matrix GBs indicating

no significant difference in crystallographic texture of these two GB types. However, in contrast

to matrix-matrix GBs, abnormal GBs exhibit a larger difference in vt values when grouped

by λh,t values. In the absence of second-phase particles (λh,t = 0), abnormal GBs take on

an average velocity of 0.883 µmmin−1 [0.065 µmmin−1, 1.113 µmmin−1] and a median velocity

of 0.149 µmmin−1. On the other hand, GBs with λh,t > 0 manifest an average velocity of

0.727 µmmin−1 [0.068 µmmin−1, 0.805 µmmin−1] and a median velocity of 0.129 µmmin−1.

However, the large standard deviation of vt values compared to the average values within each

group indicates the presence of outliers. Thus, the difference in the distribution of vt values in

the absence and presence of second-phase particles is mainly due to the presence of outliers in

both groups, and the small discrepancy of median velocity values between both groups suggests

that there is no measurable influence of second-phase particles on the migration behavior of

abnormal GBs. This is further emphasized by an SCC of 0.011 between the values of vt and

λh,t.

When analyzing the morphology of abnormal GBs, see Figure 4(c), where bivariate kernel

density plots of vt and Ht values are shown, we find these GBs to exhibit an average mean

curvature of 0.027 µm−1 [0.017 µm−1, 0.034 µm−1], which is 1.44 times larger than the average

mean curvature of matrix-matrix GBs. Thus, abnormal GBs are significantly more curved than

matrix-matrix GBs. However, an SCC value of 0.013 between vt and Ht values for abnormal

GBs, compared to the SCC value of 0.025 for matrix-matrix GBs, does not indicate a stronger

monotonic relationship between GB velocity and mean curvature for these GBs.
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Figure 4. Results for abnormal GBs. Box plots of GB velocity values vt, grouped by values of
(a) misorientation angle φt and (b) the mean spatial influencing factor λh,t, with the frequency
and number of GBs in each box plot indicated by the blue curve and blue number, respectively.
The distribution of φt values is compared to the Mackenzie distribution (dashed blue line).
Bivariate kernel density plots (c) of vt and mean curvature Ht values. The measured values of
(vt, Ht) are plotted as red dots.
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5.2.1. GB migration direction

The migration direction of GBs is described by the value of the mean displacement angle αt (see

Section 4.3.1). Small values of αt indicate migration in the direction of the mean normal vector,

corresponding to migration toward the center of curvature, while values larger than 90◦ indicate

displacement away from the center of curvature, i.e., such GBs exhibit anticurvature migration.

A reliable determination of migration behavior—particularly the direction of migration—is pos-

sible only after the GB has undergone a measurable minimum displacement. To account for

this, GBs are classified into slow and fast GBs based on a velocity threshold of 0.356 µmmin−1,

which corresponds to an average GB displacement of at least three voxels (1.78 µm voxel side

length) during a time interval of 15min between successive grain mappings.

Figure 5 presents bivariate kernel density estimates of αt and vt values for (a) slow and (b) fast

abnormal GBs, where the dashed blue line at αt = 90◦ indicates the threshold for anticurvature

GB migration. It can be observed that fast GBs consistently exhibit αt values below 90◦,

whereas slow GBs display a broader distribution of displacement angles. Approximately 67.8%

of the slow GBs have αt values below 90◦, although the migration of these GBs is considered

uncertain, since they move by an average of no more than three voxels. Furthermore, only two

fast abnormal GBs exhibit αt values above 90◦, and for approximately 40% of the fast GBs αt

lies below 30◦.
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Figure 5. Bivariate kernel density estimates of GB velocity vt and mean displacement angle
αt values for (a) slow (vt < 0.356 µmmin−1) and (b) fast (vt ≥ 0.356 µmmin−1) abnormal GBs.
The measured values of (αt, vt) are plotted as red dots, and values of αt > 90◦ (dashed blue
line) correspond to anticurvature GB migration.

To further investigate the migration direction of abnormal GBs, in Figure 6 bivariate kernel

density estimates of αt values and local mean curvature Ht are shown for (a) slow and (b) fast

GBs. The dashed blue line at αt = 90◦ denotes the threshold for anticurvature GB migration.

It can be observed that slow abnormal GBs, with an average mean curvature of 0.026 µm−1

[0.016 µm−1, 0.032 µm−1], are only slightly less curved than the fast abnormal GBs, which have

an average mean curvature of 0.030 µm−1 [0.019 µm−1, 0.038 µm−1]. Furthermore, for the slow

GBs there is no clearly visible relationship between the values of Ht and αt. In contrast,

Figure 6(b) suggests that fast GBs with larger Ht values tend to exhibit smaller αt values.

Furthermore, the two fast abnormal GBs that show values of αt greater than 90◦ in Figure 6(a)

have significantly lower Ht values than other fast abnormal GBs.
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Figure 6. Bivariate kernel density estimates of mean displacement angle αt and local mean
curvature Ht values for (a) slow (vt < 0.356 µmmin−1) and (b) fast (vt ≥ 0.356 µmmin−1)
abnormal GBs. The measured values of (Ht, αt) are plotted as red dots, and values of αt > 90◦

(dashed blue line) correspond to anticurvature GB migration.

5.2.2. Influence of GB connectivity on migration

To quantify the influence of GB connectivity on the migration of abnormal GBs, we investigate

the migration behavior of GBs connected to abnormal GBs via triple junctions. For this purpose,

for each abnormal GB, we consider the connected GB velocity vcon,t of the GBs connected via

triple junctions to that GB (Section 4.3.4) and the number of connected GBs.

In Figure 7(a) the values of vcon,t are plotted against the GB velocity values vt, where the

dashed blue line denotes equality of the two velocities. It can be observed that the GB velocity

is highly correlated with the velocity of connected GBs, with SCC taking on a value of 0.78.

Furthermore, in Figure 7(b), box plots of vt values grouped by the number of connected GBs

are shown. On average, each abnormal GB is connected to 6.9 ± 1.95 GBs. The leftmost box

contains the fewest vt values; however, it has the largest median value, indicating that GBs with

a small number of connected GBs are more likely to migrate faster. In the other boxes, the

value of vt decreases as the number of connected neighbors increases, reflected by the decrease

in mean and median values. The large difference between the mean and median values in the

box plots is the result of outliers in the vt values. We interpret these findings to imply that the

likelihood of a given abnormal GB being connected to a slow GB increases somewhat with the

number of such connections.

It is generally assumed that the inherent crystallographic texture of a polycrystal can initiate

AGG [17–19], as high-angle GBs typically migrate faster than their low-angle counterparts. To

quantify this effect, Figure 8(a) shows box plots of vt values for abnormal GBs grouped by φt

values. We distinguish between low-angle GBs with values φt ≤ 15◦ and high-angle GBs with

values φt > 15◦. It can be observed that low-angle GBs exhibit significantly lower vt values than

high-angle GBs, with an average velocity of 0.186 µmmin−1 [0.062 µmmin−1, 0.173 µmmin−1]

and a median value of 0.095 µmmin−1 for low-angle GBs, compared to an average velocity of

0.877 µmmin−1 [0.067 µmmin−1, 1.253 µmmin−1] and a median value of 0.155 µmmin−1 for

high-angle GBs. Additionally, bivariate kernel density estimates of vcon,t and vt values for low-

angle and high-angle GBs in Figure 8(b) and (c) further reveal spatial velocity coupling across

the GB network: on average, GBs connected to low-angle GBs migrate with a velocity similar to

the GBs to which they are connected, while those connected to high-angle GBs exhibit elevated

velocities.
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Figure 7. GB network effects on GB migration behavior of abnormal GBs. (a) Bivariate
kernel density estimate of mean velocity values vcon,t of GBs connected to GBs with velocity
vt. The bisector line (dashed blue line) denotes equality of the values of vcon,t and vt. The
measured values of (vt, vcon,t) are plotted as red dots. (b) Box plots of vt values and the number
of connected GBs, with the number of GBs in each bin indicated by the blue curve. The
rightmost box contains all vt values of GBs with more than 9 connected GBs.
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Figure 8. (a) Box plots of GB velocity values vt for abnormal GBs, grouped by low-angle
(misorientation angle φt ≤ 15◦) and high-angle GBs (φt > 15◦), with the number of GBs in
each box plot indicated by the blue number. Bivariate kernel density estimates of mean velocity
values vcon,t of abnormal GBs connected to (b) low-angle and (c) high-angle abnormal GBs with
velocity vt. The bisector line (dashed blue line) denotes equality of the values of vcon,t and vt.
The measured values of (vt, vcon,t) are plotted as red dots.

6. Discussion

A reliable quantification of GB migration behavior requires GBs to undergo a minimum measur-

able displacement. Small GB velocity values vt may arise from discretization errors in the image

data, inaccuracies in image registration, or deviations in fitted surface representations. Given an

image resolution of 1.78 µm and a time interval of 15min between successive grain mappings, a

three-voxel displacement corresponds to a velocity of 0.356 µmmin−1. Consequently, abnormal

GBs serve as optimal subjects for studying migration behavior, as their velocity values, at least

on average, exceed the detectable threshold. Utilizing this robust population of GBs, we now

address two relevant aspects of GB mobility: first, the extent to which abnormal migration aligns

with conventional curvature-driven growth models, and second, the kinematic constraints and

dynamic interactions imposed by neighboring boundaries interconnected via triple junctions.
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6.1. Curvature-driven grain growth

As evident in Figure 5, abnormal GBs undergoing sufficiently large displacement migrate to-

ward their center of curvature, as the values of the mean displacement angles remain consistently

below the 90◦ threshold for anticurvature behavior. However, there is no monotonic—in par-

ticular, no linear—relationship between GB velocity and mean curvature values observable, as

indicated by an SCC value of 0.013 and the visual impression given by Figure 4(c). This finding

is consistent with recent studies of GB migration in Ni, SrTiO3 and Fe polycrystals [10, 14, 47].

Overall, no clear dependency of GB velocity on mean curvature is observed, indicating that

curvature is not the primary driving force for migration in this material, or possibly that such

a dependency may be observable only in conjunction with additional GB characteristics. The

absence of a correlation between the GB velocity and the mean curvature might result from a

number of aspects of grain growth, including the topological constraints imposed by neighbor-

ing GBs, the anisotropy of GB properties, or the buildup of internal stresses associated with

shear-coupled GB migration [13].

Further insight into the behavior of fast abnormal GBs can be gleaned from Figure 9, which

visualizes the migration of three GBs during a 15-min annealing period. In Figures 9(a), (b)

and (c), each GB is illustrated as a triangular mesh, with the face color-coded based on the local

mean curvature value Ht (linearly interpolated from the vertices). The sign of each Ht value

is determined such that the local normal vector at each respective point is directed toward

the reader. The values of Ht present at the triple junctions are treated as outliers and are

therefore excluded from the migration analysis. As detailed in Section 3, GB migration is

quantified by establishing a pointwise correspondence between surface representations over two

consecutive time steps. Figures 9(d), (e) and (f) illustrate the resulting displacement vectors,

which are color-coded by their corresponding velocity values vloc,t. The arrows correspond to the

displacement vectors of GB points located at least 3.56 µm (2 voxels) away from triple junctions.

The GBs exhibit mean displacement angles αt around 21◦, 77◦ and 9◦, GB velocities vt of 1.35,

0.01 and 0.89 µmmin−1, mean curvaturesHt of 0.018, 0.027 and 0.021 µm−1 and mean influences

λh,t of 0, 0.005 and 0.006, respectively. Thus, the morphological evolution and migration kinetics

of the examined GBs present several distinct behaviors. For the first GB, shown in Figures 9(a)

and (d), the upper-left segment exhibits the most pronounced displacement, yet its local mean

curvature does not vary significantly from that of less mobile regions, such as the segment

on the right. Furthermore, point tracking is absent in the upper-left region of the GB; the

migration of the adjoining triple junction induces localized shrinkage and annihilation of the

GB area in this section. However, for the second GB in Figures 9(b) and (e), the boundary

features the highest mean curvature among all three GBs but the lowest velocity. Similarly to

the first GB, its upper-left region undergoes the most extensive displacement, while its lower-

right segment migrates away from its center of curvature. In contrast, the third GB shown in

Figures 9(c) and (f) migrates entirely toward its center of curvature, similar to the behavior

of the first GB. However, the third GB undergoes significant morphological alterations along

its lower section. This is because a neighboring GB exhibits a strong movement there, causing

a large displacement of the triple junction shared with the third GB. Notably, the third GB’s

resulting alteration is not captured by the velocity tracking framework, since GB migration is

only considered for points that can be tracked, i.e., for which a displacement vector can be

computed. Despite the localized lack of correlation between GB velocity and mean curvature,

on the whole, the fast GBs in the first and third rows of Figure 9 exhibit migration toward their

respective center of curvature, as evidenced by the small mean displacement angles.
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Figure 9. Visualization of morphology (a,b,c) and evolution (d,e,f) of three GBs as triangular
mesh plots. The triangular surfaces are colored according to the linearly interpolated values of
local mean curvature Ht at the vertices of the triangles, and the arrows—colored according to
the values of local GB velocity—represent the displacement at each GB point.

6.2. Influence of GB connectivity

As illustrated in Figure 9(f), GB migration is potentially constrained or driven by network

dynamics as the lower section of the GB exhibits a strong movement, which results from the

movement of a GB connected by a triple junction. This demonstrates that the GB network

topology could exert an important influence on migration rates together with local morphological

features like mean curvature. This network effect, quantified in Section 5.2.2, reveals a high

correlation between velocities of adjacent boundaries. Notably, low-angle GBs act as structural

constraints within the network: their consistently low mobility exerts a localized pinning effect,

retarding the migration kinetics of connected neighboring GBs (Figure 7(b)), which in turn

causes all connected boundaries to exhibit low velocity values on average, too. In Table 1,

values of mean curvature, GB velocity and velocity of connected GBs are shown for four low-

angle GBs that were observable over all time steps. These low-angle GBs are of particular

interest, as they exhibit increasing mean curvature values over time as only regions close to its

triple junction migrate. Thus, for these GBs the conventional curvature-driven grain growth

model cannot hold. Furthermore, GBs connected to these low-angle GBs exhibit relatively low

velocity values on average—in particular, at later time steps, when grains from the high-angle

GBs connected to these low-angle GBs may already have been consumed by the abnormally

growing grain. Overall, these low-angle GBs lead to the impression that GB velocity is not

linearly correlated with mean curvature, at least for these types of abnormal GBs. Thus, our

findings suggest that neglecting network effects is a potential inherent limitation of curvature-

based GB migration equations [2, 3], and thus these models could be improved by incorporating

the influence of interconnected GB networks on individual GB behavior, instead of treating each

GB as an isolated object.
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Table 1. Values of mean curvature Ht, GB velocity vt and neighboring GB velocity vcon,t of
low-angle GBs with corresponding misorientation angle φt at the time steps of t = 15, 30, 45, 60
and 75min.

φt [
◦] Ht [µm−1] vt [µmmin−1] vcon,t [µmmin−1]

15 30 45 60 75 15 30 45 60 75 15 30 45 60 75

7.98 0.019 0.03 0.03 0.034 0.042 0.067 0.11 0.095 0.049 0.096 0.42 0.074 0.064 0.111 0.055

9.98 0.014 0.03 0.031 0.032 0.029 0.047 0.072 0.062 0.095 0.096 0.415 0.291 0.358 0.062 0.078

11.05 0.027 0.037 0.036 0.037 0.035 0.095 0.11 0.078 0.056 0.095 0.632 0.636 0.172 0.064 0.097

14.98 0.014 0.012 0.014 0.022 0.021 0.094 0.079 0.089 0.195 0.085 0.291 0.071 0.304 0.481 0.06

7. Conclusions

In this study, we have extended the analysis of GB migration dynamics during AGG presented

in [26] by systematically investigating the interplay between GB morphology, migration veloc-

ity and the potential pinning effect of second-phase particles. To this end, we modified the

method proposed in [30], representing GBs extracted from image data as continuous surfaces

using spherical harmonics. This enables us to approximate GBs with higher accuracy, partic-

ularly at triple junctions, and represent strongly curved GBs associated with island grains or

grains with peninsula-shaped boundaries, see Appendix A. The representation of the latter

GB types is particularly important, since the fast migration of abnormal GBs into the sur-

rounding matrix typically leads to the formation of peninsulas, which is why such boundary

morphologies must be represented accurately in a comparison of abnormal to matrix-matrix

GB behavior. Our findings advance the fundamental understanding of GB kinetics beyond

conventional curvature-driven migration models by demonstrating that, although the local GB

migration velocity is not correlated with the mean curvature, the local boundary morphology

significantly determines the direction of displacement of fast migrating GBs. Abnormal GBs

are significantly more curved than matrix-matrix GBs, for which almost no migration was ob-

served, supporting the curvature-driven migration model. Our investigation of the influence of

second-phase particles on GB migration behavior—in particular, through the introduction of

descriptors for the local influence of these particles on GB migration—provides no evidence to

support the hypothesis that abnormal grains preferentially grow into regions with below-average

particle density. Furthermore, the connectivity of the GB network exerts an important influence

on GB migration behavior. The results suggest that low-angle GBs exhibit a localized pinning

effect, slowing the migration of connected neighboring GBs. To better understand the migra-

tion dynamics governed by GB networks, future research could employ numerical simulations

to model and analyze topological constraints, potentially leading to more accurate prediction

of microstructure evolution in polycrystalline materials.
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Appendix

A. Validation of the surface representation method based on spherical harmonics

In this study, we modified the methodology introduced in [30] for constructing surface represen-

tations based on smoothing thin-plate splines by employing spherical harmonics instead. This

alternative approach enables the representation of GBs associated with peninsula-shaped grains.

Such GBs begin to curve back on themselves, a phenomenon that occurs in particular during

abnormal grain growth, and for such GBs the method introduced in [30] remains applicable

only locally. More precisely, the method proposed in [30] requires the surface S constructed by

a surface function s : K → R to be a function that maps a point (px, py) ∈ K for a set K ⊂ R2

to a unique value pz = s(px, py) ∈ R, such that the point (px, py, pz) is located on the surface

representation S; see Figure 10(a) for the case of a schematic peninsula-shaped GB. For two

GB points p(1) ∈ B and p(2) ∈ B on the GB B (blue line) between the island grain Gi and a

grain Ga, their orthogonal projection onto the plane P ⊂ R3 leads to the same point p ∈ P .

Thus, it is not possible to construct a function s : P → B representing B. By contrast, the

use of spherical harmonics allows the entire GB of such grains to be represented as a surface

in Figure 10(b), where the GB is represented using spherical harmonics utilizing the center c

(red dot) of the island grain as the star point and direction vectors u(1) and u(2) of two GB

points p(1) and p(2). This is achieved by selecting a star point and defining direction vectors

from this point to each GB point. Consequently, the method proposed in this paper not only

accommodates a broader class of GB geometries but also yields a conceptually simpler surface

representation. In particular, unlike the thin-plate spline–based approach, it does not require

additional preprocessing steps for each GB prior to surface fitting.

p

p(1)

p(2)

Gi Ga

P

(a)

p(1)
u(1)

p(2)

u(2)

Gi Ga

c

(b)

Figure 10. 2D illustration of the challenges associated with the surface representation of the
GB B of an island grain Gi and an abnormal grain Ga with GB points p(1) and p(2) (black dots)
using (a) the thin-plate spline interpolation approach with projection plane P (red line) and
(b) the spherical harmonics–based surface representation methodology with star point c (red

dot) and direction vectors u(1) and u(2) between c and p(1) and p(2), respectively.

Furthermore, the spherical harmonics-based approach provides improved accuracy in the

representation of GBs, particularly in regions near triple junctions. To evaluate the accuracy

of the proposed method and compare it to the thin-plate spline-based approach, we applied

the same procedure as in [30] using distance-based tessellation models [52–58], which partition

a given volume of three-dimensional Euclidean space into distinct regions that parametrically

represent the individual grains of a polycrystal. Tessellation models have been found to exhibit

GB structures comparable to those observed in real microstructures and have been previously

fitted to experimental data [55, 56, 58]. In particular, a multiplicatively weighted Laguerre

tessellation has been utilized in [30], where the interface of two neighboring tessellation cells,
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which in this context is related to a GB, is analytically defined by a quadratic surface. This

analytic representation allows for a direct comparison between the analytic GB and the fitted

surface representation with respect to local mean curvature values. We evaluate the capability of

the model to represent GBs by the local accuracy of the mean curvature computation. Therefore,

we use the relative error εrel ∈ [0,∞) between the analytic local mean curvature values and

the values obtained with the proposed surface representation based on spherical harmonics

(see Section 4.1). In addition, during model validation, we take into account the Euclidean

distance between the GB points and triple junctions. The lower accuracy of the proposed

surface representation methods near triple junctions is expected, owing to the reduced number

of points available for surface fitting. Therefore, we evaluated the models with respect to

the surface representations given by Eq. (10) for various values of dmin ≥ 0, restricting the

evaluation of the model accuracy to points that are located at least a distance dmin from the

triple junctions.

Figure 11 presents box plots of the relative error εrel,dmin
across various values of dmin, com-

paring thin-plate splines (red) and spherical harmonics (black) for surface representation. The

median and mean values of each box plot are indicated by brown and orange lines, respectively,

while the blue curve shows the number of GBs considered by the analysis at each dmin value.

As dmin increases, points on smaller GBs are successively excluded from the analysis until all

points are excluded, thus reducing the total sample size available for model validation. The

spherical harmonics-based approach consistently yields lower εrel,dmin
values than the thin-plate

spline method, as evidenced by lower mean and median values across all dmin configurations.

However, both methods exhibit elevated values of εrel,dmin
at lower values of the threshold dmin,

which can be attributed to the inherent sensitivity of mean-curvature computations to second-

order numerical derivatives. Consequently, minor discrepancies between the fitted surface and

the analytical GB can induce substantial relative errors in the estimated local mean curvature.

This indicates that a robust evaluation of curvature requires the exclusion of GB points in

close proximity to triple junctions for both methods. Consistent with the benchmarks reported

in [30], the surface representation based on spherical harmonics demonstrates superior accuracy

relative to the thin-plate spline-based representation.

re
la
ti
ve

er
ro
r
ε r

e
l,
d
m

in

exclusion distance dmin

n
u
m
b
er

of
G
B
s

mean
median

Figure 11. Relative errors εrel of computed mean curvature values Ht and their ground truth
values using thin-plate splines (red boxes) and spherical harmonics (black boxes) for the surface
representation method, excluding all points with distance less than dmin from triple junctions.
The number of GBs that remain after application of the dmin criterion is indicated by the blue
curve.
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B. Velocity of vanishing GBs

In this section, we provide additional details regarding the velocity approximation of vanishing

GBs. In the literature [46, 47], the velocity of a GB between two adjacent grains is often

approximated by the ratio of the exchanged volume of these grains and the average interfacial

area between the same grain pair, normalized by time—i.e., the GB velocity is approximated

by

˜︁vex =
Vex

1
2(At +At+∆t)∆t

, (19)

where Vex denotes the exchanged volume and At, At+∆t the surface areas at time steps t and

t+∆t, respectively. However, in the case of vanishing GBs it is not possible to determine the

surface area At+∆t and, thus we modify the formula given in Eq. (19) to account for vanishing

GBs.
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