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ABSTRACT

A method of spatial extrapolation of trac data is proposed. The trac data is given
by GPS signals over downtown Berlin sert by approximately 300 taxis. To reconstruct
the trac situation at a given time spatially, i.e. in the form of trac maps, kriging
with moving neighborhood based on residuals is used. Due to signi cant anisotropy in
directed tra ¢ data, the classicalkriging hasto be modi ed in order to include additional
information. To verify the extrapolation results, test exampleson the basisof a well{known
model of stochastic geometry, the Booleanrandom function are considered.

Keywords: anisotropy, asymptotic Gaussiantest, Boolean model, kriging, moving neigh-
borhood, random eld.

INTRODUCTION This researt is based on real
trac data originating from down-
town Berlin. They were provided

A commondicult problem of large py the Institute of Transport Re-

cities with heary trac is the fore- seart of the GermanAerospaceCen-

casting of trac jams. In this pa- ter (DLR). Approximately 300 test
per, a rst step towards mathemat- vehicles (taxis) were equipped with
ical trac forecasting, namely the GPS sensorstransmitting their geo-
spatial reconstruction of the presen graphic coordinates, velocity and sta-
trac situation from point measure- tys line (e.g. \free", \hired", \at the
merts is done. To descrike the traf- taxj rank”, etc.) to a certral station

c states, models of stochastic ge- within regular time intervals from 30

ometry and spatial statistics (or geo- sec. up to 3 min. The regularity of

statistics) are used. A correspnd- these signals depends on the taxi's
ing Java softwarethat implemerts ef- status. Thus, a large data base of

cient algorithms of spatial extrapo- more than 13 million positions was
lation is deweloped.



formed sinceApril 2001 (seeFig. 1).
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Fig. 1. Obsened positions of test vehiclesin downtown Berlin

In the presen paper, a smaller
data set (taxi positionson all working
days from 30.09.2001till 19.02.2002,
5.00{5.30p.m., moving taxis only) is
considered. The obsenation window
was reducedto downtown Berlin in
order to avoid inhomogeneitiesn the
taxi positions. To study trac jams,
the rush hour (5.00{5.30 p.m.) was
chosen.

To produceroad trac maps,the
velocities of all vehicles at time t
are assumedto be induced by a re-
alization of a spatial random eld
V() = fV(tu)g where V(t;u) is
a trac velocity vector at position
u 2 R?2 andtime t > 0. The spa-
tial structure of sudr random veloc-
ity elds makesthe analysisof tra c{
jam medanismspossible. Thus, the
spatial localization of trac jamscan
be obtained by a threshold operation

on the grey{scaleimage of the map
of velocities V(t; u): a point u lies
within the trac jam region at time
t if jV(t; u)j is smaller than a given
threshold value, e.g. 15 kph.

SinceV (t; u) canbe measuredust
pointwise at obsenation points u;, a
spatial extrapolation of the obsened
data is necessaryNotice that the ve-
locities strongly depend on the move-
mert directions, e.g. the speed li-
mits and consequetty the mean ve-
locities are higher on motorways than
in downtown streets. Furthermore,
the formation oftra ¢ jamsis alsodi-
rectional sincea vehiclecanin uence
only those vehiclesmoving behind it
along the sameroad in the samedi-
rection. Moreover, the trac speed
at position u clearly dependson the
trac direction on the road, e.g. in
directions of the city certer or sub-



urbs.

The classicalextrapolation meth-
ods of geostatistics such as the or-
dinary kriging (see e.g. Stoyan et
al., 1997, Wadernagel, 1998) either
make no useof additional information
or provide measuremets V (t; u + u;)
and V(t;u u;) with equal weighs.
Both thesefeaturesare not relevant
to the above problem setting. An ex-
trapolation method designedfor di-
rectional data, the so{called com-
plex cokriging of velocities and their
directions (see e.g. Wadkernagel,
1998) can not be used here as well
since there is no one{to{one corre-
spondencebetween measuremenpo-
sitions u and trac directions. An
obvious courterexample is a cross-
roads. Thus, the standard extrap-
olation methods had to be adapted
to our speci ¢ problem. Therefore,a
modi ed ordinary kriging with mov-
ing neighborhood is descrikedthat al-
lows to extrapolate directed veloci-
ty elds. First, the original data set
should be split into N directionally
homogeneoussubsets. A data unit
(u; V(t; u)) belongsto the data seti
(i =
the vector V(t; u) lies within the di-
rectional sector

S =2 (i

By corvertion, the zero polar angle
correspndsto the eastvard direction
on the city map. Throughout this
paper, we put N = 4. From the
practical point of view, this is su -

ciert for the separation of opposite
trac directionsand, simultaneously

1)=N;2 i=N):

keepsthe amourt of resulting data
setssmall. Newertheless,in principle,
any other N > 4 could be usedin-
stead.

The above data sets should be
extrapolated separately from ead
other. This yields N velocity maps
correspnding to N directional sec-
tors.

In what follows, the data from
a given time interval [tq;t5] will be
taken for extrapolation. To be pre-
cise, we put t; = 500 p.m. and
t, = 5:30 p.m. Keepingthis in mind,
we shall omit the time parameter t
in further notation. The obsened
velocities are not spatially homoge-
neous. Hence,the meanvelocity eld
fm(u)g obtained by averaging the
trac velocities over all working days
from 5:00 p.m. till 5:30 p.m. should
be considered. As far as this mean
eld is subtracted from the original
data, the deviations of actual veloc-
ity values are extrapolated in order
to createthe spatial eld of velocity
residuals.

This extrapolation method has
beenimplemerted in Java. Thus, a
software library was deweloped com-
prising the estimation and tting of
variograms as well as the ordinary
kriging with moving neighborhood.
As far as it is known to the au-
thors, it is the rst complete imple-
mertation of sud kriging methods in
Java. An advantage of the Java pro-
gramming languagelies in its plat-
form independence. Great attention
was paid to the e cient implemerta-
tion of fast algorithms. In cortrast to



classicalgeostatistics operating with

relatively small data sets, this ef-
ciency is of great importance for
larger data setswith morethan 10000
ertries. For instance,the Java padk-
agefor variogram tting descriked in
Faulkner, 2002 can not be used for
data setswith morethan 1000entries
due to unacceptableruntimes. E -

ciert image processingand computa-
tional algorithms (seee.g. Mayer et
al., 2004)enabledusto drastically re-
ducethe runtimes of the Java library.

The extrapolation method itself
aswell asthe software quality are ve-
ri ed onthe test exampleof a Boolean
random function; see Serra (1988).
Remarlkable featuresof this model are
its simplicity of simulation and nice
analytical description. For test pur-
poses,90 independert realizations of
a Boolean model with a determinis-
tic drift have been simulated. The
quality of extrapolation is proved by
meansof statistical signi cance tests
of the areafraction. It is shovn that
extrapolated images perfectly retain
the essetial structure of original test
images.

This justies the application of
the above method to trac data.
First, the mean velocity elds are
estimated for all directional sectors.
Then, the deviations from the mean
of actual speed values are extrapo-
lated for particular days and time in-
tervals. On their basis, tra c{jam
mapsare created; seeFigs. 19{20.

There are se\eral interesting per-
spectivesfor further researb. In par-
ticular, using methods recerly deve-
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loped in Heinrich et al., 2004, Klenk
et al., 2004, and Sdmidt and Spo-
darev, 2004, models of stochastic ge-
ometry can be statistically tted to
extrapolated trac maps. In a next
step,the tted modelscanbe usedin
order to predict future trac states
on the basis of currerily incoming
trac data. Sud space-timepredic-
tion models as well as their applica-
tions to forecasting of trac states
will be discussedn a forthcoming pa-
per.

SOMEPRELIMINARIES

Random elds

To model trac maps, non{statio{

nary random elds composedof a de-
terministic drift and an intrinsically

stationary random deviation eld,

the so-calledresidual, are used. See
e.g. monographsCressie, 1993 and
Wadkernagel,1998for details.

Drift and deviation eld

Let X = fX (u); u 2 R?g be a non{

stationary random eld with nite

secondmomerts
E[X(u?<1; u2R%

Then X can be decompmsedinto a
sum

X (u) = m(u) + Y(u)

where m(u) = E[X (u)] is the mean
eld (drift) andY (u) = X (u) m(u)
isthe deviation eld from the meanor



residual Clearly, it holds E[Y (u)] =
O for all u. Assumethat Y is intrinsi-
cally stationary of order two. Denote

by
(h) = %E[(Y(u) Y (u+ h)? (1)

its variogram function. In practice,
the eld X can be obsered in a
compact (say, rectangular) window
w R,
a sample of obsened values of X,
ui 2 W for all i. The extrapolation
method descriked in the next section
yields an \optimal" estimator )b(u)
of the value of X (u) for any u 2 W
basedon the samplerandomvariables
Among the va-
riety of extrapolation techniques for
non{stationary random elds (seee.g.
the universalkriging in Cressie, 1993,
Kitanidis, 1997, Wadernagel,1998),
our approad is similar to the sof
called kriging basel on the residu-
als, seeCressie, 1993, p. 190. The
main idea of the method is straight-
forward. First of all, an estimator
tm(u) for the drift m(u) hasto be con-
structed. Then, the deviation eld
Y =fY (u); u2 R2gdened by

Y (u)=X(u) m) (2
is formed and its kriging estimator
¥ (u) is computed. Finally, the es-
timator )b(u) is given by

) =mu)+ P (u): Q)
If we suppose that the drift is
known, i.e. Mmm(u) = m(u) for

all u then we know the exact va-

tion eld at ug;:::;u, since

Y (u)=Y(u)=X(u) m(u):
Let
y(u) = x(uj)) m(u); i=1:::5;n

be a realization of the samplevalues
of Y. The extrapolation of Y (u) can
be performedeither by simplekriging
basedon the covariance function

C(h) = E[Y (u)Y (u + h)]

or by ordinary kriging making use of
the variogram (h); seeCressie, 1993,
Kitanidis, 1997, Wadernagel, 1998.
In what follows, the secondmethod
is used.

ORDINARYKRIGINGWITH MOVING
NEIGHBORHOOD

The kriging estimato

A simpler version of the following
ordinary kriging with moving neigh-
borhood can be found in Chiles and
Del ner, 1999, pp. 201{210, Kitani-
dis, 1997, pp. 71 and Wadkernagel,
1998, pp. 101{102. Denote by 1 the
usual indicator function

1 ifx2B,

1fx2 Bg= 0 otherwise.

Introducethe estimator*?(u) of Y (u)
at u 2 W as a linear combination
of the samplerandom variablesY (u;)
with unknown weights ; = (u) by

P (u)

= iY(u)lfu 2 A(u)g: (4)



The estimationinvolvesonly the sam-
ple random variablesY (u;) sud that
u; is positioned in the \neighbor-
hood" A(u) of u, i.e. u; 2 A(u).
Being an arbitrary set, this moving
neighborhood A(u) cortains a pri-
ori information about the geometric
dependencestructure of the random
eld Y. For instance,it could be de-
signedto model the formation of traf-
c jams. In the caseof a Boolean
model, this set A(u) is in uenced by
the shape of the primary grain. In
general,A(u) canbe arandom closed
set,i.e. A(u) = A(Z(u;!);u) where
Z = fZ(u); u 2 R?gisarandom eld
corntaining extra information about
Y. Under sudh generalassumptions
on A(u), the system of linear equa-
tions on the weights ; looks much
more complicated than (7) conside-
red belon. In order to solwe it, ad-
ditional parameterssud as crossco-
variancesof Y and Z should be es-
timated. Even in the caseof un-
correlated elds Y and Z, it makes
the extrapolation unnecessarycom-
plex. To avoid this, the presern paper
usesonly deterministic setsA(u).

The normalizing condition on the
weights

X
)
i=1

ensuresthe unbiasednesf the esti-
mator givenin (4). In other words, it
holds

E[?(u)] = E[Y (u)]

ewen if the mean of Y is not zero.
Moreover, this condition makes it
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possibleto usevariogramsin (7) since
variogramsare negative conditionally
semide nite (see e.g. Wadkernagel,
1998, pp. 52{53). The \optimalit y"
of the estimator *?’(u) meansthat its
variance should be minimal, i.e.
E[(P(u) Y@)T ! min: (6)
This classical minimization problem
yields further conditionson ; which
can be written together with (5) in
the following system of linear equa-
tions. For all i
ui 2 A(u) it holds

xn
i (U u)lfu; 2 A(u)g
j=1
+ = (u
j1fu; 2 A(u)g= 1

j=1

u);

(7)

In order to solwe this system of
equations,the knowledgeof the vario-
gram function (h) is required. How-
ewer, in most practical cases (h) is
unknown and has to be estimated

Estimationof the variogram

In applications, a variogram estima-
tion method to be used should al-
ways be chosenin accordancewith
the data framework. The most sim-
ple and popular one is undoubtedly
the estimator of Matheron (seee.qg.
Chiles and Del ner, 1999, Wadker-
nagel, 1998). Its drawbad is sen-
sitivity to outliers. Among robust



estimation methods, the trimmed
mean estimator (seee.g. Lehmann
and Casella, 1998) as well as the
estimators of Cressie{Havkins (see
Cressie,1993) and Gerton (seeGen-
ton, 1998a,Genton, 2001) should be
mertioned. These methods are de-
signedfor noisy data but they are bi-
ased.

Sincethe trac data seemto be
not contaminated with outliers, the
estimator of Matheron is used here.

It is de ned by
1
RN
(Y(u)  Y(u)® ©)
Gjuioupoh
whereu; u; h meansthat u; u;

belongs to a certain neighborhood
U(h) of vector h and N (h) denotes
the number of sud pairs (u;; u;) for

pendson the problem. In the presen
paper, the following segmen of a cir-
cleis used:

U(h) = fx 2 R?:x = (jxj;" );

jing ixji< st T <"g (9)
where(jxj;" ) and (jhj;' o) arethe po-
lar coordinatesof x and h; , " > 0.

If is cortinuousthen the estimator
in (8) is asymptotically unbiased,i.e.

im E[b(h)] = (h):

Under further assumptionson Y sud
as ergadicity, it is also strongly con-
sisten, i.e. it holds

lim b(h) =

N (h)!1
almost surely.

(h)

Variogrammodels

In practice, the estimated variogram
b cannot be substituted directly for

in the systemof linear equations(7).
Trying this would make the numerical
computation in (7) unstable because
of the singularity of its coe cient ma-
trix. Evenin the casewhenthis com-
putation is possibleits result is not
correct. The reasonfor that is simple:
b(h) is not a valid variogram function
sinceit is not conditionally negative
semide nite. Hence,a valid paramet-
ric variogram model (the so{called
theoretical variogram) should be t-
ted to the empirical estimator b. In
the following, somevalid variogram
models are considered. The corre-
sponding tting proceduresare dis-
cussedlater on. A popular isotropic
variogram model is the exmnential
one (seee.g. Cressie, 1993, pp. 61{
63, Wadkernagel,1998,pp. 244{246):

0;
a+ b1

h=0;

(h) = el N=9: he O

wherea> 0,b> 0 andc> O are pa-
rameterswith the following geometric
meaning. The value of the nuggetef-
fect a measuresthe discortinuity of
the realizations of Y at the micro-
scopicscale. If a > 0 then the reali-
zationsof Y are not cortinuous. The
sill b descrikes the variability of the
data for greater distancesjhj. The
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third parameterc is the rangeof cor-
relation of Y which implies that the
random variablesY (x) and Y (x + h)
are almost uncorrelatedfor jhj > 3c.
A parametric variogram model
is called geometrically anisotropic if
the range value ¢ (and none of the
other parameters)dependson the di-
rection of h. If, in addition, the
sill value b dependson the direction
of h, the variogram is called zonaly

anisotropic.
As shavn in Fig. 17, the
trac data lead to empirical var-

iograms that are clearly zonally
anisotropic.  Below, we consider
zonally anisotropic variogram models
constructed from isotropic ones (see
Cressie, 1993, Wadkernagel, 1998).
Introduce

(h) = 2(h);

where 1(h) is an exponertial iso{
tropic variogram model with nugget
e ect a; > 0, sill bp andrangec;. The
secondterm

2(h) = (1 e

is a geometrically anisotropic expo-
nertial variogram model with sill
b, > 0 and further parameterc, > 0.
Here C is the quadratic matrix of a
linear transformation of the obsena-
tion window, i.e.

C=Q Q

1(h) + (10)

P h> Ch:cz) (11)

where

— CO.S S (12)
Sin Cos

is a rotation by the angle around
the origin and
0
— 1
- 0 2 (13)

is a scaling transformation with sca-
ling factors ;, , along the coordi-
nate axes. For a vector h = (hy; hy),
we have

h>Ch = 2hi+ 1h§+(2
cog (h3 h?

1)
hih,sin(2 )

Level curvesof ,(h) are ellipseswith
main axes of polar angles and

+ =2.Therangevaluesin thesedi-
rections are equal to

3C . 3C .

(14)

1 2

Figure 2 shaws the level curvesof
the variogram model (10) with pa-
rameter valuesa; = 130, b, = 20,
C = 0:03, bz = 70, (‘22: 1 = lCP,
c=,=5 10° = 5. Higherva-
lues of

are marked red.

Fig. 2: Zonally anisotropic variogram



Variogram tting

Let b(h) be an empirical variogram
estimatedfrom the experimertal data
fy(uj)g for the eld Y andlet (h)
be atheoretical parametric variogram
model with parametervector

In the example mentioned above, we
have

= (ai; by ¢ by 1265 2=G; ):

In practice,only a nite number m of
values

can be computed. For two rea-
sons, it is enough to con ne com-
putations to vectors h; of length
jhij < diam(W)=2. First, in most
caseghe behavior of the variogramin
a small neighborhood of the origin is
decisiwe for the adequatechoiceof the
model. Second, for large distances
jhj > diam(W)=2 the estimated va-
lues b(h) are cortaminated by noise
dueto edgee ects.

In order to estimate the parame-
ter vector , the least-squaresnethod
isused. The generalizedeast-squares
method (see Gerton, 1998b) mini-
mizesthe following function of

xn
F()= wii (- (hi)  Db(hi))
ihj =1

( (hy)  b(h;))

where the weights can be chosenin
accordancewith the a priori assump-
tions on Y (see Cressie, 1993 for

Gaussianrandom elds). If the dis-
tribution of Y is unknown, the classi-
cal weighting sthemecan be applied:

1;
0;

Wi i 6 ]

with the function

X
FO)=" ( () bh)? (15)

i=1

to be minimized. In the caseof tra c
data, no a priori assumptionson the
structure of Y havebeenmade. Thus,
the classicalleast-squaresnethods is
used.

For isotropic random elds, one
ts the one{dimensional curve of a
parametric variogram model  (jhj)
to an empirical one. In the aniso{
tropic case,b(h) is computedfor vec-
tors h on a squaregrid with m points
and is tted by a two{dimensional
parametric surface (h), h 2 R2
This can be done either by summing
in (15) over all grid points h; or only
over vectorsh; in a certain direction
of interest' , i.e.

hi = jhij(cos’; sin'):

Sincetrac data is substartially
anisotropic, the variogrammaodel (10)
has to be tted to the data on the
wholegrid aswell asin two directions
with polar angles and + =2.
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DRIFT ESTIMATION

The mean eld fm(u)g can be esti-
mated from the data by various me-
thods ranging from radial extrapola-
tion (seee.g. zu Castell et al., 2002
and referencegherein) to smaoothing
techniques sudh as moving average
and edge preserving smoothing (see
e.g. Tomasiand Manduchi, 1998). In
what follows, the moving averageis
usedbecauseof its easeand compu-
tational e ciency for large data sets.
By moving average, the value
m(u) is estimated as
1 X
im(u) =

Y ui2w ()

X(u) (16

where W (u) is the \moving" neigh-
borhood of the point u and N, de-
notes the number of measuremen
points u; 2 W (u). The choice of the
neighborhood W (u) is arbitrary. For
fast computation, we put W (u) to be
a squarewith sidelength cerntered
in u.

The estimator (16) yields arbi-
trarily smaooth results for large mov-
ing neighborhoods W (u). Thus, an
optimal sidelength shouldbe found
to t the problem. In thetrac prob-
lem, must besmallbecausesdgesof
the surfacef m(u); u 2 Wg areintrin-
sicto the imagestructure and haveto
be presened by smaothing.

In all large cities, there are ar-
eas D of parks, forests, building
blocks, etc. where no road{trac
data is available. By (16), this
implies fm(u) = O for all points u
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with W(u) D. Consequetly, sut
points u would automatically belong
to trac{jam regions and so con-
taminate tra c{jam mapswith arte-
facts. To avoid this, the neighbor-
hood W (u) of points u with N, = 0
has to be enlarged till it cortains
at least one obsenation point. In
this way, meaningful averagevelocity
mapsare obtainedthat allow the cor-
rect analysisof trac jams.

Since X is not stationary and,
consequetty, m(u) is not constan
the estimator (16) is biased. Newer-
theless,in practical applications, the
biasE fm(u) m(u) is small provided
that the areajW (u)j is small and the
net of obsenation points is spatially
denseenough.

RESIDUALSFORMED WITH ESTI-
MATED DRIFT

In previous sections,it has beenas-
sumedthat the drift m(u) wasexplic-
ity known. If it hasto be estimated
from the data, the theoretical badk-
ground for the application of the kri-
ging method breaksdown.

Indeed, kriging requires intrinsic
stationarity of the eld of residuals
Y (u) introduced in (2). This re-
guiremert is clearly not satis ed even
in the caseof an unbiased estimator
tm(u) sincethe variogram

()= JEY (W) Y (u+ h)P
is not equal any more to the va-

riogram (h) of Y (see Chiles and
Del ner, 1999, pp. 122{125, Cressie,



1993 p. 72, Wadkernagel, 1998,
p. 214) and dependsclearly on u.

Despite these theoretical obsta-
cles, practitioners cortinue to use
the ordinary kriging of residualswith
estimated drift based on the data
y (u) = x(u) t(u), i =210
legitimized by its easeand satisfac-
tory results.

ALGORITHMSAND IMPLEMENTA-
TION IN JAVA

In the following, some e cient al-
gorithms for spatial extrapolation
are discussed. Their implemerta-
tion in Java was integrated into the
GeoStah library GeoStah, 2004 as
a separatepadkage. The software is
supplied with detailed commerns ge-
nerated by Java{Doc complying with
the Sun standards;seeNiemeyer and
Pedk, 1996,pp. 80{81.
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r + log(p) operations; see Segewik,
1992. Sincer p always holds,
the averagecomplexity of the seart
is O(log(p)). Additionally, the com-
plexity of lling the tree with va-
luesis O(p log(p)). For variogram
estimation, one storesp = 202
polar coordinates of the vectors be-
tweenany two measuremenpoints in
a DTree. Thus, the overall comple-
xity for the variogram computation
is O(p log(p)) + k O(log(p)). For
large squarelattices with side length
m > 200 (k = m?), the di erence in
run times is signi cant!

The DTreestructures canbe used
also for the fast computation of the
moving average. There, measuremen
points lying in a certain squareneigh-
borhood should be found. The com-
plexity of sudr computation can be
estimated as mertioned above.

Variogram tting

Fast estimation of vaiograms In variogram tting, oneemploys es-

and drifts

Matheron's estimator (8) requiresall
pairs of positions u; and u; with
U u; 2 U(h) to be found for eah
lattice vector h. For k lattice vectors
and n positions, it costsk O(n?)
operations. By meansof the binary
seard tree structure DTree,this com-
plexity can be signi cantly reduced.

Sud algorithm tessellates the
searting spaceinto rectanglesand

senially known algorithms for the
minimization of functions. The idea
of all stochastic algorithms lies in
cleverly modifying parametersof the
variogram model at random till the
maximal quadratic distance to the
empirical curve becomesmallerthan
a critical value". This can be done
for instance by meansof genetic al-
gorithms (seeGoldberg, 1989) or the
method of simulated annealing; see
e.g. Presset al, 2002, pp. 448{

saves positions of actual measure- 460. Genetic algorithms were im-

merts in a binary tree. Thus, seart-
ing k points from p costsin average

plemeried in Java and integrated in
the GeoStah library. The simulated
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annealing Java padage JSimul is
available from Megnin, 2001. Addi-
tionally, one{dimensional variogram
tting by sliceswas implemerted in
Java by Faulkner, 2002. This Java
padkage provides good GUI but poor
runtime performance for large data
samples.

TEST EXAMPLE:BOOLEANMODEL

To test the performanceof the above
extrapolation method, one needsto

generatesyrnhetic data whosetheo-
retical propertiesare known. In other
words, onehasto nd arandom eld

f X (u)g with known structure of dis-
tribution, variogram and shape of re-
alizations that is easy to simulate.
In the following, we construct sud a
random eld on the basis of the so{
called Boolean random eld, a model
that is classicalin stochastic geome-

try.

De nition and properties of the
simulationmodel

In what follows, basic properties of
the Boolean model in R? are de-
scribed. For more details, seee.g.
Stoyan et al., 1995. Let

= X1 X2 X35:000

be a stationary Poissonpoint process bitrary compact set in R2.

in R? with intensity ; seeFig. 3.
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Fig. 3: Realization of

For simulation of Poisson processes,
seee.g. Lantuejoul, 2002, Stoyan et
al.,, 1995. A Boolean random set
with deterministic grains can be in-
troducedas

S

= (o*+Xj)

i=1
where o is the so{called primary
grain and o+ X; agrain translated
to the germ position X;.

LI

Fig. 4. Realization

o can be an ar-
In the

The primary grain

presei paper, a rectangle

o=[0;a] [0;D (17)



with width a > 0 and height b> 0
is considered;seeFig. 4. On the ba-
sisof , one constructs a stationary
random eld Y = fY(u);u 2 R?g by
setting

Y(u)=1u2 g p

wherethe constat p=1 e 2 is
the volume fraction of . This ran-
dom eld is a specialcaseof a Boolean
random function considerede.g. in
Serra, 1988. It can take only values

porl p. The eld Y is stationary
of ordertwo and it holdsE Y (u) = 0.
Soit canbeusedto model the \devi-
ations from the mean".

Fig. 5: Variogram (level curves)

The variogram (h) of Y is given by
(hy=e ® 1 e @ o\ Co M

For a vector h = (hy;hy), the area
j o\ (o h)jisequalto (a jhyj)(b

jhyj) for jhy 6 a; jhyj 6 b; and zero,
otherwise. This variogram is clearly
anisotropicasshown in Fig. 5 for pa-
rameter valuesa = 40, b = 20 and
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= 0:0006 in the obsenation win-
dow W = [0; 200¢.

In order to model a non{statio-
nary eld X, oneaddsa deterministic
drift variable m(u) to the eld Y (u).
As atoy example,m(u) is chosenhere
to be the indicator function

m(u) = 1fu 2 B, (uo)g (18)

of a deterministic circle B, (ug) with
certer up andradiusr > 0; seeFig. 6.

The resulting eld
X(u)= m(u)+ Y(u); u?2R?

attains only three values p, 1
2 p

P,

Fig. 6: Realization of X

To test the extrapolation quality
on syrthetic data, one simulates X
and measuresits realization x(u) at
a nite number of points u;. Then
one extrapolates X from the data
x(u;j) and comparesthe result with
the original realization x(u). Mea-
surememn points u; are generatedby
an independeri Poisson process 1
with intensity ; = 0:01; seeFig. 7.
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Fig. 7: Realizationof ;

The intensity of ; is substartially

higher than that of sinceotherwise
the information cortained in the data
isinsu cien t to reconstructthe origi-
nal image.

Syntheticdata

Practically, the experimert descriked
above shouldbe repeatedmarny times
in order to reducethe randomnessn
the quality of results. In this pa-
per, 90 realizations of X have been
sampled. They yield 90 data sets
eadt of them cortaining ca. 300 pairs
(ui; X(ui)). These data sets corre-
spond to the trac data of a half an
hour. The intensity of ; is chosento
produce in average about 300 mea-
suremen points to comply with the
realtrac situation.

For simulations, we usedthe fol-
lowing parametervalues:

W = [0; 200F; up = (100; 100Y;
r=30 a= 40 b= 20
= 0:0006

Braxmeier H et al: Smatial extrapolation of road trac data

The meanareafraction is then
p= 0:38121662

In Fig. 4, a realization of  with
these parametervaluesis shovn. By
adding a circle in the middle of the
picture and subtracting p, one ob-
tains a realization of the random eld
X; seeFig. 6.

Numerical results; reconstruc-
tion of simulatedimages
To estimate the drift, moving avera-

ge with the sidelength = 3 of the
squareneighborhood was used.

Fig. 8: Estimated drift fm(u)

As seenin Fig. 8, the estimated drift
presenesthe original drift structure.

After subtracting the estimated
drift tm(u) from the data in ead data

riogram by of Y is computed; see
Fig. 9. The parameter valuesof the
circularsegmen(9)are = 2," = 3.



Fig. 9: Estimated variogram b (h)
(level curves)

Then, one averagesthe variogram
over all 90 estimated copies b, by
arithmetic mean:

1 X
b (h) = 90 b, (h):

j=1

This mean variogram can be well{
tted by the true variogram of the
Boolean model. For tting, simu-
lated annealingwas usedto minimize
the target function (15) in the least
squaresmethod.

The parametersof the simulated
annealingare chosenasfollows: max-
imal temperature 10°, annealingrate
20, number of iterations 10, toler-
ancevalue 10 °; seePresset al., 2002
for their meaning. The starting va-
luesof the variogram parameterswere
a = 20,p = 10, o= 0:006. The t-
ting yields parametervalues

h= 397605124 B= 20:7768498
b= 0001193

lying quite closeto the original ones.
The maximal (mean) deviation of b
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from is0:0368497§6:33738810 °,
respectively); seeFig. 11.

Fig. 10: Fitted variogram model
(h) (level curves)

? ."’_
A : ‘i &
I 7 ;'1.: .‘J"'_..'l:;l.:'. V=
* : ."'l ...1_'-“:-‘Jr:‘ \-h
. L ALEE L 2 ¥
ol oo W1 T L
'II'_,,I|I ?...;-' ".-%‘f' .'I- ] I}
B, L) i e

Fig. 11: Di erence betweenthe tted
theoretical model (h) and the em-
pirical variogramb (h)

The knowledgeof the grain shape
(17) can be integrated in the indi-
cator functions of the kriging with
moving neighborhood. Put the set
fui 2 A(u)gin (4) to be equalto

fix xj6 bjy vij6 g
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where u; = (Xi;yi) and u =

Braxmeier H et al: Spatial extrapolation of road trac data

(x;y) Statisticaltestsfor the areafrac-

denote the Euclidean coordinates of tjon

points u; and u.

Fig. 13: Extrapolated eld Y (u)

Thus, the extrapolation method will
useonly those points u; that can po-
tentially a ect the valueY (u). The
extrapolation results @ (u) and )b(u)
are shovn in Figs. 12 and 13. The
striking similarity of the imagesfor
X (u) and ®(u) in Figs. 6 and 13,
respectively is a clear evidence for
the high quality of the extrapolation
method.

Fig. 14: The threshold imageP of ¥

The threshold image of ¥ in
Fig. 14 is a binary image that can
be comparedwith the original image
of Y in Fig. 4. Written in terms
of functions, it is equalto 1fu 2 bg
whereb = fu: ¥ (u) > 1=2 pgand
1=2 p= 0:11878339181To0 quartify
visual similarities in both images,sta-
tistical tests for the areafraction can
be used, seeBohm et al., 2004. For
eadh of 90 threshold images,the null
hypothesisH, : p= pis testedvs. its
alternative H; : p6 p where

AR
Wi

p

is an estimator of the areafraction of
the threshold image and

p= 0:38121660819385905



the area fraction of the original
Boolean model. If the threshold
image is a realization of a Boolean
model and the null hypothesisHg is
true the correspnding test statistic

S
W\ (W h)j®,(h)
jhj6 b
N (0; 1)

is asymptotically N(0; 1) { distribu-
tedasjWj! 1 where

ibv (b h)\ W\ (W h)j
WA (W h)j

®.(h) = p?

is a consistem estimator of the covari-
ancefunction

Cih)=P(2bP;h2h P202Db

of the random set P

Thus, the null hypothesisHg is re-
jected at the asymptotic signi cance
level 1 if

iTi>zy =

wherez; -, isthe (1  =2){quantile
of the standard normal distribution.

For = 0:04andz; - = 2:054,
the null hypothesisH, was rejected
in 6% to 10% of realizations depen-
ding on the seriesof the 90 images.
It attests statistically the visual simi-
larity of the imagesof and P The
test resultscanbeimprovedby choos-
ing larger obsenation windows (e.qg.
400 400pixels), smallergrains(e.g.
a = 20, b= 10) and more measure-
mernt points per image (say, 2000).
The reasonfor that is the asymptotic
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nature of the test. The signi cance
level is appraximately equalto 1

if W is large enough,i.e. beginning
from a particular relation between
the sizesof grains and the obsena-
tion window. Additionally, we sup-
pose that increasing the number of
measuremen points would improve
the extrapolation quality and conse-
quertly reduce the rejection rate of
Ho to 4%. Howewer, in our exper-
iments we kept the number of ap-
prox. 300 measuremen points con-
stant in order to presene analogies
to the trac problem setting.

ANALYSISOF TRAFFICDATA

In what follows, the above extrapola-
tion method is applied to real tra c
data.

The original data set cortains en-
tries with spatial positions scattered
not only over Berlin but also over a
wide region with radius of approx.
100km from the city certer. To avoid
too large inhomogeneitiesthe obser-
vation window is reducedto down-
town Berlin with geographiccoordi-
nates

1336 x 6 1346666
52483336 y 6 5255:

Then, the data analysis is per-
formed for the directional sector
S,=f =26 < g including

data of taxis moving northwest. This
partial data set corntains 19699 en-
tries collected over 90 days (seeFig.
15).
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To calculate the mean velocity
eld m(u), the moving average in
(16) is applied to the data of sector
2 (see Fig. 16). The side length
of the square moving neighborhood
is = 0:005. In Figs. 15 and 16,
the northwest movemen direction of

the taxis can be clearly recognized.

Color gradations re ect speed vari-
ation from green and blue for high
valuesthrough yellow for the middle
onesup to red for the low ones. Figu-

Braxmeier H et al: Spatial extrapolation of road trac data

re 16 shaws the correspnding mean
eld tm(u).

The comparison of both maps
conrms that the estimator fm pre-
senesthe spatial velocity structure of
the data. To estimate the variogram

of Y , the meanvaluesim(u) have
to be subtracted from the actual ve-
locity values. Then, the empirical va-
riogram b; is calculatedfor ead day
i=1;:::;90.

g R

Fig. 16: Mean eld im(u) of data set 2
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Averagingon all days, oneobtains 170, i.e. trac velocities are highly
the following variogram estimator for correlatedin this direction.
Y

1 XO

b( =35 b
i=1

seeFig. 17.

Fig. 18: Fitted variogram model
(h) (level curves)

The zonally anisotropicvariogram
model (10) with two xed parameters
Fig. 17: Empirical variogram b (h) = 170, ;=G = 1000taken from
(level curves) Fig. 17 hasbeen tted to the empi-

rical one; seeFig. 18. The classical
least squares tting method applied
The parameters of the segmeh in to one{dimensionalvertical slices of
(9) usedfor variogramcalculationare the empirical variogram in orthogo-

= 0006 and " = 3 with maxi- nal directions = 80 and = 170
mal distance h = 0:07 being appro- vyields other parametervalues:
ximately a half diameter of W. The
empirical variogram b (h) with ma- a; = 31:77189640437076
xima in northwest direction and mi- b, = 11621092322
nima in orthogonal direction is zo-
nally anisotropic shaving substartial C. = 24538867081
northwest correlation in the data. b, = 226344102

In Fig. 17, level curves are co- 2:c§ 68396479366
lored in accordancewith the increas-
ing variogram valuesfrom green,blue Thus, the range valuesin directions
and yellow to red, wherethe zonally 170 and 80 arer,; = 0:27 km and
anisotropicbehavior of b (h) nearthe r, = 0:162km, respectively. Soa ve-
origin becomesclear. The variogram hicle driving in directon = 170
values are low in a narrow sector in uences only those vehiclesdriving
at the polar angle of appraximately behind it in the samedirection at a
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maximal distance3r; = 810m. Vehi-
clesdriving behind it in the orthogo-
nal direction 80 arein uenced up to
a distanceof 3r, = 648 m.

Additionally, the two{dimensional
surfaceof the above variogram model
has been tted by least squaresto
the empirical one using genetic min-
imizing algorithms. Resulting para-
meter values are very closeto those
obtained above:

ap = 19379745108968454
b 95:3944270699768
c, = 24586797491680854
b, = 9:48651464486285%6
,=G = 6843172022809463
1=G = 10238357320907359
= 14684 :
For extrapolation, the sample of
velocities x(uy);:::;X(up) (n = 223)

obsened on Monday, 18.02.2002is
used. Comparedto the whole data
set 2 represeting the \past", it isin-
terpreted as\actual" data. The ran-
dom eld Y of deviationsfrom mean
velocities is extrapolated using kri-
ging with moving neighborhood (4)
with the following indicator function

1fu; 2 A(u)g= 1f" (u; u) 2 S,g

where' (u; u) is the polar angle of
the vector u; u. This assumption

Braxmeier H et al: Smatial extrapolation of road trac data

is rather intuitive since only those
measuremets with positionsu; lying
\ahead" of the current position u can
in uence its velocity value.
Extrapolated residuals® (u) and
the resulting velocity map )b(u) are
shovn in Figs. 19 and 20, re-
spectively. Due to the particular
asymmetric form of the indicators,
the extrapolated eld of residualsis
strongly discortinuous. This obvi-
ously a ects the geometric characte-
ristics of ¥ (u). Discortinuities of the
realizations of X causedby the kri-
ging with moving neighborhood are
essetial for precise localization of
trac{jam areas. In Fig. 21, areas
with velocities X (u) 6 15 kph are
marked yellow. Someof theseregions
might be causedby trac jams.
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Fig. 19: Residual eld ¥ (u)

Fig. 20: Velocity eld Y (u)

Fig. 21: Trac jams: ®(u) 6 15kph
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