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(1− i)n = (
√

2)ne
7
4
πin ;2<�=&>?=A@

n mod 8 0 1 2 3 4 5 6 7

Re((1 − i)n) (
√

2)n (
√

2)n−1 0 −(
√

2)n−1 −(
√

2)n −(
√

2)n−1 0 (
√

2)n−1

Im((1− i)n) 0 −(
√

2)n−1 −(
√

2)n −(
√

2)n−1 0 (
√

2)n−1 (
√

2)n (
√

2)n−1

BCEDAFCEDHG >JIJ@ |(1− i)n| = (
√

2)n K FL arg((1− i)n) = 7
4πn

;
7NM0:

z := (1+i)4

(1−i)3 − (1−i)4

(1+i)3 = −2i O	P9Q I G IJ>?RTSU>?=T@ Re(z) = 0 O Im(z) = −2 O |z| = 2 K FL
arg(z) = 3

2π
;

7 R : G!C SV@&WX>J@ 7 L :
7 L : 1+ia

1−ia = 1−a2+2ia
1+a2 O 8 I?= Q Re(1+ia

1−ia ) = 1−a2

1+a2 O Im(1+ia
1−ia ) = 2a

1+a2 O
∣∣∣1+ia

1−ia

∣∣∣ = 1 K FL
arg(1+ia

1−ia ) = arctan( 2a
1−a2 ) ;

7 C : 1−i√
2
>?=A@ C > FCZY2D >JWX>J@A>J[ C 8 \ @ C <]> F S C >J@T=A^ K DA_`C I�;0a 8 S CED >?=A@ ∑7

ν=0

(
1−i√

2

)ν
= 0 ;

7 P : <�=b>?=A@ 1+i
√

3
2 = e

1
3
πi K FL = Q WX>J@ Re(

(
1+i
√

3
2

)n
) = cos(n3π) O Im(

(
1+i
√

3
2

)n
) =

sin(n3π) O
∣∣∣
(

1+i
√

3
2

)n∣∣∣ = 1 K FL arg(
(

1+i
√

3
2

)n
) = n

3π
;
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798!:

M1 = { a+ bi | −
√

1− 2a < b <
√

1− 2a }
7NM0:

M2 = { a+ bi | b = − 5
3 ±

√
16
9 − a2 }

7 R : M3 = { a+ bi | a = 1±
√

1− b2, (a, b) 6= (0, 0) }
7 L :

M4 = { z1 + iz2 | z1 > 0 }
e K�f C >JI 798!:hg e K�f C >JI 7NM0:
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e K�f C >JI 7 R :hg e K�f C >JI 7 L :

a

b
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2
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Im(z)
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0

Re(z)
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k ⇒ lnm C > ϕ C > FC C \ IJ> FC 8 DTCpo M2M >JI L K F2G K FL = C > ϕ(1) = x− iy ;q CEG!CEFjL2CEDsr > FC 8 D >J@utv@w>?=A@L 8 F2F

ϕ(i) = iϕ(1) = i(x− iy) = y + ix ;k ⇐ l�m C > λ = λ1 + iλ2
K FL z = z1 + iz2

; e K _`C > G!CEF >?=A@ L 8 F2F ϕ(λz) = λϕ(z) Pyx D 8 IJI C
λ ∈ C ;

ϕ(λz) = ϕ((λ1z1 − λ2z2) + i(λ2z1 + λ1z2)) = ( 1 , i )

(
x y
−y x

)(
λ1z1 − λ2z2

λ2z1 + λ1z2

)

= λ1z1x− λ2z2x+ λ2z1y + λ1z2y + i(λ2z2y − λ1z1y + λ2z1x+ λ1z2x)

= (λ1 + iλ2) · ( 1 , i )

(
x y
−y x

)(
z1

z2

)
= λϕ(z)

)+*",.-0/21�3�z�6
S1 = { z ∈ C; |z| = 1 } = { er2πi | r ∈ R } O 8 I?= Q G >JIJ@ ξ = er02πi PNx DZC > F r0 ∈ R ;{q�> DM C @ D 8 RuS�@ CEFj_ ^ C > B tvIJI C g
7}|~:�� =A@ r0 ∈ Q O = Q >?=A@ r0 = p

q
WX>J@ p, q ∈ Z ; B Q I G IJ>?RuS�>?=A@ ξq = e2pπi = 1 O ^ Q D 8 K =sW 8 F

P9Q I G!CED @ O L 8 =T= M CEFL IJ>?RTSj>?=A@`;
79�!:�� =A@ r0 ∈ R−Q O = Q�� 8 F2F W 8 F�L > C PyQ I G!CEFL2CEF��bCEF2G!CEF M C @ D 8 RTSV@ CEF g

Rn,ν =

{
k +

(
ν

n
,
ν + 1

n

) ∣∣∣∣ k ∈ Z
}
K FL

Rn =
⋃

0≤ν<|n|
Rn,ν

q CEG!CEF r0 6∈ Q
G >JIJ@ { µr0 | µ ∈ Z } ⊂ Rn

;{a 8 PNx DsG!CEG!C M CEFC = n
F K D�CEFL IJ>?RTS�[V> C I C�bCEF2G!CEF

Rn,ν
Ch� >?=A@A> CEDTCEF O G > M @ C = µ1, µ2 ∈ Z WX>J@ µ1 6= µ2

K FL µ1r0, µ2r0 ∈ Rn,ν ;a 8 WX>J@ G >JIJ@ (µ1 − µ2)r0 = k + ε Pyx D&C > F k ∈ Z K FL ε ∈
(
0, 1

n

) ;�q�> D&CED S 8 IJ@ CEF

ξ(µ1−µ2) = e2πi(k+ε) = e2πiε.

m C > ζ = es2πi ∈ S1
M C IJ> C M > G K FL = C > m =

[
s
ε

] ;2a 8 F2F�G >JIJ@
∣∣∣ξm(µ1−µ2) − ζ

∣∣∣ < ε2π

K FL P9Q I G IJ>?RTS�IJ> CEG @ M
L >?RuS�@H> F S1 ;


