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;JE!L
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f c MK[�F`PH;J[>P(FGAU@i[
ezy"Af@BO"F`@lodp{FGMQ[3F�PDAU@i[w|�@iS!AU]dF`}!]HE�odp{YUE!TV5;JPGYDZKMQ[~S!AU]�^�Af_!@BAUPHF`PG]HAUE!AkAf]GIK@B_5Pma
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f
p!MKOBMKTuMQ]H}!p�;QE5L�S5AfT�^�AU_�@BAUP

D ⊂ C E![3S�FGAU@
a ∈ D F`M3ezS!;QFHF |f | @i[ a

AU@i[�OiM c ;JOiAfF� ;J�5@BT�E!T*;J[�[!@BTuTxPfa!��F�@iF`P�YUE�YUAf@BIKAU[
e!S�;QFHF
f c MK[�F�Pd;J[>P�;JE5L D @lF`Pfa

|�@i]xyRqJp!OiAU[
R > 0

p!@i[!]HAU@lodp!AU[3S c OiAU@i[
e�FGM5S!;QFHF U(a,R) ⊂ D
IQ@iOrPma�?�AfFx|�Af@rPHAU]HAU[�FGAU@

R
F`M

IKAUyRqJp!OBPfe!S!;KFGF |f(z)| ≤ |f(a)| LN�!]�;JOiOiA z ∈ D Tu@rP |z − a| ≤ R IQ@iOrPma
� �!]�_hAUOi@iAU_!@iIQAmF

0 < r ≤ R AU]Hp�;QOrPHAU[\y�@B]�;QE�F�S5AU]���;QE�odp���b�[>PGAfIQ]d;JOBLNMQ]HTgAfO

|f(a)| =

∣∣∣∣∣
1

2πi

∫

|z−a|=r

f(z)

z − a dz
∣∣∣∣∣ ≤

1

2π

∫

|z−a|=r

∣∣∣∣
f(z)

z − a

∣∣∣∣ dz

≤ 1

2π
· 1

r
2πrmax {|f(z)| ; |z − a| = r}

= max {|f(z)| ; |z − a| = r} ≤ |f(a)|.
|�@i]�AU]Hp�;JOBPGAf[x;JOlF`M3efS!;KFGF |f(a)| S!;QF � ;J��@iTxE�T�ZKMQ[ |f(z)| ;JE5LX��AmS5AUT�S5Af]/jk]HAU@lFG]G@i[!IQA |z−a| = rLN�!]

0 < r ≤ R @lF�Pma � @rP�S5Af]�V>PHA�PH@BI c AU@BP�ZQMQ[ |f | LNMQOiIQAU]GP�Tv;Q[xS!;J]d;JE3FUe�S!;QFHF |f | ;JE5L U(a,R) ⊂ D
c MQ[�F`PH;Q[KP�@lF�Pma � @BPx:<;K="LNMKOBIQP�S5@iAk��Afp�;JE!}!PGE![!I3a
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:<;>=~^�@iOrP |f(z)− a| > ε ∀ z ∈ C e3F`Mu@lF�P

g(z) =
1

f(z)− a
AU@i[!AD_hAfFHodp!]dqJ[ c PGA�IK;Q[!YUA � E![ c PG@iMQ[
e3;JOlF`M

c MQ[�F`PH;Q[KP�[�;Kodp\�
@BMKE!Z�@BOiOiAQa
=⇒ f

@lF`P c MQ[3F�Pd;J[>Pfa �
:N_3=\C�[!IQAf[!MQTuTuAU[

f
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S5@lodp>P�@i[
C
e�@B[3F`_hAfFGMQ[�S!AU]HA�AU[>PGp3qJOBP

f(C)� E�[ c PGA zi
e
i = 1, 2

Tu@BP
Im z1 > 0

E![�S\Tu@rP
Im z2 < 0

a
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C
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f
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f(C)
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f(z) =
∞∑
n=0

an(z − z0)n
S5@BA t ;���OBMK]GAf[>P�y�@io c OiE![!I�e�FGMgIK@BOBP an = f (n)(z0)

n!

a
?�;Qp!AU]�IK@BOBP

C =
∞⋃
n=0

Dn

Tu@rP
Dn = {z ; f (n)(z) = 0} a

?�;Q[![\@iF`P
E
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Dn ∩ E
e
n ∈ N a
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n ∈ N e�FGM�S!;KFGF
Dn ∩E
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� ;J[\_hA�PG]d;Qodp>PHA�P

D = {z ∈ C , Im z > 0} a�?�;J[![�@lF�P ∂D = R
E![�S | sin(z)| ≤ 1 ∀ z ∈ R a

� E![�IK@BOBP�;J_hAU]
sinx =

eiz − e−iz
2i

a
� @BP

z = it
e
t ∈ R>0

e!Af]Gp�qQOrP�Tv;J[�;J_hAU] | sin it| = 1

2

∣∣e−t − et
∣∣ t→∞−→ ∞ a


