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f DFEHGJI @�KF@�AC@�LNM I	O
PRQ ;4; I
QSG f ;�T4LU>?;VWK DFXHI�YZD >?KF>R[UT4K\K ENG >?K\KF>?;	]
PRQ ;4;_^a` I K G A Q ; D ;�V4>?Lcb�@�L Q T EHE > GNd T4;4= S = 1 efE @�g;V4> G A Q ;h> D ; ρ > 0

A D\G |f(z)| ≥ 1ikj L Q K\KF> z ∈ D A D\G d(z, ∂D) = min(|z − w| , ∀w ∈ ∂D) ≤ ρ O[<T4; DFEHG D′ = {z ∈ D ; d(z, ∂D) ≥ ρ} =
⋂

w∈∂D
{z ∈ D ; |z − w| ≥ ρ} QSl =!> EHXHI KF@ EHE >?; D ;

C e V4>?;4;Bmn>oV4>pV4>?L(q_>?;4=!>?; {z ∈ D ; |z − w| ≥ ρ} DFENG<QSl =!> ErXHI KF@ EHE >?; Os > D K D′ l > EHXHI Lr`S;4t G(DFENGueWDFEHG D′ Q K E @vt!@�ABM Q t GuO[<T4; I
QSG ^�>?=!>?; |f(z)| ≥ 1
ikj L Q K\KF> z ∈ D −D′ V D >xw4T4;4t GND @�; f

;�T4LR[UT4K\K ENG >?K\KF>?; D ; D′ Oy ` GNG > f
T4;>?;VWK DFXrIzY{D >?KF>7[<T4K\K EHG >?K\KF>?; e V Q LNT4; G >?L (zn)n∈N , zn ∈ D′ e�E @%^ j LHV4>7V D >h|<@�Av}M Q t GNI > D\G~Y @�; D′ D ABM4K D\doD >?LH>?; e V Q�EHE V D >�w@�K\=!> (zn)

> D ;>?; y `ST i T4;4= E M4T4;4t GpI
QSGuO [ Q�XrI V4>?A� V4>?; GND\G ` GHEHErQSGNd ^ j LHV4> i @�K\=!>?; f = 0 O
PRQ L Q T E i @�K\= Gue f I
QSG ;{T4L<>?;VWK DFXHI_Y{D >?KF>R[UT4K\K ENG >?K\KF>?; z1, . . . , zn ∈ D O
PcD >R�"@ G >?; d LH> D\I >?;>?; G ^ DFX tZK\T4;4= Y @�; f D ;BmN>oV4>?A�V4>?L<��T4;4t G > zi I
QSl >RV D >�w@�LNA

f(z) = (z − zi)ni
∞∑

m=0

am,i(z − zi)m

A D\G a0,i 6= 0 O
PRQ ;4; I
QSG V D >�w4T4;4t GND @�; g(z) =

f(z)
n∏
i=1

(z − zi)ni
t!> D ;>�[UT4K\K ENG >?K\KF> O

w>?LN;>?L<>?L i�j K\K G V D >�w4T4;4t GND @�;�V D >Rb�@�L Q T ErE > GNd T4;4= i�j L Q K\KF> S > 0
>�� DFENGND >?L G > D ; ρ > 0

A D\G
|g(z)| ≥ S

i�j L Q K\KF> z ∈ D
A D\G d(z, ∂D) ≤ ρ O�P >?;4;

∣∣∣∣∣
1

n∏
i=1

(z − zi)ni

∣∣∣∣∣ DFENG�l > EHXrI Lr`S;4t G

Q T i V4>?LCq7>?;4=!> {z ∈ D , d(z, ∂D) < d(zi, ∂D) − ε ∀ i = 1, . . . , n} i�j LC> D ; l >?K D > l4D =!> E
0 < ε < d(zi, ∂D)

i�j L Q K\KF> i = 1, . . . , n O
P >?LU�UT@ GND >?; G 1

g
: D −→ C DFEHG > D ;> I @�KF@�AC@�LNM I >pw4T4;4t GND @�; O

s > D K	; Q�XHI b�@�L Q T EHE > GNd T4;4=�= D K G ]4w j L Q K\KF> S > 0
>�� DFENGND >?L G > D ; ρ > 0

A D\G
∣∣∣∣ 1
g(z)

∣∣∣∣ ≤ Sikj L Q K\KF> z ∈ D A D\G d(z, ∂D) < ρ e�I
QSG 1
g

> D ;> ENG > GND =!>�w@�L GHE > GNd T4;4= (
1
g

)∼
: D −→ C e

(
1
g

)∼
(z) = 0

ikj L Q K\KF> z ∈ ∂D O
[<T4;�t Q ;4;�A Q ;�V Q�E q Q � D A~T4ABM4L D ; doD M Q ;�^�>?;V4>?;�T4;V�>?L I `SK G ( 1

g
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E M4LNT XHI	O
+-,".0/2143�5762��9
� Q!��PRQ�EU� > l4D > G<DFENG > D ; i Q�XrI�d T ErQ ABAC>?; I `S;4=!>?;V_T4;V I
QSG i @�K\=!>?;V4> � > ENGrQ K G ]

� l2��PcD >7q_>?;4=!> D DFENG @S��>?;�T4;V�> D ; i Q�XrIzd T ErQ ABAC>?; I `S;4=!>?;V e<Q K E @ l > EHD\GNdoG mN>oV4> Q T i D

I @�KF@�AC@�LNM I >~w4T4;4t GND @�;7> D ;>p� GrQ ABA i T4;4t GND @�; O



� X�� �Z> D f : D → C
> D ;> I @�KF@�AC@�LNM I >�w4T4;4t GND @�;%A D\G f ′(z) = 1/z O�PUD >�w4T4;4t GND @�; Log :

C − R≤0 → C
>?L i�j K\K G Log′(z) = 1/z O�PRQSI >?LpT4; G >?L EHXHI > D V4>?; ENDFXrI f

T4;V
Log Q T iV4>?A�LH>o>?K\KF>?; � ; G >?L Y�Q K\K (1, e)
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� E = D K G χ(g ◦ γ , 0) =

1

2πi

∫

g◦γ

dω

ω

=
1

2πi

1∫

0

1

g(γ(t))
(g(γ(t))′ dt

=
1

2πi

1∫

0

1

(γ(t))m
· m · (γ(t))(m−1) · γ′(t) dt

=
m

2πi

1∫

0

1

γ(t)
γ′(t) dt

= m · χ(γ , 0) . �
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� T4L � L D ;4;>?LNT4;4=]� D ;> y @�AC@ G @�M D > H : [0, 1]2 → D d ^ DFEHXHI >?; γ0 : [0, 1]→ D , γ1 : [0, 1]→ D ∈ M DFEHG > D ;>
ENG > GND =!>R: l4l4D KFVWT4;4=�A D\G γ |{0}×[0,1] = γ0 e γ |{1}×[0,1] = γ1

T4;V
γ([0, 1] × {0, 1}) = z0 O

� Q!� � E<E > D >?; γ0, γ1, γ2 ∈M l >?K D > l4D =
� D�� γ0 ∼ γ0 e H : [0, 1]2 → D

H|(s,t) = γ0(t) DFENG V D >R=!>?^ j ; ErXHI�G > y @�AC@ G @�M D > O� D\D�� γ0 ∼ γ1 ⇒ γ1 ∼ γ0
] � L i�j K\K G H : [0, 1]2 → D

H|{0}×[0,1] = γ0 e H|{1}×[0,1] = γ1 e4E @BV4>�g; D >?L G H ′ : [0, 1]2 → D

H ′|(s,t) = H(1− s, t) DFEHG V D >�=!>?^ j ; EHXHI{G > y @�AC@ G @�M D > O� D\D\D�� γ0 ∼ γ1, γ1 ∼ γ2 ⇒ γ0 ∼ γ1
]

�Z> D >?; H1,H2
y @�AC@ G @�M D >?;�A D\G H1|{0}×[0,1] = γ0 , H1|{1}×[0,1] = γ1

H2|{0}×[0,1] = γ1 , H1|{1}×[0,1] = γ2

PRQ ;4; DFENG H3 =

{
H1(2s, t) , S ∈ [0, 1

2 ] , t ∈ [0, 1]

H2(2s− 1, t) , S ∈ [ 1
2 , 1] , t ∈ [0, 1]

PcD >�=!>?^ j ; EHXrI�G > y @�AC@ G @�M D >
� l2� � E<E > D >?; H1 : [0, 1]2 → D , H2 : [0, 1]2 → D

y @�AC@ G @�M D >?;�A D\G
H1|{0}×[0,1] = γ1 , H1|{1}×[0,1] = γ′1
H2|{0}×[0,1] = γ2 , H2|{1}×[0,1] = γ′2PRQ ;4;-V4>�g; D >?L G H : [0, 1]2 → D

A D\G H(s, ∗) = H1(s, ∗)◦H2(s, ∗) i�j L i > EHG > s ∈ [o, 1]> D ;> y @�AC@ G @�M D >RA D\G H|{0}×[0,1] = γ1 ◦ γ2 , H|{0}×[0,1] = γ′1 ◦ γ′2 O� X�� [c>?T G L Q KF> E � KF>?AC>?; G 1 ∈ π1(D, z0)� ; Y >?L E > E � KF>?AC>?; G�d T γ ∈ π1(D, z0)
A D\G � G >?K\K Y >?L G LH> G >?L γ ∈ M

� V O I	O V D >_�J��T D\Y Q }KF>?; d tZK Q�EHE > Y @�; γ DFENG γ ��DFENG γ−1 A D\G � G >?K\K Y >?L G LH> G >?L γ−1 ∈ M
V4>�g; D >?L G VWT4L XrI

γ−1(t) = γ(1− t) ikj L Q K\KF> t ∈ [o, 1] O
� V � � ENG D > D ; i Q�XHI~d T ErQ ABAC>?; I `S;4=!>?;V e�E @ DFEHG	ENDFXHI >?LNK DFXrI π1(D,x0) = {1} � G L D\Y{D¡Q KF> � LNT4M4Mf> �:U;V4>?L ENI >?LNT4A�=!>?K G > i�j L(V Q�Ec� > l4D > G π1(D, z0) = {1} O� E<E > D >?; γ1, γ2 : [0, 1]→ D

A D\G γ1(0) = γ2(0) , γ1(1) = γ2(1) O



PcD >R|�T4L Y > γ = γ1 ◦ γ−1
2 I
QSG = KF> DFXHI >?;7:<; i Q ;4= E }�T4;V � ;VWM4T4;4t GuO¢ I ;> � D ; EHXHI Lr`S;4tZT4;4=�;> I AC>?;_^ D L Q ; e V D > E >?L E > D z0 OPRQ ;4; DFENG γ ∼ 1 eE > D"Q K E @ H : [0, 1]2 → D

> D ;> y @�AC@ G @�M D >�A D\G H|{0}×[0,1] = γ
T4;V

H|{1}×[0,1] = 1 O
PRQ ;4; DFENG A D\G ϕ : [0, 1]→ ∂([0, 1]2)

s 7→





(0, 4s) , 0 ≤ 4s ≤ 1

(2s− 1
2 , 1) , 1 ≤ 4s ≤ 3

(1, 4 − 4s) , 3 ≤ 4s ≤ 4

PRQ ;4; DFENG G : [0, 1]2 → D

G(s, t) = H
(

(1− t)ϕ(s) + t( 1
2 , 0)

V D >R=!>?^ j ; EHXrI�G > y @�AC@ G @�M D > O
� > � � E<E > D ;�T4; D = C− {z1} O¢ I ;> � D ; EHXrI Lr`S;4t{T4;4= E > D >?; z0 = 1

T4;V
z1 = 0 OWPRQ ;4; DFENG mn>oV4>?L s >?= γ I @�AC@ G @�M d T> D ;>?A s >?=

γ : [0, 1]→ S1 O� ENG γ > D ; E @�K XrI >?L s >?=�T4;V f : R→ S1 A D\G s→ e2πis eE @C>�� DFENGND >?L G > D ;_> D ;V4>?T GND =!>?Ls >?=
γ̃ : [0, 1]→ R

A D\G f ◦ γ̃ = γ , γ̃(0) = 0

P >?;4; d T-mN>oV4>?A£��T4;4t G s ∈ R >�� DFENGND >?L G > D ;>v¤UAB=!> l T4;4= U 3 s efE @-V Q�EHE f |U : U →
f(U)

> D ; y @�AC>o@�AC@�LNM I4DFE ApT E~DFENGuO�P�Q ;{T4; ikj L Q K\KF> t ∈ [0, 1]
> D ;>B¤<AB=!> l T4;4= V 3 t>�� DFENGND >?L G A D\G γ(V ) ⊂ f ⊂ U e V4>�g; D >?L G A Q ; γ̃|V = (f |V )−1 ◦ γ|V O

PRQ V D > γ̃|V l4DFE�Q T i = Q ; d > � QSI KF>?;x> D ;V4>?T GND = END ;V e = D K G (γ̃|V1)
∣∣∣
V1∩V2

−(γ̃|V2)
∣∣∣
V1∩V2

∈ Z O
s >?=!>?;

γ̃(0) = 0
>?L I `SK G A Q ;�VWT4L XHI�¥ b�>?LNt{KF> l >?;W¦RV D >�: l4l4D KFVWT4;4= γ̃ : [0, 1]→ R O

PRQ ;4; DFENG γ̃ I @�AC@ G @�M d T�V4>?L(� G LH> X t!> [0, γ̃(1)] e ^�@ l > D 0 = γ̃(0)
= D K G � R DFEHG t!@�; Y >�� ��Os >?=!>?;

f ◦ γ̃(1) = γ(1) = 1 e i @�K\= G�QSl >?L γ̃(1) = k ∈ Z OJP�QSI >?L DFENG γ I @�AC@S}
G @�M d T γk : [0, 1] → D e γk(t) = e2πikt O�P >?L � LNT4M4M�>?; DFE @�AC@�LNM I4DFE A~T E§DFENG§Q K E @
ϕ : π1(D, 0)

∼−→ Z, γ̃k 7−→ h .


