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;=<!>@?BADCE<GFHFHI!CKJLCKAHMCON�P�QRCKM4SOADTRQ(JLCKU4VRW4CKX4QYAHIZ
?BADC[JL\�I]FHAD^RUCKM7_`CKVYQRCba!P�M

ab(a 6= 0)
TYAHMW

ab = eb log a = eb(Log a+2kπi) (k ∈ Z) .

?b<GcdCKABADTRQ
Log a = log |a| + iArg a

W4CKV@e[<GX4f4Q0g�CKVYQhW4CiTkj	P�I�<GVYAHQYU4JlXTma!P�M
a
JnAHQ

−π < Arg a ≤ π Z4opX4Vrqts4V b ∈ Z ADTYQ
ab

CKAHMW4CKX4QYAHI�W4CvuM4ADCKVYQwZ
?BADC[JL\�I]FHAD^RUCKM7_`CKVYQRCba!P�M

abc
TYAHMW

exp[bcLog a+ bc2kπi], (k ∈ Z)
Z

?BADC[JL\�I]FHAD^RUCKM7_`CKVYQRCba!P�M
(ab)c

TYAHMW
exp[bcLog a+ bc2kπi+ c2lπi], (k, l ∈ Z)

Z
x FDTRP@ADTYQzyYCiW4CKVE_`CKVYQEa!P�M

abc
<GX^{U|CKAHMCKVEa!P�M

(ab)c } <GcdCKVEM4AD^{U�Q~X4JnI!CK�!CKU4VYQwZ�o�X4Vbq�s4V

c ∈ Z TYQYAHJnJLCKM�W�ADCE_`CKVYQRCKJLCKM4I!CKM�s4cdCKVRCKAHM	Z

;�c2>@?[CKV(�CKU4FDCKVBTYQRCi^R��Q(AHJ���Z4X4MW@�Z2�[FDCKAD^RU4UCKAHQRTYSwCKAD^{UCKM	�

eix = exp
(

2πi
x

2π

)
?
= (e2πi)x/2π = 1x/2π

?
= 1 .

?BADCE<GFHFHI!CKJLCKAHMCON�P�QRCKM4SOADTRQ(JLCKU4VRW4CKX4QYAHIZ
��T(ADTYQ

ab = eb log a = eb(Log a+2kπi) (k ∈ Z) .

?[CiTYU
<GFHc�ADTYQ[Sig�<GVryYCiW4CKVb_`CKVYQ[a!P�M
abc

<GX^RU`CKAHMCKVba!P�M
(ab)c } <Gc�CKV[M4AD^RU�QEX4JnI!CK�!CKU4VYQwZ� MW

1
ADTYQzM�X4V�CKAHMCKVpW4CKV(JL\�I]FHAD^RUCKMh_`CKVYQRCba!P�M

1z
Z
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� CKA

f
AHM~W4CKJ��[CKc4ADCKQ

G ⊂ C UP�FDP�JLP�VYf4U�X4MWlM�X4FHFDTYQRCKFHFDCKM�qtVRCKA�Z x M4I!CKMP�JnJLCKM
f
cdCiTYAHQYSiQ�CKAHMCKM

j	P�I�<GVYAHQYU4JOXT
g } <GFDTRPnCKAHMCEAHM G

UP�FDP�JLP�VYf4UCO�X4M4��QYADP�M
g(z)

JnAHQ
eg = f

Z4?b<GM4Mkq=P�FHI]Qw�

f ′(z) =
(
eg(z)

)′
= g′(z) eg(z) = g′(z) f(z) .

x FDT{P�ADTYQ
g′(z) = f ′(z)/f(z) } W:Z U	Z g ADTYQ � Q{<GJnJ�qtX4M4��QYADP�Mma!P�M

f ′/f
Z

� CKA"X4JnI!CK�!CKU4VYQ
F (z)

CKAHMC � Q{<GJnJ�qtX4M4��QYADP�M7a!P�M
f ′/f

AHM
G

X4MW
h(z) := eF (z)

Z�?b<GM4MhADTYQ

h
<GX�q

G
UP�FDP�JLP�VYf4U�X4MW@M�X4FHFDTYQRCKFHFDCKM�qtVRCKA�Z

��TzI]AHFHQ
h′(z) = F ′(z) eF (z) = F ′(z)h(z)

X4MWkW<GUCKV

(
f(z)

h(z)

)′
=

f ′h− h′f
h2

=
F ′ fh− F ′ hf

h2
≡ 0 .

x FDT{P�ADTYQ
f/h

�!P�MTYQ{<GM�QwZ-��AHQ
f/h ≡ c

qtP�FHI]Q
f(z) = c · h(z) = eF (z)+log c } W:Z U	Z

g(z) := F (z) + log c
ADTRQ(j	P�I�<GVYAHQYU4JOXTBa!P�M

f
AHM

G
Z
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Log−→



;�c2>

√·−→
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;=<!>@��TpCv��ADTYQYADCKVYQ�CKAHMk_`CKI
γ : [0, 1]→ G

JnAHQ
χ(0, γ) 6= 0

Z
?b<GM4M|TRAHMW

K = {z ∈ C − G , χ(z, γ) 6= 0} CKAHMC��!P�Jnf
<G��QRC-��CKAHFHJLCKM4I!C-a!P�M
C

JnAHQ

0 ∈ K X4MW
A = {z ∈ C−G , χ(z, γ) = 0} CKAHMCO<Gc4I!CiT{^RU4FDP]TRTRCKMCE�"CKAHFHJLCKM4I!COa!P�M

C
Z

_`CKI!CKM
G ∪K = C−A ADTYQ

G ∪K PG�:CKM	Z
� M

G−K Cv��ADTYQYADCKVYQrCKAHM�I!CiTR^{U4FDP]TRTRCKMCKVrN"P�FH��I!P�M4SiX4IZ�?BADCiTRCKV�ADTYQ�M4AD^RU�Q�MP�Q�g�CKMW�AHI�qtVRCKAa!P�M
� CKFHcTYQYs4cdCKVRTR^{U4MCKADW�X4M4I!CKM	Z�?BX4VR^{U���FHAHJnAHM
<GQYADP�M a!P�M � ^RU4FDCKA¡q=CKM¢JnAHQ � JnF£<GX�qtS¤<GU4F

0
X4MW

x XTYg�<GU4F�a!P�M � ^{U4FDCKA¡qtCKM%JnAHQ � JnF£<GX�qtS¤<GU4F
χ 6= 0

�!\�M4MCKM`gzAHVO<GXTbP�c4AHI!CKJ¥N�P�FH��I!P�M4SiX4I
CKAHM CKAHM�q=<�^{U I!CiT{^RU4FDP]TRTRCKMCiT@�"CKAHFHf�P�FH��I!P�M¦<GXTRg�§GU4FDCKM	Zr�CKVYMCKV@Cv��ADTYQYADCKVYQ@CKAHMC7e�P�JLP�QRP�f4ADC }
W�ADC�W�ADCiTRCKM`N�P�FH��I!P�M4SiX4I�AHM`CKAHMClI]F£<GQYQRC�¨[X4VYa!C�a!CKVYg�<GMW4CKFHQwZ x X�q�W�ADC�TRP@CKVYU
<GFHQRCKMCL¨[X4VYa!C
g�CKMW4CKM�gzAHVpW4CKM � JnF£<GX�qtT©<GQYSEa!P�M�eBP�f�q�<GM	Z

;�c2> � TYQ
g : C→ C } z 7→ zm } TRP�ADTYQ g ◦ f ◦ γ = γ

Z
� MTYcdCiTRP�MW4CKVRC[ADTYQp<GFDTRP

χ(g ◦ f ◦ γ , 0) = 1
Z x MW4CKVRCKVRTRCKAHQRT(ADTYQp<GcdCKV

χ(g ◦ f ◦ γ , 0) =
1

2πi

∫

g◦f◦γ

dω

ω

=

1∫

0

1

g(f(γ(t)))
g(f(γ(t)))′ dt

=
1

2πi

1∫

0

mf(γ(t))(m−1)

f(γ(t))m

(
f(γ(t))

)′
dt

= m · χ(f ◦ γ , 0)

o�X4MkADTYQ
χ(f ◦ γ , 0) ∈ Z X4MW |m| ≥ 2⇒

∣∣χ(g ◦ f ◦ γ , 0)
∣∣ ≥ 2


