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… and how to represent unsigned integers with n bits



Numbers and Numerals
• Numbers: Mathematical objects 

• Numerals: Symbolic representation of a number 

• Example for representing “fifteen” 

<latexit sha1_base64="Mw8o7SV5v5NYl6MdQtG1r+pXzcE=">AAACQXicbZBLS8NAFIUn9VXrK+pSkcEiuCqJC3VZdONKWrEPbEKYTCft0MmDmYlQQpb+p67c+A/cuXcjoohbN07agtp4YODw3Xu5d44bMSqkYTxphbn5hcWl4nJpZXVtfUPf3GqKMOaYNHDIQt52kSCMBqQhqWSkHXGCfJeRljs4z+qtW8IFDYNrOYyI7aNeQD2KkVTI0duWj2TfdZPLFFoidgWR8Ac5Rg7e5PvqeXSVOnrZqBhjwbwxp6Zc3R3VX+/2RjVHf7S6IY59EkjMkBAd04iknSAuKWYkLVmxIBHCA9QjHWUD5BNhJ+MEUnigSBd6IVcvkHBMf08kyBdi6LuqM7tQzNYy+F+tE0vv1E5oEMWSBHiyyIsZlCHM4oRdygmWbKgMwpyqWyHuI46wVKGXVAjm7JfzpnlUMY8rZl2lcQYmKoIdsA8OgQlOQBVcgBpoAAzuwTN4A+/ag/aifWifk9aCNp3ZBn+kfX0DHd+1gg==</latexit>

N ⇢ N0 ⇢ Z ⇢ Q ⇢ R

XV       (roman numeral)
15  (decimal numeral)
0xF (hexadecimal numeral)
017 (octal numeral)
b1111 (binary numeral)

(tally marks)



           Decimal Numerals
• Example with four digits  

• Digits 0, 1, 2, .., 9  

• Positional notation with base 10

<latexit sha1_base64="YB1vjwNQddq++TT4dpkQjU2a0yg=">AAAB63icbZDLSgMxFIbPeK3jrerSTbAIrspMFXUjFt24rGAv0A4lk2ba0CQzJBmhlL6CGxeKuBOfxb0b8W3MtF1o6w+Bj/8/h5xzwoQzbTzv21lYXFpeWc2tuesbm1vb+Z3dmo5TRWiVxDxWjRBrypmkVcMMp41EUSxCTuth/zrL6/dUaRbLOzNIaCBwV7KIEWwyyy8dn7TzBa/ojYXmwZ9C4fLDvUjevtxKO//Z6sQkFVQawrHWTd9LTDDEyjDC6chtpZommPRxlzYtSiyoDobjWUfo0DodFMXKPmnQ2P3dMcRC64EIbaXApqdns8z8L2umJjoPhkwmqaGSTD6KUo5MjLLFUYcpSgwfWMBEMTsrIj2sMDH2PK49gj+78jzUSkX/tOjfeoXyFUyUg304gCPw4QzKcAMVqAKBHjzAEzw7wnl0XpzXSemCM+3Zgz9y3n8AM/qQrw==</latexit>

1234

Unsigned

<latexit sha1_base64="jFTqUxWupDRSPFTYA9r7Fcp0pBY=">AAACJHicbVBJSwMxFM64tnUb9eglWARBKJNWVBCh6MVjBbtgO5ZMJtOGZhaSjFiG/hCPXrz6M7x4cMGDF/+KpgtUWx8EvuU9Xt7nRJxJZVmfxszs3PzCYiqdWVpeWV0z1zcqMowFoWUS8lDUHCwpZwEtK6Y4rUWCYt/htOp0zvp+9YYKycLgUnUjavu4FTCPEay01DSPTyCCDeKGCiLrugD3YH5M85oWxhRpuj+mVtPMWjlrUHAaoBHIFtPR3dXj7Xepab413JDEPg0U4VjKOrIiZSdYKEY47WUasaQRJh3conUNA+xTaSeDI3twRysu9EKhX6DgQP09kWBfyq7v6E4fq7ac9Prif149Vt6RnbAgihUNyHCRF3OoQthPDLpMUKJ4VwNMBNN/haSNBSZK55rRIaDJk6dBJZ9DBzl0odM4BcNKgS2wDXYBAoegCM5BCZQBAffgCbyAV+PBeDbejY9h64wxmtkEf8r4+gEQx6IP</latexit>

= 1 · 103 + 2 · 102 + 3 · 101 + 4 · 100

<latexit sha1_base64="R/KtEc9mjBBnBCTTtd8Bgs6ak7s=">AAACH3icbVBJSwMxFM64tnUb9eglWARBKJMqVQSh6MVjBbtgO5RMJtOGZhaSjFiG/hDBi7/A/+DFgyLirb9G08Wt9UHgW97j5X1OxJlUltU3Zmbn5hcWU+nM0vLK6pq5vlGRYSwILZOQh6LmYEk5C2hZMcVpLRIU+w6nVadzNvCr11RIFgaXqhtR28etgHmMYKWlplk4PoEINogbKogsy4J7MP9DNdv/ZpocfJGmmbVy1rDgNEBjkC2mo9urh5uPUtN8b7ghiX0aKMKxlHVkRcpOsFCMcNrLNGJJI0w6uEXrGgbYp9JOhvf14I5WXOiFQr9AwaH6eyLBvpRd39GdPlZtOekNxP+8eqy8IzthQRQrGpDRIi/mUIVwEBZ0maBE8a4GmAim/wpJGwtMlI40o0NAkydPg0o+hwo5dKHTOAWjSoEtsA12AQKHoAjOQQmUAQF34BE8gxfj3ngyXo23UeuMMZ7ZBH/K6H8Cg0GgOQ==</latexit>

:= 1 · 1000 + 2 · 100 + 3 · 10 + 4 · 1
K H T O0123



Unsigned Decimal Numerals with n Digits

• General notation with 4 digits 

• General notation with n digits

<latexit sha1_base64="dGV5gaw8v/WOTOGQtcM5TTEetas=">AAAB+HicbVDLSsNAFL2pr1ofjQpu3AwWwVVJKqjLUjcuW7APqCFMppN26GQSZiZCDf0SNy4UceHGb/AL3LnxW5w+Ftp64MDhnHuZOydIOFPacb6s3Mrq2vpGfrOwtb2zW7T39lsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDoZXk7x9R6VisbjRo4R6Ee4LFjKCtbF8u4j9M4T9iqFr6Ph2ySk7U6Bl4c5FqXrY+GZvtY+6b3/e9mKSRlRowrFSXddJtJdhqRnhdFy4TRVNMBniPu0aKXBElZdNDx+jE+P0UBhLQ6HR1P29keFIqVEUmMkI64FazCbmf1k31eGllzGRpJoKMnsoTDnSMZq0gHpMUqL5yAhMJDO3IjLAEhNtuiqYEtzFLy+LVqXsnpfdhmmjBjPk4QiO4RRcuIAqXEMdmkAghQd4gmfr3nq0XqzX2WjOmu8cwB9Y7z/1yJUK</latexit>a3a2a1a0
<latexit sha1_base64="uidJovJkwwSj4l6QXFcH2wCLeM0=">AAAB/3icbVDLSgMxFM3UV62vUcGNm9AiVIQyqaAui25cVrAPaIchk2ba0ExmSDLCMHbhP/gFblwo4tbfcNe/MX0stPXAgcM595Kb48ecKe04Yyu3srq2vpHfLGxt7+zu2fsHTRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35w5tJ3nqgUrFI3Os0pm6I+4IFjGBtLM8+KmPvHGKvaogMnVMvQ87Is0tOxZkCLgs0F6VasXv2PK6ldc/+7vYikoRUaMKxUh3kxNrNsNSMcDoqdBNFY0yGuE87RgocUuVm0/tH8MQ4PRhE0lBoOHV/b2Q4VCoNfTMZYj1Qi9nE/C/rJDq4cjMm4kRTQWYPBQmHOoKTMmCPSUo0T43ARDJzKyQDLDHRprKCKQEtfnlZNKsVdFFBd6aNazBDHhyDIigDBC5BDdyCOmgAAh7BC3gD79aT9Wp9WJ+z0Zw13zkEf2B9/QBsM5bH</latexit>

(a3a2a1a0)10
<latexit sha1_base64="+Lb/wuHodXrekb2kRqxRbzl3azM=">AAACAnicbVDLSgMxFM3UV62vUVfiJrQIFaVMKqjLohuXFewD2mHIpGkbzGSGJCMMQ3HjJ/gLblwo4tavcNe/MdN2oa0Hcjmccy839/gRZ0o7ztjKLS2vrK7l1wsbm1vbO/buXlOFsSS0QUIeyraPFeVM0IZmmtN2JCkOfE5b/v115rceqFQsFHc6iagb4IFgfUawNpJnH5Sxd3YKsVfNCsqKc+ylyBl5dsmpOBPARYJmpFQrdk+ex7Wk7tnf3V5I4oAKTThWqoOcSLsplpoRTkeFbqxohMk9HtCOoQIHVLnp5IQRPDJKD/ZDaZ7QcKL+nkhxoFQS+KYzwHqo5r1M/M/rxLp/6aZMRLGmgkwX9WMOdQizPGCPSUo0TwzBRDLzV0iGWGKiTWoFEwKaP3mRNKsVdF5BtyaNKzBFHhyCIigDBC5ADdyAOmgAAh7BC3gD79aT9Wp9WJ/T1pw1m9kHf2B9/QCyIZdp</latexit>

(a3, a2, a1, a0)10
<latexit sha1_base64="eCQndE0XAAgvEJBLgSTuUpNvP4M=">AAACA3icbVDLSgMxFM3UV62vUXe6CS1CRSmTCuqy6MZlBfuAdhgyadoGM5khyQjDUHDjH/gNblwo4tafcNe/MdN2oa0Hcjmccy839/gRZ0o7ztjKLS2vrK7l1wsbm1vbO/buXlOFsSS0QUIeyraPFeVM0IZmmtN2JCkOfE5b/v115rceqFQsFHc6iagb4IFgfUawNpJnH8Rl7J2dQuxVs4Ky4hx7KXJGnl1yKs4EcJGgGSnVit2T53EtqXv2d7cXkjigQhOOleogJ9JuiqVmhNNRoRsrGmFyjwe0Y6jAAVVuOrlhBI+M0oP9UJonNJyovydSHCiVBL7pDLAeqnkvE//zOrHuX7opE1GsqSDTRf2YQx3CLBDYY5ISzRNDMJHM/BWSIZaYaBNbwYSA5k9eJM1qBZ1X0K1J4wpMkQeHoAjKAIELUAM3oA4agIBH8ALewLv1ZL1aH9bntDVnzWb2wR9YXz+UJJfo</latexit>

u(a3, a2, a1, a0)10
<latexit sha1_base64="F3d3n7noE34eGPoEiOLSsADZm3g=">AAACA3icbVDLSgMxFM3UV62vUXe6CS2CYC0TEXVZdOOygn1AZyyZNNOGZjJDkhGGoeDGP/Ab3LhQxK0/4a5/Y/pYaPXAhcM59yb3Hj/mTGnHGVm5hcWl5ZX8amFtfWNzy97eaagokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH1yN/eY9lYpF4lanMfVC3BMsYARrI3XsPZcJ6GZOGbrdSKsyRM7dKTyGyB127JJTcSaAfwmakVK16B49japprWN/mTdIElKhCcdKtZETay/DUjPC6bDgJorGmAxwj7YNFTikyssmNwzhgVG6MIikKaHhRP05keFQqTT0TWeIdV/Ne2PxP6+d6ODCy5iIE00FmX4UJBzqCI4DgV0mKdE8NQQTycyukPSxxESb2AomBDR/8l/SOKmgswq6MWlcginyYB8UwSFA4BxUwTWogTog4AE8g1fwZj1aL9a79TFtzVmzmV3wC9bnNw9NmDI=</latexit>

2 {0, . . . , 104 � 1}

<latexit sha1_base64="mDqgjNVj+9OOtTIxc5bX7FXEiwo=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUkUVIRCsQtdVrAPaNIwmU7bITNJmJkIJXTppju/w40LRdz6B7rzZ8TpY6GtBy4czrmXe+/xY0alsqwvI7OwuLS8kl3Nra1vbG6Z2zs1GSUCkyqOWCQaPpKE0ZBUFVWMNGJBEPcZqftBeeTX74iQNApvVT8mLkfdkHYoRkpLnrl/UYSOTLjDKKdKemlQtAatE4i8ANpWK/DMvFWwxoDzxJ6SfOlqWP52Hj4qnvnptCOccBIqzJCUTduKlZsioShmZJBzEklihAPUJU1NQ8SJdNPxIwN4qJU27ERCV6jgWP09kSIuZZ/7upMj1ZOz3kj8z2smqnPupjSME0VCPFnUSRhUERylAttUEKxYXxOEBdW3QtxDAmGls8vpEOzZl+dJ7bhgnxbsG53GJZggC/bAATgCNjgDJXANKqAKMLgHj+AZvBhD48l4Nd4mrRljOrML/sB4/wEVRpx+</latexit>

:=
3X

k=0

ak10
k

<latexit sha1_base64="jEZRw8rBGMETyXE0kc0owRUg85A="></latexit>

u(an�1, . . . , a0) =
n�1X

k=0

ak10
k <latexit sha1_base64="9E+bw4WVhl7dlIHSCbDSg2cRRdw=">AAACA3icbVDLSgMxFM3UV62vUXe6CS2CYC0TF+qy6MZlBfuAzlgyaaYNzWSGJCMMQ8GNf+A3uHGhiFt/wl3/xvSx0NYDFw7n3Jvce/yYM6UdZ2TllpZXVtfy64WNza3tHXt3r6GiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf3A99psPVCoWiTudxtQLcU+wgBGsjdSxD1wmoJs5Zeh2I63KEDn3Ap5C5A47dsmpOBPARYJmpFQtuifPo2pa69jf5g2ShFRowrFSbeTE2suw1IxwOiy4iaIxJgPco21DBQ6p8rLJDUN4ZJQuDCJpSmg4UX9PZDhUKg190xli3Vfz3lj8z2snOrj0MibiRFNBph8FCYc6guNAYJdJSjRPDcFEMrMrJH0sMdEmtoIJAc2fvEgaZxV0XkG3Jo0rMEUeHIIiOAYIXIAquAE1UAcEPIIX8AberSfr1fqwPqetOWs2sw/+wPr6AWiRmGw=</latexit>

2 {0, . . . , 10n � 1}



Unsigned n-Digit Numerals with Base b

• General notation with n digits 

• Example with n = 4 and b = 2

most 
significant 

bit

least 
significant 

bit

Bit = Binary Digit

<latexit sha1_base64="AeS0DcpJ/BMIUu3x8tXfR4WbVUM="></latexit>

u(an�1, . . . , a0)b :=
n�1X

k=0

akb
k 2 {0, . . . , bn � 1}

<latexit sha1_base64="1bAtJIgq3OwPKZa5Hg7jJ6xuJGY="></latexit>

u(a3, a2, a1, a0)b :=
3X

k=0

ak2
k 2 {0, . . . , 15}



Hexadecimal: Base 16

• We have 16 digits 

0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, F 

0, 1, 2, 3, 4, 5, 6, 7, 8, 9, a, b, c, d, e, f 

• Convention:
1B

12

0x1B

0x12

: “Prefix 0x indicates hexadecimal”
<latexit sha1_base64="LhIpRkjjkmWMeA3R2w45eiZpaJw=">AAACG3icbVBNSwMxEM36WetX1aOX0CIoQtn00HoRSr14VLC10K0lm81qMJtdkllpWfovPHjxr3jxoIgnwUP/jWnrQasPBl7emyEzz0+kMOC6I2dufmFxaTm3kl9dW9/YLGxtt0ycasabLJaxbvvUcCkUb4IAyduJ5jTyJb/0b0/G/uUd10bE6gIGCe9G9FqJUDAKVuoVKum+6wHvQ9YfksYBPsYEeyyIAZPqFcGHmPx4u9au1HqFklt2J8B/CfkmpXrRO7wf1QdnvcKHF8QsjbgCJqkxHeIm0M2oBsEkH+a91PCEslt6zTuWKhpx080mtw3xnlUCHMbalgI8UX9OZDQyZhD5tjOicGNmvbH4n9dJITzqZkIlKXDFph+FqcQQ43FQOBCaM5ADSyjTwu6K2Q3VlIGNM29DILMn/yWtSplUy+TcptFAU+TQLiqifURQDdXRKTpDTcTQA3pCL+jVeXSenTfnfdo653zP7KBfcD6/AEbXn4I=</latexit>

u(0x1B) = 1 · 161 + 11 · 160 = 27
<latexit sha1_base64="OGrZ30BOi6TL9tDyo6wYB48GSFA=">AAACGnicbVDLSgMxFM34tr5GXboJLUKlUCZd1G6EohuXFawWOrVk0rQNZh4kd8Rh6F8IbvwVNy4UcSdu+jdm2oLPAxdOzrmX3Hu8SAoNjjO25uYXFpeWV1Zza+sbm1v29s6FDmPFeJOFMlQtj2ouRcCbIEDyVqQ49T3JL73rk8y/vOFKizA4hyTiHZ8OAtEXjIKRujaJi44L/BbS2xGpHOAjTLDLeiFgUr0iuIQrX08nc2tdu+CUnQnwX0JmpFDPu6W7cT1pdO13txey2OcBMEm1bhMngk5KFQgm+SjnxppHlF3TAW8bGlCf6046OW2E943Sw/1QmQoAT9TvEyn1tU58z3T6FIb6t5eJ/3ntGPq1TiqCKAYesOlH/VhiCHGWE+4JxRnIxBDKlDC7YjakijIwaeZMCOT3yX/JRaVMqmVyZtI4RlOsoD2UR0VE0CGqo1PUQE3E0D16RM/oxXqwnqxX623aOmfNZnbRD1gfn7Gknzg=</latexit>

u(0x12) = 1 · 161 + 2 · 160 = 18



Representing Bit Patterns with Hex-Digits

• 4 bits can be represented with 1 hex-digit 

• Preserves the value of unsigned integers 

0000 = 0  

0001 = 1  

0010 = 2  

0011 = 3  

0100 = 4  

0101 = 5  

0110 = 6  

0111 = 7  

1000 = 8  

1001 = 9  

1010 = A  

1011 = B  

1100 = C  

1101 = D  

1110 = E  

1111 = F  

u(0011 1111)2 = u(0x3F)u(00111111)2



Octal: Base 8

• We have 8 digits 

0, 1, 2, 3, 4, 5, 6, 7 

• Convention: “Leading zero indicates octal” 

• 3 bits can be represented with 1 oct-digit

<latexit sha1_base64="HjKpCCNJUalRE+YLeaaBLP2A8HI=">AAACEHicbVDLSgMxFM3UV62vUZduQotYKZSJoO1GKLpxWcE+oK0lk6ZtaCYzJBlhGPoJbsQ/ceNCEbcu3fVvzLQi2nrgwsk595J7jxtwprTjTKzU0vLK6lp6PbOxubW9Y+/u1ZUfSkJrxOe+bLpYUc4ErWmmOW0GkmLP5bThji4Tv3FHpWK+uNFRQDseHgjWZwRrI3XtozDvoNIxPIcItknP17B8i2ABln5eTuKddu2cU3SmgIsEfZNcJdsuPE4qUbVrf7Z7Pgk9KjThWKkWcgLdibHUjHA6zrRDRQNMRnhAW4YK7FHViacHjeGhUXqw70tTQsOp+nsixp5SkeeaTg/roZr3EvE/rxXqfrkTMxGEmgoy+6gfcqh9mKQDe0xSonlkCCaSmV0hGWKJiTYZZkwIaP7kRVI/KaKzIro2aVyAGdLgAGRBHiBQAhVwBaqgBgi4B0/gBbxaD9az9Wa9z1pT1vfMPvgD6+MLpUua7A==</latexit>

u(017) = 1 · 81 + 7 · 80 = 15



Bit Pattern Decimal Hexadecimal Octal

0000 0 0x0 00

0001 1 0x1 01

0010 2 0x2 02

0011 3 0x3 03

0100 4 0x4 04

0101 5 0x5 05

0110 6 0x6 06

0111 7 0x7 07

1000 8 0x8 010

1001 9 0x9 011

1010 10 0xA 012

1011 11 0xB 013

1100 12 0xC 014

1101 13 0xD 015

1110 14 0xE 016

1111 15 0xF 017


