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1. Stationary Poisson hyperplane processes in IR? and
their k-flat intersection processes for £ =0,1,...,d — 1

€2, 0(€2), P]: common prob.spc., E, Var = expectation, variance
A? - space of all affine k—~dim. subspacesin R?, k=0,1,...,d—1
k

Parametrization of an undirected hyperplane H € A% _;:

Hp,v)={z € R: (v,z) =p} peR', ves!

with orientation vector v € Si‘l and signed perpendicular dis-
tance p € IR! from the origin.

d=2 Poisson process ¥
Fig.1: Straight line in Fig. 2: Poisson points P; on
Hessian normal form the line with marks V;

Stationary Poisson Hyperplane Processes ¢

with intensity A and orientation distribution ©(-) (on S~

2 a random point process on [A4 |, B(A% )], ie. & : Q —
N(AZ )isa (J(Q),N (.Ag_l))—measurable mapping defined by

d() = Z 5H(PZ-,1/¢)(') , where V()= Z 5[1%-,%](')

i>1 i>1

is a stationary and independently marked Poisson point process
on the real line IR' with intensity A and mark distribution ©(-)
on the mark space S



Stationary k—flat intersection process ®; induced by ¢
2 a random point process on AL B(AD], ie.

dp : Q - NAY) is a (J(Q),N (.AZ))—measurable mapping,
defined by intersections of d — k distinct hyperplanes (=atoms

of ®) leading to the representation as multiple sum over d — k
pairwise distinct indices:

(I)k() — (d _ k)' Z* 50‘?;{“[—[(&]_,{/1-_)(')

15esld—f=>1

for k=0,1,...,d — 1, where ®;_; is identified with & .

Stationarity of ® (and thus of all &, ie. supp(Px) + = <
supp(®;) Vo € RY) follows by the stationarity and the Poisson
property of U(-).

Isotropy of ® (and thus of all &, i.e. O(supp(Py)) £ supp(®Px)

V orthogonal O with det(O) = 1) holds iff ©(-) is the uniform
distribution on S%~!.

The intensities A\, £k =0,1,...,d —1:

B E®.({L € Az - LN Bff #0})
N vk (BEF)

Ak for any r >0,

where B¢ = {2 € R? : ||z|| < r} or, alternatively,

E< Z Vk(LﬂB)> for any B € B(IR%)

Lesupp(Py)

— mean total k—volume of all k-flats in the unit cube [0, 1)%.
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2. CLTs for the number of of intersection k—flats
and their total k—volume in B?

U (BY) = ®({L € A}: LN B! #0})

d 1 * —
R Y. x(NZTH(Py;, Vi) N BY),
) 1<41,..5q— 1. <Ny

where x(K) =1 for K # () and x(0) =0, and

¢’BH = S w(LnBY

Lesupp(®y,)

d 1 * —
— (d—k)' Z Vk(m?:fH(Piij;j)mB% ’
D 1<, ig g <Ny

where N, = U([-r,r] x ST1) ~ Poi(2Ar) is independent of
the i.i.d. random vectors (P;,V;),i = 0,1, ... with independent
component such that Py ~ U[—r, 7] and Vj ~ O.

Mean values

- e, ) et n Bl 20
d—k
. (fji)k), P(NEH(P, V) N BY A1),

ECY(BY) = Ava(BY) = A kigr?

PPV _
_ <<d _>k)! Evi(N!FH (P, Vi) N BY)




Note that always A\y_1 = Xand Ay >0for k=0,1,...,d — 2
if ©(H(0,v) NS% 1) < 1 for all p € R' (Non-degeneracy of ®!)

Centered and normalized total number / k-volume in B¢

2900 = (e (B~ Ewa())

and
(d—Fk—1) Pk
(2)\T)d—k—1/2

70(w) = (B —EGu(BY )

Theorem 1.(Heinrich, H. & V. Schmidt, to appear in 2006)
Let ® be a non-degenerate PHP in IRY. Then, fork =0,...,d—1,

2000 = N(0,0%,00) and Z{)(v) =5 N(0,0%(v)) .

r—o0 r—00

where

ora(X) = ExX(NZFH(PL, Vi) N BY) x(M2,2  H (P, V;) N BY)
= Ex(NZFH(Qi, Vi) N B x (M2 H(Qi, Vi) N BY)
= E(g¥(QuW))",

ora(v) = r P En(NCFH (P, Vi) 0 By ve(N722  H (P, Vi) N BY)
= Eve(NEFH(Qi, Vi) N BY) v (M2 H(Qi, Vi) N BY)

= E(Q;i?(@m%)f-



Here, Q;, ¢ = 1,2, ..., are independent copies of Qg ~ U[—1,1]
and the functions g,(ffi) (p,v), 9/5;2) (p,v) defined on [—1,1] x S4!
are the conditional expectations

a2 (p,0) = Ex(NZF1H(Qi, Vi) N H(p,v) N BY)
= P(NZF'H(Qi, V)N H(p,v) N BY £0)
and
9 (p,v) = En(N=FH(Qi, Vi) N H(p,v) N BY) .

The proof of Thm. 1 is based on techniques from the theory of
U-statistics (Hoeffding’s decomposition) and the following

Lemma 1. For each £ =0,...,d—1,

_ Varu\Y(B?) (20)20-2k-1

7«1520 r2d—2k-1 — ((d — k- 1)!)2 de(X) )
CVarg(BY) el

7,1520 r2d—1 - ((d — k- 1)!>2 de(y) :

PROOF.

d—k -
2)\7")2d_2k_]
Var qf,id)(Bg) = Z : ( .
— ! ((d =k —j)!)?

J

Ex(NZf H(P,,V,) N BY)

s=1




Furthermore, the mean values E\P,(Cd)(Bf) and EClgd)(B;l) are ex-

pressible by gl(ﬂfl) (p,v) and g,(;:i) (p,v), respectively:

d _
EvY(BY) = ) r=* Eg¥) (Qo, Va)
d 2\ d=k v

Aim: Finding expression for 91(25) (p,v) and g,(;:l) (p,v) in

dependence of © (Use Crofton’s formula if © is uniform!)

g (p,v) = P(NEF1H(Q,, Vi) N Hp,v) N BEA£0)

—1 : : d—k
= S /Sd_1'"/Sd_lfl"'/1X<mi=1H<%“l’>
+ + - —

x NH(p,v) N BHdq ...dge_r—1 O(dvy)...0(dvg__1)

g (p,v) = Ev(NZFH(Qi, Vi) N H(p,v) N BY)

—1 : : d—k
— 2d—k—1 /S:d_l.'.Ld—lfl.'./lyk(mi_l H(q“ful)
+ + - —

x NH(p,v) N BY)dq ...dge_r_10(dv1)...0(dvg_j_1) -



3. Basic facts on (random) U-statistics

X1, Xo,...beasequence of i.i.d. random elements in some meas.
space [E,0(E)] and, for fixed m > 2, let f : E™ — IR' be a
meas. symmetric function such that E|f(Xy,..., X,,)| < 00.

Def.: A U-statistic Uém)(f) of order m with kernel function f is
defined by

U,(lm)(f):(n) Z f(Xi,..., X;,) for n>m.

Note that Uém)(f) is an unbiased estimator for p = Ef(Xq,..., Xin).

By Hoeffding’s decomposition,

where g(z) = E( f(X1, X2, ..., Xin) | X1 = 2 ) = Ef (2, Xo, ..., Xi).

and (as cucial outcome of Hoeffding’s decomposition)

E(R(m)(f))2SC—mEfQ(Xl,...,Xm) for n>m

and for some constant ¢,, < oo only depending on m.
Hoeffding’s CLT for U—statistics
If Ef*(Xy,..., X, < oo, then

Vi (U(f) = u) = N(0,m*(Eg* (X)) — 1))

n—oo

d e
where — denotes convergence in distribution.
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4. Zonoids and distributions on S%!
Basic notions from convex geometry

1. Support function of a convex body K c R%

h(K,u) = m;}?(u,aﬁ for wu € IR
Tre

Geometric meaning:

h(K,u) = signed perpendicular distance of the support plane to
K with exterior normal vector u from the origin (for u € S¢1)

Important properties:

haK®pBL,)=ah(K,-)+ Bh(L,-) for a, 5 >0

dy(K,L) = max |h(K,u) = h(L,u)|, h(K,-) € C(S7)
ueSt—

h(K,yu) =~h(K,u) and h(K,u +v) < h(K,u) + h(K,v)

for v > 0; u,v € IRY

i.e. support functions of convex bodies are sublinear on IR?.

CONVERSELY, IF h : R? — IR! IS A SUBLINEAR FUNCTION,

THEN THERE EXISTS A UNIQUE CONVEX BODY IN IR WITH
SUPPORT FUNCTION h(-).

Examples:
2 2
1. Ellipse E: 4 + 33 < 1= h(E,uy,up) = Varu? + b%u’
2. Diamond D : |x1| + |29| < 1= h(D, uy, ug) = max{|uy|, |us|}

3. Square S : max{|zi|, |z2|} < 1= h(S,u1,us) = |u1| + |us]

Fig. 3: Illustration of the support function of a planar ovoid



2. Centrally symmetric zonotopes in IR%:

A zonotope in IR? is a polytope of the form Z = S; @ --- & S,

( = Minkowski sum of the segments Sy, ..., S;,);

Z is centrally symmetric, if it generated by segments of the form
S; = conv{—au;, ayu; } with u; € Sfl[l, a; >0 fori=1,...n.

h(Z,u) = Zai [(u, ;)] for u € IR
i=1

Fig. 4: Illustration of a planar zonotope generated by n = 3
segments

S1 = CODV{—(Ozl, O)a (041, O>}7 Sy = COHV{—(O, 052), (07 042)},
S3 = conv{— (a3, a3), (as,a3)} = 7 = [—ay, 1] X [—a9, as] ®
Ss .

Note that any centrally symmetric polygon is a zonotope in IR?.
In R?, d > 3, further conditions are needed.

3. Zonoids in IR? :

— limits of sequences of centrally symmetric zonotopes in IR
(in the sense of the Hausdorff metric)

or equivalently

A centrally symmetric convex body Z, in R? is said to be a
zonoid with generating measure o(-) if its support function can
represented in the form

h(Z, ) — / (u,0)| o(dv) for u € R

sd-1
with some (finite) measure o(+) on S4~1.
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Note that there is a ono-to-one correspondence between zonoids
and their generating measures, i.e.

Ligy = Loy h(ZQp ) - h(Zgzv ) — Ql(') = QQ(')

Hence, to any given orientation distribution ©(:) of a stationary
PHP there exists a zonoid Zg such that

h(Zg,u) = / [(u,v)| ©(dv) for u€IR®.

d-1
S5

Va1 () uniform distribution <= Zg = — Bd
d /@d/Z d Kd

o) =

4. Intrinsic volumes Vk(d)(K ) of a convex body K C IR

Definition by means of Steiner’s formula:
d
vy(K @ BY) :Zrd " kg kV (K) for >0
k=0

1
Vi (K) =1, Vi (K) = va(K) | VE(K) = 5 v (9K)

For the zonoid Zg associated with © it holds (cf. W. Weil (1979))

1
Vi¥(Ze) = ¢

; /Vk(l)(Z@)@(dv) for k=1,...d,

d-1
S5

where KV denotes the image of the convex body K under orthog-
onal projection onto the hyperplane H (0, v) .
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5. Formulae for asymptotic variances and
covariances in terms of the associated zonoid

Theorem 2. Let ® be a non-degenerate PHP in IR%.
Then, for k=0,...,d — 1 and (p,v) € [-1,1] x 8%,

(d—k—=1)Kg_p—1 d—k—1)/2 < (d=1) /o0
g](;fi) (p7 U) - 9d—k—1 (1 T pQ)( )/ V;i(—k—)l(Z@)

v (d—Fk —1) kg (d=1)/2 < (d=1) / o
g (p,v) = Sy (1-p%) v, 0(28) .

—> (together with f_ll(l —p?Y?dp = Kjia/kj)

(d —k — 1)' Ka—k d— v

Eg,(%)(Qo, Vo) = S /Sd—l Vd(_ki)l(Z@) O(dv)
+
d—k)! KRd—k d
— ( Zde ‘/d(—)k<Z@)
— A= AV (Ze)
v (d — k)' Kd d
EglE:d)<Q07%) - od—k Vd(—)k<Z@)
2
2 o (((d —k— 1)!)2 ’{d—k—l) (d=1) / i\ 2

de(X) - (2d - 2k, . 1)| Sfi'__l (‘/;l—k—l(ZG)) @(d?))

b - h - Rd—1 ’ -1 2
oty = RISl [ (it z) efan).

+
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Isotropic case:

N
Zo = LBl v (7o) = <M) < )@

d Kq d Kg k) ki
—
v _ KRd-1 n4-1 1,(d-1) (Kd—1)d_k_1 d—1\ Kg_1
Z8 = B,V Z, va—l
e} dry ir1(Zg) = i I Pl
where

ka = va(BY) = d/F<;i+1>

Solution of the isoperimetric problem yields

d
max Ag = Ag — Mg, (ﬁ) for fixed Ag_q = A
G O=unif.dist. d Kd

Lemma 2. Let © be the uniform distribution on S¢! and
ke{0,1,...,d—1}. Then, for k=0,1,...,d—1,

d K/d K’d—l d—k d—k
M = L (=2=)
0 _ (B (d =k = 1)) (dlkq 2 /e ) 20h)
kd (2d — 2k —1)! k! Ky, d kg

) (Qk Kq—1 (d —1)! )2 A kg \2 [ Kgs 2(d—Fk)
kd — (2d —1)! ! Ky, d 1oy :

13



Multivariate CLTs : Joint asymptotic behaviour (as r — 00)
of the closely correlated random variables Zéf?(x), - Zg)l’r(x) as

well as of Zo(f?(l/), e Zc(i)l’r(l/)

Theorem 3. (Heinrich, H. & V. Schmidt, to appear in 2006)
Let ® be a non-degenerate PHP in IR?. Then,

(Z2(0) ey —— N(0,2D(x)) and (Z2(1))}_; — N (0,2 ()

T—00 ’ k=0 r—00

d—1

with (asymptotic) covariance matrices

d d—1 d d—1
20 = (o) ()} sy and D) = (01 ()} sy

where the mixed second moments are given by (cf. Heinrich &
Schertz (2006))

d d— v d—1 v
— o [, Vi vz e

+

2
with a,(j) = Kd—k—1 Kd—I—1 (F (d— %)) (d_k__l)!_(?_f_zl)!

and

d v v
U/(cl)(y) - E(Q}E;d) (QO) %) gl(d)(Q()) %))
d d— v d—1 v
=) [ vz vz e
+

with by = (d — k — 1)1 (d — 1 — 1)1 28+ s2_, LZ00°
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Computation of the mixed second-order moments when
® isotropic

Lemma 3. Let © be the uniform distribution on S and let
k,l€{0,...,d—1}. Then,

2 2d—k—1
U(d)(X) _ (d'Kq)® Kd—k—1 Kd—1—1 Kad—k—1—1 [ Kd—1
kl |3NA K K] 22d—k—I-1 Kog_ k]9 dlid

2d—k—l 2d—k—I
B2 )

VB(d —k,d—k)B(d—1,d—1)°

— Vo0 0P (x)

where B(s, t) := fl 2571 (1 — )1 dx denotes Euler’s Beta func-

0
tion, and

2d—k—1
@y _ (Ead (d =D (k44 _ @0 @
% (V) = KNk kp(2d — 1)1 \d kg - \/Ukk (V) oy (v) .

Corollary. The rank of the covariance matrix %@ (v) equals 1

for any dimension d > 1, whereas X(9)(y) possesses always full
rank d .

Furthermore,

Ly S s 0 for 0<k<l<d—1.
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6. Some Applications and properties of the asymptotic
covariance matrices

Let ® be a stationary PHP with intensity A > 0 and non-
degenerate orientation distribution © .

Then
d d
so_ WOBH s GO B
S v p(BEF) S v(BY)

are unbiased, strongly consistent estimators for the intensity A;
of the stationary k—flat intersection process generated by &.
(! ® is ergodic, even mixing, cf. Schneider & Weil (2000))

Lemma 1 and Theorem 2 yield

r—00

lim r Var (X,@) = Nl /Sdl (Vd(iiﬁ)l(Zg)))Q O(dv)
+

. ~(d ok d=1) / oy \\ 2
lim 7 Var (A7) = 3221, /S - (V.2 (28))” e(dv)

. - o 2
for k =0,...,d — 1, where ¢; = (gj.]_ll)! (U 1:3 ”‘1) for g > 1.
This implies that

Var (X;ﬂ)
lim — (’i _ ik
"7 Var <)\,(€2) Cd

< 1,
since ¢; < ¢;jyq for j > 1. Thus, it holds that

lim r Var </)\\,E:d7)ﬂ> < lim r Var (X,(gd}a) for k=1,...,d—1.

r—00 ! r—00
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The rank of the covariance matrices X9 (x) and %9 (v)

Theorem 4.( Heinrich & Schertz (2006)) We have

1. rank(Z9(x)) = d <= vy(Zo) = Vd(d)(Z@) > 0
(iff ©(-) is non-degenerate)

2. rank(X@(v)) = d <= ©O() is non-degenerate and there is
no vector (o, ...,t4-1) # 0 such that

d—1
O({ue st 3 6V (zE) — 0}) 1
k=0

3. rank(S@(v)) =1<«=Fork=2,...,d,

O({u e ST V" N (Z8) = const (= k V) (Zo))}) =1.

Special case d = 2:

rank (S (v)) =1 & det(Z?(v)) =0 & O({u: Vl(l)(Zg) =c})=1

Example: © concentrated on u; = (cos a4, sin a;) for ¢ = 1,2
with 0 < a3 < ap < mand O({u1}) = O({us}) =1/2
= V(28 = V" (Zg) = sin(az — 1)
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Note that, by definition of the support function and Zg = —Zg,

Vl(d_l)(Zg):Qh(Z@,uL):2 / [(u*,v)|O(dv) for wu € IR
gd-1
so that
d 1 A1)/ u
iz =5 [ Vizgean — [ [ 1wt vl e .
Sd—l Sd—ISd—l
+ + P+

Example (continued): © concentrated on w; = (cos ay, sin «;)
fori=1,2,0<a; <ag <7, with O{ui}) =1—-0{us}) =p

Vl(l)(Zgl) = 2(1 —p) sin(ag — ),
Vl(l)(Zéf) = 2psin(ay —aq) ,
{/2(2)(Z@) = 4p(1 —p) sin(ag — )

Variational problem for the planar case: ( Heinrich &
Schertz (2006))

/ (VY (z8)) e(du) = 4 / ' ( /0 ' |sin(3 — o) @(da))2@(d5) — min!

0

under the condition

‘/2(2)(Z®) = /07T /0” | sin(8 — )| ©(da)O(df) = const <§ l)

T
In the above case this means to minimize the integral

J(VP(Z8))°0(du) = 4p (1 — p) sin(az — o) = %

Obviously, this minimum is attained for p = 1/2.
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