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ABSTRACT. In order to link the properties of a feed stream to those of a product in separation
operations such as cake filtration, a comprehensive database is required which often cannot be
achieved through laboratory measurements alone. For this reason, a stochastic 3D model for
the generation of virtual filter cake structures is developed and calibrated to tomographic image
data of experimentally built filter cake structures. In this way, digital twins of real particles
can be simulated using mixed Gaussian random fields on the unit sphere in R3, which are
then spatially arranged to form a three-dimensional artificial filter cake. Its 3D morphology
is validated with respect to geometric descriptors that were not used for model fitting, such
as tortuosity, constrictivity and specific surface area of pore space. In future work, using the
stochastic 3D model developed in the present paper, a large database of systematically varied
artificial filter cakes will be generated by adjusting interpretable model parameters, allowing
for transfer functions to be determined and structure-property relationships to be statistically
investigated.

1. INTRODUCTION

In process engineering, it is often necessary to separate liquids from particulate solids [1-3],
for which one option is cake filtration. In this process, a cake of particles is formed on a support
fabric by which further particles are separated from the liquid. This filter cake continues to
grow as the process time increases, until the increasing pressure drop across the bed, requiring
the entire filter cake to be removed. A new separating cake structure is then rebuilt in a next
process cycle. Cake filtration is based on the micro-process of pore flow, which is determined
by the permeability or its reciprocal, the specific filter cake resistance [4, 5]. Often the perme-
ability is linked to just a single geometric particle descriptor, namely the Sauter diameter [6] by
the Carman-Kozeny equation [7] which shows, in many cases, a high numerical error [8]. How-
ever, the entire 3D morphology of the particle collective participating in the process influences
associated effective properties such as capillary pressure, permeability, residual moisture and
saturation. To design a solid-liquid separation process, these properties need to be estimated,
which is done using various empirical, semi-empirical or analytical models [9-11]. In these
process models, information on particle geometry is often reduced to a single aggregated de-
scriptor, which provides only limited quantitative information about the particle system and the
corresponding structure-property relationships. Moreover, these aggregated descriptors alone
are insufficient to fully describe or model process-related effects in detail or in some cases pro-
vide contradictory dependencies that cannot be resolved even in parametric fits [12-14]. Tt is
important to consider multi-dimensional information on particle geometry to accurately model
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and understand the particle system as well as the corresponding process [15]. The interaction
of various descriptors of the micro-structure of a filter cake is decisive for the performance of
the process, but this cannot be aggregated into a single value. In particular, the internal struc-
ture of the cakes cannot be described by single-value descriptors but rather by distributions of
descriptors [14, 16].

Previous modeling attempts [17-23] have been proposed to capture the relationship between
relevant geometric descriptors and resulting process properties such as particle size and per-
meability. This results in additional model parameters such as modified porosity functions.
However, it is often difficult or outright impossible to isolate the influence of a single particle
shape or size descriptor without altering other relevant descriptors of the particle system. For
example, since the porosity of a filter cake varies when the individual particle size distribution is
changed, it is not possible to say with certainty whether an observed effect is due to the change
in porosity or the change in particle size and/or shape distribution. In order to isolate the influ-
ence of porosity, it would be necessary to vary the porosity over a wide range independently of
other influences. In [24], structure-property relationships were analyzed experimentally, where
it has been concluded that only the porosity and information on the particle size and shape
distributions are geometric variables influencing the effective properties of a filter cake. How-
ever, this theory is difficult to test experimentally, as porosity and packing structure are varied
simultaneously with, for example, particle shape.

In our research, we therefore analyze shape and size descriptors of individual particles in
detail, utilizing tomographic image data of filter cakes which consist of spherical glass beads
and of quartz particles obtained from 3D measurements by X-ray computed tomography ( -CT),
see Figure 1. The filtration tests correspond to conventional laboratory tests in a pressurised
nutsch with adaptations to the measuring principle of microscopy. From this comprehensive
analysis, we obtain particle-discrete segmented datasets which are used to establish a descriptor
vector for each particle.
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FIGURE 1. Scanning electron microscope images of quartz (left) and glas (right)
particles, with 3D renderings of individual particles from p-CT measurements.

Unfortunately, the variety of available tomographic image data is not large enough to reliably
determine transfer functions [25] for the relationship between geometric particle descriptors and
filter cake properties we measured in our experiments. One approach to solving this problem is
to expand the database by model-based generation of virtual but realistic filter cake structures.
In this way, transfer functions can be determined to infer filter cake properties and ultimately
process properties from geometric particle descriptors.

Thus, based on tomographic image data, we develop a spatial stochastic model [26, 27] that is
able to generate virtual 3D morphologies of filter cake structures which are statistically similar
to real filter cake structures in an appropriate sense. More precisely, the artificial structures are
validated by their real-life counterparts in terms of geometric descriptors that were not used for
model fitting, such as constrictivity, porosity, tortuosity and specific surface area. Our model
operates in two steps. At first, virtual individual particles are generated by means of a mixed
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Gaussian random field on the unit sphere in R3 [28], which is calibrated to the particles observed
in the segmented tomographic image data using spherical harmonics functions. Such a modeling
approach has previously been used in [25, 29] to model the shape of particles in cathodes of
lithium-ion batteries. In the present paper, we extend this methodology by deploying a rejection
sampling scheme [30, 31] based on the joint distribution of particle volume and sphericity, which
is modeled by means of parametric copula functions [30].

This approach has two main advantages. First, the rejection sampling scheme allows us to
reliably generate particles of a given bivariate size and shape distribution, even when particles
exhibit a pronounced aspherical shape. The latter is often difficult to reproduce with models
based on spherical harmonics. On the other hand, parametric modeling by means of a bivariate
copula function allows us to vary the desired distribution of size and shape as well as their
interdependence systematically by adjusting the corresponding parameters. In this way it is
possible to generate ensembles of particles that each follow a different size and shape distribution
from the same model type without the need for new tomographic image data. In a second step,
these individual particles are then packed into artificial filter cake structures using a forced-bias
algorithm [32, 33].

By means of the presented model we lay the foundation for a large-scale (data-driven) in-
vestigation of structure-property relationships for filter cake structures. The model is able to
generate virtual filter cake structures whose individual particles follow a wide range of shape
and size distributions, so that a large database of varying artificial filter cake structures can be
generated and analyzed with respect to properties of their pore space. In future work, such an
extensive database will be used to quantify the relationships between descriptors of individual
particle geometry and effective properties of the resulting filter cakes such as permeability or
de-watering behavior.

The rest of this paper is organized as follows. In Section 2, the material samples and imaging
techniques considered in this paper are described. Section 3 deals with the segmentation of
gray-scale images, whereas Sections 4 and 5 introduce the single particle model and the filter
cake model, respectively. The results obtained in this paper are presented and discussed in
Section 6. Finally, Section 7 concludes.

2. MATERIALS AND IMAGING

In order to create a limited but sufficient database for modeling, we selected (i) simple but
application-oriented material types that have certain process properties during filtration and
are therefore suitable for (ii) laboratory experiments on cake filtration and also (iii) allow for
three-dimensional, non-destructive measurements of almost the entire cake structure with a
resolution limit below the particle size to be able to quantify the particle descriptor vectors
considered in this paper. In particular, in Section 2.1 we discuss the selection of materials as
well as their characteristic properties and describe the filtration process, whereas in Section 2.2
we explain the image measurement principle and how we adapted the process to it.

2.1. Materials and filtration experiments. In tomographic studies, the smallest adequate
sample sizes are required to avoid extreme exposure times and high acceleration voltages, while
the required resolution can only be achieved with smaller sample sizes due to the limited geo-
metric magnification. For this reason we developed a downscaled pressure nutsch, which has
been reduced in size compared to conventional laboratory equipment. The laboratory test rig
is a down-scaled pressure nutsch for cake forming filtration according to the German guideline
VDI 2762-2 [34]. It was reduced by 1/100 in filter area which results in a cake formation unit
with a diameter of 5mm. The downscale procedure is described in [16] in more detail.

The two solid particle systems involved in our studies for filtration tests differ from each other
in terms of particle size and shape as well as with respect to their material properties. Due
to the wide distribution of particle properties, the resulting process characteristics in filtration
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and cake structure vary accordingly. One solid used in the experiments as disperse phase
is soda-lime glass consisting of spherical particles with size X between 70 and 110 pm (B70)
(Sigmund Lindner GmbH, Germany), which is manufactured via dry spraying. The soda lime
glass beads consist of 72.30 m.-% SiOs, 13.30 m.-% NayO, 8.90 m.-% CaO and 4.00 m.-% MgO
with other additional trace elements. With a density of 2.55 g=cm?®, the material has an X-ray
mass attenuation coefficient of 1.49 cm?=g at 20keV [35]. The second solid, quartz sand with
the commercial designation BCS201, was purchased from Strobel Quartzsand GmbH, Germany,
in the fraction X < 200 pm and is usually used as filling material for construction. The main
component of the second particle system is 99.1 m.-% SiOy with traces of FesO3, AlyO3 and
TiO with < 0:3 m.-% each. This results in an X-ray attenuation coefficient of 2.44 cm?=g at
20keV [35] with a density of 2.65 g=cm3. All densities of the solids were determined using gas
pycnometry (Micromeritics Multivolume Pycnometer AccuPyc 1T 1340).

All experiments begin with the preparation of the suspension. The continuous phase of the
suspension is an aqueous solution of de-ionized water, potassium iodide (purity > 99.9 m.-%,
Carl Roth, Germany) and glycerol (C3HgOs, purity > 98:5 m.-%, Carl Roth, Germany). This
composition with a density of 1.10 g/cm? results in an attenuation coefficient of 1.68 cm?=g
at 20keV [35]. The characteristic values for filtration, such as the masses of solids used per
individual test mg, the volume fractions of solids in the suspension ”, and the filtration pressure
differences Ap applied, are listed in the appendix, see Table Al.

The suspension is stirred at 250 min™ for 4 min while degassed at py = 0:2 bar. After
filling the suspension into the nutsch and starting the vacuum pump, the filtrate is collected
inside a condensate separator. The filter medium consists of a calendered polypropylene woven
fabric (05-1010-SK 006, Sefar, Switzerland). For all measurements, filtration ends after gas
breakthrough. In these tests, the flow cell is thoroughly weighed immediately after filtration
and drying (24 h at 80 C), so that the residual moisture RM can be determined. Further
cake properties, like porosity ", filter media resistance Ry, and filter cake resistance rc can be
derived from the recorded filtrate mass curves as a function of time, measured cake heights and
cake masses according VDI 2762-2 [34], see Table Al.

2.2. Image measurement principle. Figure 2 schematically shows the measurement princi-
ple of the Zeiss Xradia 510 Versa microscope, consisting of a basic cone beam imaging yu-CT
system and an extended X-ray microscope (XRM) used for subsequent measurements. With
so-called p-CT devices, the magnification is strictly geometric, since an optical system does not
refract X-rays. For an X-ray microscope (XRM), after the scintillator, a magnifying optical unit
transmits the visible light by means of different lenses that can be chosen individually. This
design allows optical magnification in addition to the geometric magnification.
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FIGURE 2. Scheme of the measurement principle deployed by the Zeiss Xradia
510 Versa microscope used for all experiments, where a conventional -CT device
is followed by an X-ray microscope (XRM).
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The sample, our filter cake structure within the in-situ filter cake unit, is placed between the
X-ray source and the detector, where it is rotated by 360 during the measurement. Individual
X-ray images (projections) of the sample are taken at certain angular distances so that after

Using a mathematical reconstruction method, a three-dimensional volumetric image of the
sample can be generated from this image information. In our case, this tomographic recon-
struction is performed by means of the filtered back projection (FBP) algorithm [36], which
is implemented in the ZEISS Xradia reconstruction software (Xradia XMReconstructor, v14).
This includes an automatic centre shift and a beam hardening correction with a factor of 0.05,
where the raw data is smoothed by a Gaussian filter with = 0:7. The measurement parameters
of both filter cakes mentioned in Section 2.1 can be found in the appendix, see Table A2.

As a result of a measurement, the sample is represented by a three-dimensional array of
cubic voxels, after reconstruction of the projection images at different angles. In particular,
after reconstruction of the projection images, Figures 3a and 3d show 2D slices of the filter
cakes built by glass beads and quartz sand, respectively.

500 pm

FIGURE 3. Left (a, d): Raw tomographic image data. Middle (b, e): Binarized
image data. Right (c, f): Particle-discrete segmentation obtained from adapted
watershed algorithm. Top (a—c): quartz. Bottom (d-f): glass

3. IMAGE SEGMENTATION

3.1. Binarization. The raw image data contains gray-scale information which makes it difficult
to distinguish whether voxels belong to the pore space or to a particle. We therefore binarize
the image data so that foreground voxels correspond to particles and background voxels to pore
space. Formally, we consider a binary 3D image to be a mapping from the infinite domain
73 = f:::; 1,0;1;:::0% to f0;1g, where the value 1 corresponds to the foreground, and the
value 0 to the background. While digital images are only defined over a finite subset of Z3, they
can be extended to Z3 in an appropriate sense to fit into this framework, usually by assigning
a constant value to voxels outside the finite domain. The binarization of gray-scale images
is achieved by means of the algorithm Intermodes [37] implemented in the image processing
software Fiji [38]. This algorithm assumes that the histogram of the underlying gray-scale values
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within the image data is bimodal, which is the case for the tomographic image data considered
in this paper. If the values of the two local maxima are given by S;;S2 2 R = ( A1; 1), then
the threshold for binarization is set to t = (S; + S2)=2. Iterative smoothing of the histogram
is used to determine these maxima. The resulting binarizations are visualized in Figures 3b

and 3e.

3.2. Particle-discrete segmentation. With the binarized tomographic image data at hand,
we now describe how to obtain a particle-discrete segmentation. More precisely, this type
of segmentation is a mapping S: Z3 ¥ F0;1;2;:::g that assigns a positive integer to every
foreground voxel of the tomographic image data and 0 to voxels belonging to the background.
Voxels that are assigned the same positive integer are considered to belong to the same particle.
The procedure that we use for determining such a particle-discrete segmentation is based on
the watershed algorithm [39]. For this, we consider the Euclidean distance transform of binary
image data. More precisely, given a binary image B: Z3 ¥ 0;1g, the Euclidean distance
transform D: Z3 ¥ [0; 1) of B assigns every voxel v 2 Z3 a value that corresponds to the
shortest distance from Vv to the nearest background voxel, i.e., the nearest voxel with value 0 in
the binary image B. Formally, the Euclidean distance transform D is given by

D(v) = inffkw vk: w 2 Z3; B(w) = 0g; (1)

for any v 2 Z3, where k k denotes the Euclidean norm on R3. Clearly, if B(v) = 0, then
D(v) = 0 for any v 2 Z3. Intuitively speaking, the watershed algorithm then treats D as a
topological map, where water sources are placed at regional minima, and the map is flooded with
water rising from these sources. The ridges, along which the water from distinct sources meet,
induce a particle-discrete segmentation of the original binary image. The final number of regions
detected by this algorithm is identical to the number of initially placed water sources, and thus
to the number of regional minima of the Euclidean distance transform. Therefore, the watershed
algorithm is often prone to oversegmentation and requires some adjustments. In particular, we
make use of morphological reconstruction [40] to reduce the effect of oversegmentation [41],
which has been used in [42] to get an appropriate particle-discrete segmentation of gray scale
image data. For a gray-scale image G: Z2 ¥ R, morphological reconstruction involves iterative
morphological dilation G E of G with a structuring element E 73, defined as

G E (v)= max G(v+w) (2)

for any v 2 Z3. After every iteration, the point-wise minimum of the dilated image and a
predefined mask image M: Z3 ¥ R is taken. Note that in order to make sense of Eq. (2)
for real world applications, the digital image, leading to G, needs to be extended to Z3 by its
minimum value (instead of simply extending it with the value 0). Formally, we then set Gy = G
and Gy = minfM; Gk 1 Eg, repeating this procedure until Gy = Gk 1 for some integer
k 1. The resulting image Gk is the morphological reconstruction of the so-called marker
image G using the structuring element E and the mask M. Various image processing tasks can
be performed by use of morphological reconstruction with different choices of G and M, such as
filling holes, detecting connected components, or finding regional minima or maxima [39]. For
our application of reducing oversegmentation in the watershed algorithm, the marker image is
chosen as (1 )D, where D is the Euclidean distance transform defined in Eq. (1), and is
a manually chosen parameter. In our case, both the values of = 0:25 for quartz sand and

= 0:3 for glass have been determined manually to yield good results. The mask image M
is then set to be the Euclidean distance transform D. The structuring element E is a cube
with a side length of 3 voxels. Intuitively speaking, this choice of marker and mask image
causes small ridges of the topological map D to disappear, so that only significant ridges are
considered, which counteracts oversegmentation. The watershed algorithm is then applied to the
resulting morphological reconstruction, yielding a particle-discrete segmentation S, visualized
in Figures 3¢ and 3f.
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3.3. Validation via laser diffraction measurements. From the segmented image S : Z3 ¥
T0; 1;2; :::g we readily obtain a particle size distribution by counting the number of voxels that
belong to each particle. Formally, this corresponds to counting the number of elements in each
of the pre-images S !(fig), i 2 N = f1;2;:::9. The quality of the segmentation S is assessed by
comparing this distribution to that obtained via laser diffraction measurements for both quartz
and glass particles.

For this, the particles are dispersed in a 1 g/L aqueous TNPP solution (C45Hg9O3P) and
ultrasonicated for 2 min. Three laser diffraction measurements were taken and the resulting
distributions (Fraunhofer approximation) were determined using Sympatec HELOS/Qixel-R5,
which has a measuring range of 4.5 to 875 pm. Note that the particle size determined in this
way is the diameter of the diffraction equivalent sphere.

Figure 4 shows the distributions of particle sizes, expressed by means of their volume-
equivalent diameters, which have been acquired via image segmentation and laser diffraction
measurements, for both quartz and glass particles. We observe that there is a high agreement
between the distributions obtained by image segmentation and laser diffraction measurement for
glass particles, and a slightly larger discrepancy between these distributions for quartz particles.
It is worth noting that particle size distributions determined by laser diffraction measurements
assume particles to be perfectly spherical, which can be part of the reason for the deviations
observed in Figure 4 for the more aspherical quartz particles.

0.03! —quartz %aser diff.
- --quartz image seg.
- |—glass laser diff.
o 0.02¢ |\ |---glass image seg.
o8
0.01¢
0l -
0 100 200 300

volume equivalent diameter in Um

FIGURE 4. Probability density functions (pdf) of volume-equivalent diameters
determined by laser diffraction (solid lines) and image segmentation (dashed
lines).

4. SINGLE PARTICLE MODEL

In this section we describe the methods used to derive a stochastic model for the outer
shape of individual quartz and glass particles. Our model is based on a spherical harmonics
representation for generating random particle shapes as described in Section 4.1 below. This
parametric model is calibrated separately to the tomographic image data of quartz and of glass
particles, obtaining two distinct sets of parameters that correspond to the very different shapes
of quartz and glass particles. The goodness of model fit is evaluated in Section 4.2. Afterwards,
the two model instances are combined into a single model, where the size and shape of generated
particles is controlled by a rejection sampling scheme. The advantage of this approach is that we
can simulate particles of a desired size and sphericity distribution without the need to recalibrate
the parameters of the spherical harmonics expansion. Instead, we can virtually vary the shapes
of particles solely through the rejection sampling. This is greatly beneficial for subsequent
(virtual) structural scenario analyses, where no tomographic image data is available for model
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calibration, while varying the target distribution in rejection sampling is feasible without new
tomographic measurements of different particle systems.

More precisely, the two initial model instances are combined by drawing on average half of the
realizations from the model instance calibrated to quartz particles, and on average the other
half from the model instance calibrated to glass particles. For this, the joint distribution of
volume and sphericity for both tomographic image data and model realizations of quartz and
glass particles is represented using a parametric copula fit, which is introduced in Section 4.3.1.
The usage of copula functions allows us to model the dependency between particle sizes and
shapes accurately while maintaining a high flexibility for the choice of parametric families for the
univariate marginal distributions. Based on these fits, the joint probability density of volume
and sphericity for the mixture of the two model instances is given as a linear combination of
the individual joint probability densities. This linear combination is then used as the source
distribution of the rejection-acceptance method, which allows us to reject or accept the drawn
samples based on the desired joint distribution of particle volume and sphericity, as described
in Section 4.3.2.

4.1. Spherical harmonics representation. The stochastic 3D model for single particles of
both quartz sand and glass particles is based on the theory of spherical harmonics, following the
approach developed in [29]. For this, we assume that the individual particles are star-shaped,
which means that every particle has a so-called star point, from which the line segment to any
other point of the particle is fully contained within the particle. Formally, we require that for
every particle PR3, there exists a point s 2 P, such that for any other point t 2 P, and any

2 [0;1], it holds that s+ (t s) 2 P. The outer shell of such a particle can then be described
by a radius function r: S2 ¥ [0; 1), where S = fu 2 R?: kuk = 1¢ is the unit sphere. For any
direction u 2 S2, the value r(u) is the distance from the star point to the particle boundary
in direction uU. In order to stochastically model the outer shell of the individual particles, it
suffices to determine random functions from S? to [0; 1) which behave statistically similar to
the radius functions of observed particles. For this, we use a suitably chosen family of random
fields X = fX(u): u 2 S2g on the unit sphere S? [43]. In particular, we assume that X is the
mixture of motion-invariant, i.e., stationary and isotropic, Gaussian random fields [28]. The
assumption of stationarity and isotropy leads to great reductions in model complexity, which
simplifies the estimation of model parameters. On the other hand, by considering mixtures
of Gaussian random fields we ensure flexibility that allows us to accurately represent a wide
spectrum of particle shapes through the model, without adding significant complexity to model
calibration. Formally, for any fixed integer kK > 1, a mixture of Gaussian random fields is given

by k (stochastically independent) Gaussian random fields Xg;::
P1;:::; Pk 2 [0; 1] such that Ii(:1 pi = 1. Then,

8
§X1; with probability p1;
X=_:
= : .
- Xk; with probability pk:

For more information on Gaussian random fields themselves and the estimation of parameters
for mixtures of Gaussian random fields, we refer to [29]. In practice, any realization of the
random field X needs to be discretized. This means that in order to generate a realization
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The model is calibrated separately to the datasets of quartz and of glass particles, yielding two
distinct instances of the model with different parameter values, see Figure 5. In the following,
we will denote the mixtures of Gaussian random fields calibrated to tomographic image data of
quartz and glass particles by Xq and X¢, respectively.

4.2. Evaluating the fitted mixtures of Gaussian random fields. In order to validate
the fitted mixtures of Gaussian random fields Xq and Xq, we consider the volume and the
sphericity of each particle. Note that the sphericity is a quantity that measures the deviation
of particle shape from that of a sphere. It is defined as the ratio between the surface area of
a sphere with the same volume as the considered particle and the surface area of the particle.
Since the sphere has the lowest ratio of surface area to volume, the sphericity always takes
values between 0 and 1, where it is equal to 1 if the particle is a sphere and smaller than 1 for
particles with non-spherical shapes.

Thus, both the volume and the surface area are needed in order to compute the sphericity
of measured and simulated particles. By evaluating the mixed Gaussian random fields Xq and
Xq at gridpoints Uy :::;Um 2 S?, we obtain a triangular mesh of the unit sphere, where each
triangle is defined by some triplet (Ui, ; Ui,; Ui, ). Summation of the areas of these triangles yields
an estimator for the surface area of particles. An estimator for the volume of particles is obtained
by summing up the volumes of the tetrahedra defined by the quadruple (Uj,; Ui,; Uiy; 0), where
0 = (0;0;0) 2 R? denotes the origin. In Figures 5a and 5b univariate probability densities of
(number weighted) particle volume and sphericity are visualized for model realizations as well
as for particles observed in tomographic image data.
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Ficure 5. Number-weighted distributions of volume equivalent diameter and
sphericity of measured and simulated particles of both glass and quartz particle
systems: the univariate probability densities of (a) volume-equivalent diame-
ter and (b) sphericity, and (c) their joint bivariate probability densities. For
tomographic image data, 155890 glass and 57977 quartz particles have been con-
sidered. For simulated data, 50000 particles were generated in each case.

It turned out that the distribution of particle volumes observed in tomographic image data
is nicely represented by the model for both the quartz and glass data sets, see Figures ba.
However, while the sphericity of the largely spherical glass particles is also well reproduced,
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the sphericity of the aspherical quartz particles is less accurately captured by the model, see
Figure 5b. Although the overall shapes of the density functions are similar, the distribution of
the sphericity of simulated quartz particles is shifted towards higher values. We believe that a
reason for this discrepancy might be the fact that particle shapes with rough edges are typically
difficult to mimic accurately by means of the spherical harmonics approach. Moreover, Figure 5¢
shows that the dependency between the size and shape descriptors is not correctly reproduced
by the model, in both cases. In the following, we therefore combine the model presented in
Section 4.1 with a rejection sampling scheme.

4.3. Copula-based rejection sampling. As explained in Section 4.2, the mixtures of Gauss-
ian random fields introduced in Section 4.1 are not able to represent the shape of the aspherical
quartz particles sufficiently well. We therefore combine this modeling approach with a copula-
based rejection sampling scheme [30, 31]. In the case of quartz particles, this will allow us to
discard model realizations of particles which are too spherical, and only accept those realizations
which exhibit a realistic sphericity value.

More precisely, we can readily sample particles whose volume and sphericity follow the bi-
variate probability density visualized in Figure 5¢ by solid blue contour-lines, where the samples
are drawn from the random field Xq, as explained in Section 4.1. However, we would like the
volume and sphericity of our samples to follow the bivariate probability density of particle de-
scriptors observed in tomographic image data, visualized by the dashed orange lines in Figure 5c.
This can be achieved by repeatedly drawing samples from the random field Xq (the volume
and sphericity of which follow the bivariate density depicted in blue) and rejecting or accepting
a sample with an appropriate probability, depending on the particular sphericity and volume
of that sample. In order to determine the correct probability of rejection or acceptance, it is
convenient to have an analytical representation of all involved probability densities. Therefore,
we first fit a parametric function to the bivariate probability density of sphericity and volume
for all cases, i.e., for samples drawn from the models Xq and X¢ as well as for the tomographic
image data of both quartz and glass particle systems. When modeling such multivariate dis-
tributions, a copula-based approach allows us to model the univariate marginal distributions
and the correlation structure of the underlying one-dimensional particle descriptors separately.
In this way, we are not restricted to the limited choice of conventional parametric families of
bivariate probability densities.

Moreover, this approach allows us to combine the models Xq and Xg into a single model
for the individual particle shapes, which is able to produce particles that meet a wide range
of predefined joint distributions of volume and sphericity. In this way, it is not necessary to
recalibrate the model to tomographic image data of newly measured particles. Instead, one can
generate virtual particles and, subsequently, virtual filter cake structures by merely defining the
desired joint distribution of volume and sphericity. To this end, we will sample from the models
Xq and Xg with a probability of 0.5 each. That is, we consider the combined model Xq.q
which is given by
Xq;  with probability ; n
Xg;  with probability %:
Note that the bivariate probability density of sphericity and volume for samples drawn from
Xq:q is a linear combination of the corresponding bivariate probability densities associated
with Xq and Xg, respectively. Based on this mixed sampling approach, we employ rejection
sampling in order to reproduce the desired joint distribution of sphericity and volume, for both
the quartz and glass datasets.

Therefore, we first present some basic background of copula theory in Section 4.3.1, including
how copulas can be utilized to derive and fit multivariate parametric probability distributions
to data. Then, in Section 4.3.2, we show how the obtained parametric fits can be deployed for
rejection sampling.

XQ;G =
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4.3.1. Copula fits. The parametric modeling approach that we deploy in this paper is based on
the theory of copulas [30]. In this way, any probability density of a multi-dimensional random
vector can be decomposed into a product of its univariate marginal probability densities and an
appropriately chosen copula density, which captures information on the dependencies between
the underlying one-dimensional random variables.

In the following, we will explain the copula approach specifically for the two-dimensional
case, although it generalizes in a straightforward way to arbitrary dimensions. The idea is that
instead of modeling bivariate densities directly, the fitting procedure is split into two steps.
In the first step, the univariate densities are modeled by a parametric fit. The correlation
structure of the underlying one-dimensional particle descriptors is then represented by a copula,
which is modeled in a second fitting step by comparing the goodness-of-fit between a wide
range of parametric copula families [44]. Finally, the univariate distributions and the copula
are combined into a parametric model of the bivariate probability density. Such a modeling
approach allows for great flexibility in modeling various types of dependency structures without
restricting the modeling of the univariate distributions.

Formally, a bivariate copula C: [0;1]> ¥ [0;1] is the (joint) cumulative distribution function
of a random vector U = (Uy;Usy) such that the marginal distributions of its components Uy
and Uy, are uniform on the unit interval [0; 1]. Sklar’s representation theorem (cf. Theorem 1.1
in [30]) states that for any bivariate distribution function F: R? ¥ [0;1] of a 2-dimensional
random vector there exists a copula C such that F can be written in terms of its marginal
distribution functions Fj, i = 1;2, and C as

F(X1;%2) = C Fi(X1);Fa(x2) 5 for all X1;x2 2 R. (5)

Moreover, if the distribution function F has a bivariate density f: R? ¥ [0; 1), the following
differential version of Eq. (5) holds:

f(X1;%X2) =¢ F1(X1); Fa(X2) F1(x1)F2(X2); for all X1; %2 2 R; (6)

where fj: R ¥ [0; 1) is the univariate probability density corresponding to the distribution
function Fi, i = 1;2, and the so-called copula density c: [0;1] ¥ [0; 1) is the bivariate proba-
bility density corresponding to C. In particular, if C is differentiable, then the copula density
C is given by

@2C(uy;ug) . : :
“ugy, o forallupu2 [0;1]. (7)

In the present paper, a modeling approach in the sense of Eq. (6), using parametric fits for
the univariate probability densities fq, fo and the copula density ¢, is employed for the bivariate
probability density of sphericity and volume of particles computed from tomographic image data
as well as for samples drawn from the models Xq and Xg introduced in Section 4.1. The re-
sulting parametric fits for the bivariate probability densities are denoted by fg’mo, féome, f(S‘OdEI

c(u;ug) =

and félOdel, for tomographic image data of quartz and glass particles, and for the realizations of
Xq and Xg, respectively. The specific parametric families used to model the bivariate proba-
bility densities for each case are provided in the appendix, see Tables A4 and A5. Furthermore,
visualizations of these densities are given in Figure Al.

4.3.2. Rejection sampling. In order to reproduce the densities f(g’mo and féomo computed from
from tomographic image data by means of samples drawn from the combined model Xq.q, we
deploy rejection sampling [31]. In general, rejection sampling is one of the most accessible and
widely applicable methods to sample from a desired target distribution, given that it is possible
to sample from a so-called source distribution that is reasonably close. The idea is to sample
repeatedly from the source distribution, and either reject or accept the obtained realization
with a probability that depends on the ratio of two probability densities.
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More precisely, let f;g: R? I R be the probability densities of the source and target distri-
bution, respectively. At first, a normalization constant M 1 is chosen such that

9(x) :
MF) (®)

for all x 2 R?. Note that for the existence of such an M, it is necessary that the support of the
target probability density g is contained within the support of the source probability density T,
i.e., if for some X 2 R it holds that f(X) = 0, then also g(X) = 0. In our case, this condition
is even sufficient, as the densities which appear in our modeling approach are all bounded with
bounded support. The procedure of drawing a sample from the probability density g is then
given as follows:

(i) Draw a sample X 2 R? from the source probability density f.
(ii) Draw a uniformly distributed pseudo-random number u between 0 and 1.

(iii) If u #)E)X)’ then accept X. Otherwise, reject X and repeat from (i).

Note that the probability of acceptance is given by 1=M, see Chapter 3 in [31]. Hence, it
is desirable to choose M as small as possible such that Condition (8) is satisfied, i.e., M =
supyor 9(X)=F(X). As already mentioned above, in our case a feasible choice of M is possible,
because all parametric univariate densities and bivariate copula densities used for fitting are
bounded.
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FiGURE 6. Number-weighted distributions of volume-equivalent diameter and
sphericity of measured and simulated particles of both glass and quartz particle
systems: the univariate probability densities of (a) volume-equivalent diameter
and (b) sphericity, and (c) their bivariate joint probability density. Simulated
particles are drawn from the combined model Xq;q using copula-based rejection
sampling. The parameteric fits féomo and F{™° used as the target distributions
of the rejection sampling are indicated by dashed lines. For tomographic image
data, 155890 glass and 57977 quartz particles have been considered. For simu-
lated data, 50000 particles were generated in each case.

We apply the rejection sampling approach described above as follows. Since we draw samples
from the combined model Xq.q, i.e., from both models Xq and Xg with equal likelihood, the
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density T of the source distribution is given by a mixture of the parametric densities fitted in
Section 4.3.1, which means that

F(0) = 3 F5°00) + 21 ; (9)
for all x 2 R%. After having drawn a virtual particle from Xq:a, we compute its sphericity and
volume, which constitutes the sampling of a vector X 2 R? as in step (i) of the rejection sampling
algorithm stated above. The normalization constant M was heuristically set to 20, which did not
result in any violations of Condition (8). The target density g is then chosen as the parametric
fit of the joint density of volume and sphericity computed from tomographic image data of
either the quartz or glass particle system, given by £ and F§™°, respectively. Analogously
to Figure 5, the univariate and joint probability densities of (number-weighted) particle volume
and sphericity obtained for simulated particles via rejection sampling are visualized in Figure 6.
While there are still differences between the bivariate densities of glass particles simulated
with rejection sampling and glass particles observed in tomographic image data, we can see a
significant improvement in comparison to Figure 5, especially for the more aspherical quartz
particles.

5. VIRTUAL FILTER CAKE MODEL

With the single particle model described in the previous section at hand, we can now simulate
an arbitrary number of particles that meet a given joint distribution of volume and sphericity.
The next step is to arrange these particles in a cuboidal reference volume, which stands for
a representative part of a filter cake. The size of this volume is determined by the desired
porosity of the resulting particle system, i.e., the volume fraction of the pore space. At first,
a fixed number n > 1 of particles is drawn from Xq.q using rejection sampling as described in
Section 4.3.2. The total volume of these particles can be used to determine the necessary size of
the cuboidal sampling window, so that the final porosity of the packed particle system matches
the one observed in tomographic image data. That is, for a given target porosity " 2 [0; 1], we
obtain a side length of the cuboidal sampling window of

X Vi 1=3.

.1 '
=1

(10)

where Vj is the volume of the i-th particle drawn from the combined model Xq.¢. In order to
spatially arrange the n generated particles, placeholder spheres with volume-equivalent radii are
initially positioned by sampling their centre coordinates uniformly within the cuboidal volume.
Then, a force-biased algorithm [32, 33] is applied to reduce the overlap of the sphere system
as far as possible. This is done by iteratively moving each sphere according to a force that
is determined by the overlap with neighboring spheres. If a sphere is free of overlaps, it will
not be moved any further, unless the movement of other spheres introduces an overlap in a
later iteration. As the porosities which have been observed in the samples considered in this
paper are above 0:35, we obtain an overlap-free sphere system within reasonable runtime of the
algorithm. Finally, each placeholder sphere is replaced by a discretized version of the corre-
sponding originally simulated particle. For this, the particles drawn from the combined model
Xq;q are discretized along the standard Cartesian coordinate system. Note that since the mixed
Gaussian random fields modelling the outer particle shapes are isotropic, their distribution is
invariant under rotation. Thus, discretizing the particles along a differently chosen orientation
would not affect the distribution of the radius functions. However, this replacement of spheres
by non-spherical particles generated by Xq.q can introduce slight overlaps within the particle
system. A more detailed and quantitative discussion of this effect is given in Section 6.2 below.






