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Abstract

This paper reviews algorithmic and modeling approaches for fitting generalized power diagrams to
three-dimensional image data, a key step in virtual materials testing (VMT). Beyond their prac-
tical relevance to materials science, these tessellation models connect to several active areas of
applied mathematics, including optimization, computational geometry, stochastic modeling, and
optimal transport. Their formulation combines concepts from convex analysis and geometric clus-
tering, offering a rich interplay between theory and computation. We survey recent applications
and quantitatively compare algorithmic strategies for fitting Voronoi diagrams, power diagrams,
and generalized balanced power diagrams (GBPDs), including linear and nonlinear programming,
stochastic optimization via the cross-entropy method, and gradient-based approaches. Comparative
results on real datasets illustrate trade-offs between algorithmic complexity and model accuracy.
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1 Introduction

The past two decades have withessed the emergence and rapid growth of 3D materials science, driven
by progress in both experimental instrumentation and computational modeling; see, e.g., [1{4]. An area
of focus in this eld is the quantitative understanding of the in uence of material microstructure on
the materials macroscopic (functional) properties. With recent advances in experimental and computa-
tional methods, these so-called structure-property relationships are increasingly pursued throughirtual
materials testing (VMT) [5], This approach integrates imaging techniques, geometric and stochastic
3D modeling, and numerical simulation to establish structure{property relationships in a systematic
and resource-e cient manner, since VMT can reduce experimental e orts to derive these relationships.
Within the work ow of VMT, experimentally acquired microscopic or tomographic images provide the
database for the calibration of mathematical models (e.g., stochastic, geometric, and numerical models)
that can generate virtual, but realistic 3D images of material microstructures [6{9]. In addition, param-
eters of calibrated stochastic 3D models can be varied to generate even further 3D images that exhibit
structural scenarios that have not yet been observed. The generated 3D image data can serve as input
for numerical simulations of macroscopic material properties that complement or even replace costly
and time-consuming experimental tests. By means of regression analysis, the structural descriptors
of the generated 3D images can be related to simulated macroscopic properties to derive structure-
property relationships, see|[10] and the review in Chapter 5 of [11]. The latter, on the other hand, can
be deployed for design purposes, i.e., to identify microstructures with desirable properties [12].

Since materials can possess microstructures belonging to distinct geometric families, the mathemati-
cal models within the VMT work ow must be tailored to the corresponding microstructural class. Typi-
cal examples include cellular, granular, brous, and polycrystalline materials, whose di ering topologies
and spatial correlations require speci c geometric or stochastic modeling approaches. Many technical
and natural materials|such as metals, alloys, ceramics, and rocks|are polycrystalline, meaning that
they consist of a large number of crystalline grains|regions of uniform lattice orientation|separated
by grain boundaries. For these types of materials, VMT can be deployed to investigate, for exam-
ple, phase transformations, plasticity, and grain growth. The developments in computational methods
have enabled unprecedented insights into the microstructural evolution of polycrystalline materials (see,
e.g., [13{17]) and have catalyzed the creation of modeling frameworks that balance geometric delity
and computational cost (see, e.g.,[[18{22]). However, deploying the VMT work ow directly on experi-
mentally measured 3D image data can be impractical due to the high data dimensionality. In particular,
such 3D images may contain billions of voxels (the volumetric analogs of pixels) |4,23] which makes di-
rect stochastic 3D modeling dicult. Therefore, an essential step within the VMT work ow is the
representation of measured grain structures with parametric geometry models, which can signi cantly
reduce the complexity for subsequent stochastic 3D modeling tasks [24{27].

For polycrystalline materials, space- lling partitions of the volume of interest, i.e., tessellations are
often an excellent choice for e ciently representing 3D image data. In particular, tessellation-based
representations provide a sparse but accurate geometric description of polycrystalline microstructures
observed in image data, enabling e cient storage of grain boundary geometries and fast computation of
geometric and topological quantities in subsequent simulations. Similarly to polycrystalline materials,
foams also form a space- lling system of almost polyhedral sets. Therefore, the 3D microstructure
of both material classes can be described with similar mathematical models. Moreover, such tted
models can suppress high-frequency noise in experimental data, facilitating more robust geometrical
and statistical analyzes. Thus, tting tessellations to 3D image data facilitates stochastic 3D modeling
and consequently VMT. In particular, mathematical models tted to the image data then allow a
systematic investigation of properties such as elasticity, permeability, or heat conduction|[28{30].

Among tessellation models, power diagramdalso known as Laguerre or Voronoi{Laguerre dia-
grams [31,32]|represent the most widely used classes for modeling materials microstructures. The
unweighted special case, theVoronoi diagram, has a long history of use in this context, tracing
back|conceptually at least|to Johannes Kepler's 1611 essay De nive sexangula(The Six-Cornered
Snow ake; see [[33]), where Kepler discussed the e ciency of space- lling honeycomb structures (the
planar Voronoi tessellation of a triangular lattice). For historical accounts, see |[34] and the mono-



graphs [35,36]. Furthermore, power diagrams have been used, e.g., in grain growth models [37{40]
and in mechanical simulations where the local neighborhood structure of grains is of primary im-
portance [41]. Heuristics have been developed in which grains are characterized by seed points and
associated volumes [18,19,42{44] (see also [45] for the inverse problem).

Because power diagrams are made up of convex sets, more general tessellation models have been
introduced to overcome this constraint. In particular, the use of local metrics|introducing spatially
varying distance measures in the Voronoi context|has been studied in [46,47]. During the past decade,

a further generalization, generalized balanced power diagram@&GBPDs; also known asanisotropic power
diagrams), has been proposed independently as a exible framework for modeling microstructures, start-
ing, to the best of our knowledge, with [20] and [44]. Several subsequent studies, including [27,48,49],
have shown that GBPDs achieve an accuracy in reproducing experimentally observed microstructures
that surpasses previously considered tessellation models, a conclusion further substantiated by the re-
sults presented here and discussed in later sections of the present paper. However, before turning
to algorithmic and modeling details, it is instructive to highlight why the study of such tessellation
models is of particular interest from an applied mathematics perspective. Beyond their relevance to
materials science, power diagram{based models connect to several active mathematical areas, including
optimization, computational geometry, stochastic modeling, mathematical imaging, and the analysis of
high-dimensional data. Their formulation naturally involves concepts from convex analysis, geometrical
clustering, and optimal transport, providing a rich interplay between theory and computation.

To illustrate the breadth of this framework, we brie y review applications of power diagrams and
their generalizations in areas such as materials testing, imaging (superpixel generation), stochastic
geometry, stereology, and others, before returning to their algorithmic realization|primarily for virtual
materials testing. We investigate several algorithmic approaches for tting tessellation models, namely
Voronoi diagrams, Laguerre diagrams, and GBPDs to volumetric image data of materials such as
polycrystals and foams. We explore a range of optimization techniques, from linear programming
methods to stochastic and gradient-based algorithms, evaluating their e ectiveness in capturing complex
microstructural geometries. Through comparative experiments on real datasets, we highlight the trade-

0 s between the complexity of the optimization methods and the accuracy of the resulting tessellation
approximations, aiming to guide the selection of suitable approaches for various application scenarios.

The remainder of this paper is organized as follows. Section 2 introduces the mathematical de nition
of power diagrams and their generalizations. Section 3 reviews their applications in di erent scienti c
domains. Then, Section 4 describes the optimization-based tting algorithms considered in this paper.
Section 5 presents the datasets used. Section 6 details the performance evaluation measures and reports
the comparative tting results, analyzing the observed trade-o s between reconstruction accuracy and
computational complexity. Finally, Section 7 summarizes the main ndings.

2 Basic notions and notation

Tessellations can generally be de ned in Euclidean spaceR? for an arbitrary dimension d 1. However,
in the present paper, we restrict our attention to the cased = 3. Let R® be a non-empty locally
nite set of sites in R3, where locally nite means that any bounded subset ofR® only contains a nite
number of elements of : The points x 2 are called generators. For our application, it is su cient
to consider nite sets of generator points such that the sites are contained in a bounded observation
window V. R2. The Voronoi tessellation of , also said to be aVoronoi diagram, is the collection of
all sets of the form

Cx )=fy2R®:jiy xjijiy xJ foralx’2 g (1)

for x 2 , with jj jj denoting the Euclidean norm in R3. Generalizations of the Voronoi tessellation
are obtained by assigning real-valued weightsv to the generatorsx which are then incorporated into
the distance measure. Let now R® R be a locally nite set of weighted generators. Then, the
Laguerre tessellationof is the collection of all non-empty sets of the form

C((xw); )=fy2 R :jiy xj*> w jjy x%* w® foral(x%w%)2 g )



for (x;w) 2 . If all weights are equal, the special case of &oronoi tessellation is obtained. Laguerre
tessellations are also known agpower diagramsor additively weighted Voronoi diagrams

The “distance' pow((x;w);y) = jiy xjj> w is called the power of y with respect to (x;w). In
addition, the de nition pow(( x;w);y) = jiy xjj> w? can also be found in the literature. In this case,
a generator (x;w) can be interpreted as a ball with centerx 2 R® and radiusr = jwj 0. For points
y outside this ball, the power distance pow(k; w);y) measures the squared length of the tangent line
from y to the ball.

A further generalization can be obtained by assigning to each generator a symmetric positive de nite
matrix. We again retain the notation for this extended set of generators, with elements denoted by
(x;M;w), where M is a symmetric positive de nite 3 3 matrix. Given such an extended set of
generators, the correspondinggeneralized balanced power diagraniGBPD) consists of the sets

Cix; )=fy2R3:(y xX)>M(y x) w (y x%MYy x% wlforall (x2M%w%2 g (3)

for x = (x;M;w) 2 . Special cases of GBPDs are obtained, for example, by only considering diagonal
positive de nite matrices (d-GBPD) or by setting all weights w to 0. In the literature, GBPDs are also
referred to asanisotropic power diagrams

Examples of planar tessellation modelsq = 2) and their generators are shown in Figure 1, where the
generator sets are drawn from a homogeneous Poisson point process in the unit squarelp, without
marks and with appropriately chosen (independently sampled) marks. More information on tessellation
models can be found, e.g. in [35,36,50].

Figure 1. Planar tessellations drawn from a Poisson point process of intensity poi = 100: Voronoi
tessellation (left), Laguerre tessellation (middle) with independently sampled weightsw (visualized by
the radii of the corresponding discs) uniformly distributed on the interval [0.025,0.075], and GBPD with
independently sampled 2 2 matrices M representing ellipses with semi-major axes lengths uniformly
distributed on [0.024,0.042], semi-minor axes lengths on [0.006,0.024] and uniform rotations on [0,

3 Applications of power diagrams and their generalizations

Power diagrams and their anisotropic generalizations are fundamental geometric constructs that under-
pin virtual materials testing and a variety of other scienti c domains. The following examples illustrate
their versatility and expanding range of applications, encompassing both isotropic and anisotropic cases.
For comprehensive treatments of the classical (isotropic) case, see also the monographs [35,36,51] and,
for particular cases, the review articles [32,52,53].

3.1 Virtual materials testing

As outlined in Section 1, tessellation-based models are a useful tool to perform VMT for polycrystalline
materials. In this case, each site of the tesselation models one grain of the polycrystalline structure.
For example, in [8], tessellations were used to stochastically model the microstructure of polycrystalline
particles in Li-ion battery cathodes. This approach enabled the generation of virtual polycrystalline
particles based on tessellations that were subsequently used in [54] as geometric input for nite-element



simulations of the particles’ chemo-mechanical behavior. Such numerical simulations provided valu-
able insights into how grain size in uences the electrochemical capacity, that is, the amount of energy
that can be stored, but also into the particles' degradation behavior due to particle cracking caused
by battery charge and discharge cycles. Beyond battery research, tessellation-based modeling has also
been used to investigate the mechanical performance of further polycrystalline materials. For example,
in [55] periodic Voronoi tessellations have been deployed to generate virtual three-dimensional grain
architectures to represent the polycrystalline microstructure in both steels and graphite. These virtual
structures served as input for nite-element simulations of crystal plasticity, enabling the systematic
study of how variations of the microstructure in uence macroscopic mechanical behavior. Recently,
tesselation-based models have also been used to quantify structure-property relationships of polycrys-
talline materials with twinning [56,57], which can be considered as a particular dependence structure
between crystallographic orientations of neighboring grains.

In addition to polycrystalline materials, tessellation models have been applied for the purpose of
VMT of other types of materials. For example, in [28] Laguerre tessellation models have been utilized
to describe the cell-like pore structure within aluminum foams based on 3D image data. After tting
a model to the observed cell size distribution, virtual open foam structures were used to simulate how
the elastic response changes with variations in cell shape and cross-section shape of the struts. The
results quantitatively demonstrated how the geometry of the internal structure of a material in uences
its macroscopic mechanical properties.

3.2 Superpixel generation

A recent and rapidly advancing area in which (an)isotropic power diagrams play a central role is super-
pixel generation in imaging. Superpixels group pixels into small, perceptually homogeneous regions that
respect image boundaries while reducing data complexity. Introduced by Ren and Malik in 2003 [58],
they have become a standard preprocessing tool in computer vision, supporting tasks such as segmen-
tation, object detection, optical ow, and denoising [59{62]. Although early methods, such as simple
linear iterative clustering [63], operate directly on the pixel grid, geometric formulations interpret su-
perpixels as cells of a tessellation in the image plane. This shift introduces a mathematically elegant
connection between image segmentation and computational geometry, allowing a more precise control
over compactness, boundary adherence, and size uniformity [64,65].

Many pixel-based methods, e.g. [63,66{68], employ Voronoi diagrams as intermediate structures
but depart from them to better control the sizes and shapes of superpixels. In contrast, geometric
approaches such as Varane [65,69] construct Voronoi diagrams that conform to preliminarily detected
line segments, thereby producing convex-polygonal superpixels. Edge-constrained centroidal power dia-
grams (ECCPDs) [70] further generalize this framework by employing power diagrams, producing com-
pact, resolution-independent superpixels that admit sparse representations. Although these methods
yield compact, sparsely representable superpixels, they remain computationally demanding compared
to pixel-based approaches. Furthermore, Power-SLIC [71], motivated by the uni cation and extension
of these geometric frameworks through the use of anisotropic power diagrams, makes the connection
between clustering formulations and representations based on tessellations explicit, thus bringing geo-
metric methods closer to the e ciency of pixel-based techniques and suggesting that the gap between
the two paradigms is beginning to close.

3.3 Stochastic geometry

In stochastic geometry, random elements in the space of tessellations, so-called random tessellations,
are considered. Typically, random tessellations are generated by sets of random (marked) points, which
are usually called marked point processes [51,72]. This has led to tractable stochastic 3D models for the
microstructure in various materials [29,30]. For example, for stochastically modeling random Voronoi
tessellations, it su ces to model the probability distribution of sets of unmarked points. A well-studied
model is the Poisson point process, which induces the so-called Poisson{Voronoi tessellation. Various
mean-value formulae exist for this and similar random tessellation models, such as explicit formulae for



the mean cell volume and mean surface area [51]. Besides random Voronoi tessellations, there has been
a focus on random Laguerre tessellations, the generators of which are given by Poisson point processes
whose points are decorated with random scalar weights|leading to Poisson{Laguerre tessellations [7].
For this class of random tessellations, several results are available, including formulae for the volume
distribution of the typical cell [73] and estimators for the distribution of the weights, which is particularly
interesting since the weights are not directly observable in Laguerre tessellations [74]. In addition
to random tessellations based on Poisson point processes, in recent years so-called Gibbs{Laguerre
tessellations have been explored which introduce explicit interactions between the generating points
and their weights [75]. In parametric stochastic modeling, the parameters of a speci ¢ model, e.g. of

a homogeneous Poisson-Voronoi tessellation, have to be determined such that the model realizations
exhibit decompositions of the volume of interest that reproduce statistics of the observed grains or cells,
e.g., the grain size distribution [76,77]. Furthermore, in stochastic reconstruction, a nonparametric
stochastic optimization approach is used to construct a random tessellation that ts certain prede ned
statistics [26,78]. Recently, random tessellation models that incorporate anisotropy have been deployed
by combining anisotropic power diagrams (including GBPDs) with marked point processes. These
stochastic models can capture direction-dependent grain or cell morphologies, which, in particular, can
exhibit curved facets [79].

3.4 Stereology

Stereology provides methods to infer three-dimensional geometric characteristics from lower-dimensional
measurements (sections or projections) [80]. Established results allow for the estimation of quantities
such as volume fractions, surface and interface densities, and mean chord lengths for certain types of
random closed sets inR® [51]. Assuming that the underlying 3D geometries observed in 2D sections
can be represented by power diagrams is particularly helpful in stereology, since power diagrams o er
a low-parametric representation that regularizes the otherwise ill-posed inverse problem of inferring 3D
geometry from 2D data. General mean-value formulae for random 3D tessellations provide relationships
that connect mean values of geometric descriptors observed in 2D sections and of the actual grains
or cells of the random 3D tessellation. For example, in [81] explicit formulae are given that link 2D
sections to mean grain/cell volumes, surface areas and face numbers. These results demonstrate how the
properties of the grains/cells in three dimensions can be inferred from lower-dimensional observations.
Recently, the distribution of 2D sections of Poisson{Voronoi tessellations have been characterized [82].
These results have been extended to Poisson{Laguerre tessellations in [73]. Moreover, in [74] non-
parametric estimators for the weight distribution of Poisson{Laguerre tessellations have been described
that can be determined from 2D sections. A stereological reconstruction of 2D cross-sections of Laguerre
tessellations based on simulated annealing has been presented in [83]. With respect to stereological
applications for anisotropic power diagrams, in [79] a computational approach has been presented that
allows for the calibration of random GBPDs in R® to 2D image data of planar sections by adapting
methods from generative arti cial intelligence.

3.5 Further examples of applications

Data clustering and coresets.Generalized Voronoi diagrams|including isotropic and anisotropic power
diagrams|are closely related to optimal data clusterings (see, e.g., [84{86]). In particular, in [84], a one-
to-one correspondence has been established between optimal solutions of certain constrained clustering
problems and generalized Voronoi diagrams; see also the survey [87]. Recent advances in coreset theory
further enable e cient computation of such clusterings, and hence of the associated diagrams, even for
very large data sets [88,89].

Electoral district design. The design of equitable electoral districts seeks to partition a region into
compact, contiguous areas that balance prescribed population or demographic constraints. This prob-
lem can be formulated as a constrained clustering task, and geometric approaches based on generalized
Voronoi constructions|particularly isotropic and anisotropic power diagrams|have been used to com-
pute such balanced and spatially coherent partitions [90,91].



Farmland consolidation. In farmland consolidation, the goal is to reorganize fragmented agricultural
plots into compact, contiguous units while preserving ownership and area constraints. This optimization
problem can be modeled as a constrained clustering task, where generalized Voronoi constructions
(speci cally power diagrams) yield e cient and geometrically consistent land reallocations [92,93].

Robotic network and service district design. In robotic sensing and service systems, autonomous
vehicles or drones are often deployed to cover or service a geographic region while balancing spatial
workloads. Such problems can be formulated as coverage optimization tasks with area or demand
constraints, where the service territories correspond to generalized Voronoi tessellations. In particu-
lar, power diagrams, potentially including the anisotropic case, provide natural geometric models to
determine balanced and e cient service regions [94,95].

Mesh generation. In nhumerical simulation and scienti ¢ computing, anisotropic meshes discretize
a domain by triangulations (or higher-dimensional analogs) whose elements are elongated along pre-
scribed directions to capture directional features of the solution. Such meshes can be constructed from
anisotropic Voronoi diagrams, which correspond to anisotropic power diagrams without the (or with a
constant) weight term w (de ned in Section 2); see [46,47,96].

Image stylization. In non-photorealistic rendering, geometric constructions related to Voronoi and
power diagrams have been used to emulate traditional artistic techniques. For example, centroidal
Voronoi diagrams can reproduce stippling e ects, where dot density conveys tone [97]. Pebble mosaic
stylization methods likewise approximate image regions by ellipsoidal shapes, conceptually related to
anisotropic power diagrams [98].

Cell morphology modeling.In biological tissues, especially epithelia, the spatial organization of cells
can be approximated by tessellations based on the positions of cell nuclei. The study described in [99]
analyzes how well Voronoi diagrams constructed from nuclei centers reproduce actual cell shapes and
neighborhood relationships observed in epithelial layers. The results provided in [99] highlight both the
usefulness and limitations of such tessellations.

Deep learning and neural network architecture.Recent work has revealed that certain neural network
architectures induce geometric structures closely related to power diagrams. In particular, networks with
piecewise a ne activations, such as ReLU layers, partition their input space into polyhedral regions that
can be described by power diagrams. The composition of such layers yields progressive subdivisions
of these diagrams, providing a geometric interpretation of how network depth increases expressive
complexity [100]; see also [101].

4 Optimization problems and algorithms

Modeling the 3D morphology of polycrystals or foams requires nding suitable model classes that can
accurately represent the grain or cell systems observed in the data. This task can be interpreted in
several ways.

4.1 Overview of tting approaches

Fitting or approximation, the focus of this paper, refers to the task of nding a set of generators in a
given model class, e.g., a Laguerre tessellation, such that the tessellation induced by the generators gives
a good t to the observed grain or cell system. The goodness of t is measured by suitable discrepancy
measures. We do not make the restrictive assumption that the material must t exactly within one

of the model classes stated in Section 2, i.e., that the approximation error must be zero. When this
assumption is enforced, the task is referred to amversion in the literature [45,102,103]. The goal of
both tting and inversion is to generate highly accurate representations that can be directly used in
downstream applications, such as automated analysis, simulation, or visualization.

4.1.1 Types of input data

Fitting and inversion approaches have been suggested for several types of data, i.e., for di erent rep-
resentations of grain or cell systems. These systems/tessellations might be represented as a collection



of subsets of the Euclidean space, or analytic boundary descriptions might be given. Examples of ap-
proaches that work directly with such data are proposed in [45,102,104]. The problem of approximating
an arbitrary input tessellation with a Voronoi tessellation is addressed in [102], and extended in [104]
to the more general case of Laguerre tessellations. The central objective is to minimize the total mis-
match volume between the grains/cells of the systems observed in the measured image data and the
approximating tessellations, which is achieved via a gradient descent-based optimization method. The
problem of inverting a Laguerre tessellation was solved in [45].

If the grain/cell system to be modeled is observed as voxel data, typically, modeling approaches
voxelize the sets that make up the tessellation as well. In [20], a tting technique is presented by
solving a linear program. It uses the relation of tessellations and optimal clusterings and formulates
the problem of tting the tessellations as a weight-balanced least-squares assignment problem. In [26],
a non-linear optimization method is introduced that minimizes the distances between the observed
grain/cell system and the tessellation. As an alternative, stochastic optimization methods such as
simulated annealing [49] and a cross-entropy method [27,105] were proposed. In these approaches, the
generators of the tessellation are iteratively modi ed. Then, updated generators are accepted with a
probability based on the quality of the current t.

Some experimental techniques, such as X-ray di raction microscopy [3], do not directly measure all
grain/cell parameters; instead, some or all of them are indirectly inferred from the measurements. For
example, only volumes and centers of mass are reported in [19,20,25]. In this case, Lyckegard et al. [19]
propose a simple heuristic to choose the generators of an approximating Laguerre tessellation. This
heuristic is often chosen as initial con guration for optimization methods which then further improve
the t to real data. The approach of [20] can also deal with such indirect data; additionally, volume
limits can be incorporated into the t.

4.1.2 Types of tessellations

Approaches can also vary in terms of the tessellation types they generate. The Voronoi and Laguerre
tessellations as generated in [102] and [19,45,104], respectively, assume that the observed structure is
isotropic. However, this assumption does not always hold and individual grains can indeed exhibit strong
anisotropy [44]. In such cases, tessellations with elliptical generators such as GBPDs are superior to
Laguerre tessellations [106], but require higher computational e ort when tting them to data. Some of
the optimization techniques discussed above, e.g., the linear programming approaches [20,24], simulated
annealing [49] or gradient descent-based methods [25], can also be applied to GBPDs. In the present
paper, we review various algorithms for approximating the data with tessellation models of increasing
complexity. Therefore, we deploy di erent combinations of tting algorithms and tessellation models to
several voxelized datasets, followed by an extensive quantitative comparison. Table 1 summarizes the
algorithms considered along with their respective inputs and outputs. The diagram types underlying
these algorithms are introduced in Section 2, while the tting algorithms are detailed in Section 4.

Input Data Output Diagram
voxelized indirect Voronoi Laguerre d-GBPD GBPD
Ho X X X X X X
Hq X X { X X X
LP X X { X X X
CE X { { X { {
GD | X { X X X X
GD Il (Neper) X X X X { {

Table 1. Comparison of tting methods based on direct input data (discretized grains) and indirect
input data (grain volumes and barycenters), and with respect to their output data. The symbol X" in
the output columns indicates that the respective diagram type can be used as output model.



4.1.3 Representation of input data as grain/cell map

The input for all algorithms is a discretized grain/cell structure given on a grid of voxel coordinates
W = V\ Z8 for some setV  RS3, whereZ = f:::; 1;0;1;:::g. Throughout this paper, we will
denote the number of elements inW by m 2 N = f1;2;:::9. In particular, a discretized structure on
W comprising n 2 N grains/cells is represented by a mapping

GT:W!If 0;:::;ng; 4)

which is also referred to agrain/cell map or grain/cell scan. The ith grain/cell of GT is then de ned
by CET = fx 2 W : GT(x) = ig. We assume that the cardinality jCETj of CET fullls jCCTj> 1 for

the set of voxels that separate neighboring grains/cells.
To t a Voronoi (or Laguerre) tessellation to a mapping GT as given in (4), we consider the set of
all Voronoi (or Laguerre) tessellations ofV that are induced by n generators. In the Laguerre case, each

tessellations as well as GBPDs, the set of all tessellations i generated by exactlyn generators will
be denoted by . Note that in the case of Laguerre tessellations and GBPDs, the tessellations in
can consist of fewer thann sets.

4.1.4 Some heuristics

Two heuristics have been introduced in the literature that avoid optimization routines, as the generators
for Voronoi and Laguerre tessellations and GBPDs are directly estimated from the data. The heuristics,
henceforth referred to as H [44] and Hq [19,107], di er in their setting of the weightsw;; 1 i n:

In Ho; all weights w; are set to zero, which leads to a Voronoi tessellation. In contrast, under Hq, the

weights are de ned as |

. . . 2:3
Wi = 3]CiGT] . | 2f 10 ng.
| 4 p m 1] IECIE | )
where the matrices By;:::;B, depend on the specic model. In the Laguerre case, the matrices

Bi;:::;Bn are taken to be the identity matrix, as in [19]. In the GBPD case [107], B; is set to
the sample covariance matrix of the regionCET ; given by

1

= GTy —
Bi= ( CT)= e 1

(y cCE"N(y c(CET)”; i2fL:::;ng; (5)
y2CET

where ¢(CET) denotes the barycenter ofCET .

Both heuristics, Ho and Hg, have in common that the sitesx; are set asx; = ¢(C®"); and, in the case
of GBPDs, the matrices M; are derived from a principal component analysis (PCA), where the sample
points are all'y 2 CiGT , for eachi 2 f 1;:::;ng. To be precise,M; is given asM; = U; , lUi> with U;
denoting the 3 3 matrix whose j th column is the jth principal component of CET; for j 2 f 1;2; 3g.

The corresponding eigenvaluesii; i2; i3 are collected in the diagonal matrix ; =diag( i1; i2; i3)

An interpretation of the heuristics within the framework of Bayesian classi ers has been given
in [108].

4.2 Linear programming based approaches [LP]

The linear programming approach introduced in [20], henceforth called LP, computes a GBPD or



lying within prescribed bounds ,;:::; ,, and 7;:::; !, respectively. The bounds can either be user-

de ned and strictly enforced, or uniformly relaxed by assigning ; =0and ; =1 foralli=1;:::;n.
GBPDs or Laguerre diagrams are generated, depending on the speci cation or computation of the
matrices de ning the ellipsoidal norms. Moreover, the approach is exible in its input requirements,

accommodating both indirect data (grain/cell volumes and barycenters), as well as direct inputCST ;

1 i n: Here, we only consider the latter case.

The sitesx1;:::; X, 2 R® are chosen as the barycenters of the se;( );:::;Cn( ). The symmetric
positive de nite matrices Mq;:::; M, 2 R® 2 are computed via a principal component analysis; more
precisely, M; is set to equal the inverse of the spatial covariance matrix of the set of voxel€CT;
1 i n;see also Section 4.1.4 above. The weights;;:::;w, 2 R de ning the GBPD are nally
obtained from the solution of the dual of the linear optimization problem

P P
(LP) min L L
subjectto [, gy =1 @a j m);
i jrn:]_ i ; T i n)
isj 0 (1 i n; 1 j m);
where i; = (y; X;)”Mi(y; xi) andy; denotes the position of voxelj for all i 2 f1;:::;ng;j 2

In the optimum, it can be ensured that these fractions are, in fact, binary due to the special structure
of the linear program.
For the results presented in this paper we used the common choice of setting the volume bounds to

+

= 3 "and 7 = ;+ " with " =2and ; denoting the volume of CiGT: No initial solution is

required.

parameters|that is, X1;:::;Xn, My1;:::;Mp, andwy;:::;wy,|by solving a linear program. (As before,
the weights can be obtained via the dual formulation.) However, this approach does not incorporate
volume bounds. Using the notation

1 0 1
(¥ )1 (M)11 M)z (Mi)a;s
yi = @ (y))2 A; Mi=@ M)z (Mi)az (Mi)az A;
(Yj)s M)z (Mi)2z (Mi)ss
and settinga, = 2M;x; and ; = x7 M;x; + w;, all parameters are encoded in the extended parameter
vector Mi = ;a5 (Mi)1.1;2(Mi) 1.2 2(Mi) 135 (Mi)2:2: 2(Mi)2:3; (Mi)z:3 ~ 2 R which yields the

variables of the linear program. Setting

Yi= L))z 00)3 003 0102 0520y ()% 07)20v)as (v)3 75

the linear program is then given by

X
min i
(0o
MY, M7Y;+1 0 j2[ml;i;" 2[n]; 60y 2int (Ci) ;
M?YJ M?Yj i 0 j2[m]i;” 2[n]; "6 y; 2 Cnint (C) ;
j 0 j 2[mly; 2 Cinint (Cj) ;
where int (Ci) = fx 2 C; :jix xYj i for all x° 62C;g is the ;-interior of C; for user-specied
parameters j; 1 i n:

To accelerate computations and reduce memory usage, the calculations for both approaches may be
restricted to voxel subsets forming a so-calleadoreset as described in [24] (see [109] for the mathematical

10



foundations and rigorous proofs). Following the procedure in [24], we sample every $0voxel along the
X-, y-, and z-directions within each input set, excluding their ;-interior regions, with 1 = = ,=20.

It should be noted that, in contrast to the other tting methods discussed in this paper, LP generates
a GBPD that adheres to user-speci ed volume constraints. Remarkably, however, it does not explicitly
minimize a discrepancy with respect to the ground truth structure GT within its objective function.
The t appears to re ect the model's capacity to approximate physical processes, for example, those
that govern the formation of polycrystalline structures.

4.3 Fitting with the cross-entropy method [CE]

In this section, we summarize the method introduced in [27] for tting Laguerre tessellations to grain
structures fCET : 1 i ngin polycrystalline materials by minimizing an interface-based discrepancy
measure, using the cross-entropy method [110], henceforth called CE. For this purpose, we assume that
V  R®is connected. For anyi;j 2 f1;:::;ng with i 6 j, the discrete interface between two grains
CCT and C®T is de ned by

NST = fx 2 W i Nag(x)\ CET 6 ; and Nas(x)\ C°T 6 ;g;

where N,¢(x) denotes the 26-neighborhood ok in W; consisting of all voxels that share a face, edge, or
vertex with x; see Section 3.3 in [23]. Note thaN ST = ; if and only if CST and C®T are not adjacent.
This de nition of adjacency means that two grains are also adjacent if they are separated by a line
that is one voxel thick. This is a reasonable de nition for the original data in [27], where all grains
are separated by boundaries that have a thickness of one voxel. Even for data without such separating
voxels, the de nition of NﬁT is unproblematic since grains that are only one voxel thick do usually not
appear in applications.

Based on this notion of neighborhood voxels, we introduce the interface-based discrepancy measure
E: ! [0;1)by

X1x X o _
E()= minfij x  yji2:y2 Ci( )\ (g (6)

=1 =i+l x2N T

The discrepancy measureE given in Eq. (6) quanti es the distance between the discretized grain
boundaries of the input data and the cell boundaries of the tessellation of . Minimizing the value
of E( ) constitutes a high-dimensional optimization problem, typically characterized by numerous local
minima, and the evaluation of the discrepancy measureE is computationally expensive. Thus, it is
proposed in [27] to use the cross-entropy method to minimize an approximation o, wherelinstead

of considering all pointsx 2 N7 [only a smaller set of test points x 2 T; N7 is considered for

Note that the cross-entropy method is a stochastic optimization method that can be used for param-
eter tting [111]. In our case, the parameter vector consists of all generators of the Laguerre tessellation.
For a prede ned initial parameter vector, the discrepancy measureE is evaluated for a random sample
of 4,000 parameter vectors. Those are assumed to be normally distributed around the initial parameter
vector with some variance. Then, the elite set, that is, those 200 parameter vectors for whicle takes
the smallest values, is selected. The parameter vector and variance are then updated to equal the mean
and variance, respectively, of the parameter vectors in the elite set. This procedure is iterated until the
cost function does not decrease signi cantly for a given number of steps. As an initial parameter vector
for the cross-entropy method, the generators obtained from the heuristic Hq are used; see Section 4.1.4.
The authors of [27] made the code for this tting approach publicly available [112].

In principle, the interface-based discrepancy measure considered in [27] can also be used to t
GBPDs. However, in this scenario, the computation of the minimum distance to the boundaryC;( )\

C; () is signi cantly more challenging, rendering the method computationally demanding. Note that
in the case of Laguerre tessellationsC;i( )\ C;j( ) is contained in an a ne subspace, such that the
analytical determination of the minimum distance given in Eq. (6) can be carried out e ciently.
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4.4 Gradient descent-based tting | [GD]

We now consider an algorithm which is based on gradient descent methods, henceforth called GD. For
this, in [25], the goodness of t between the discretized grain/cell structure GT and a GPBD with
generator is measured using the volume-based measuie: , ! R given by

1 X X
E()= Wi Teer (¥)ilc(H(¥) (7)
! X2W i=1

where (y;y% 2 R measures the similarity between pairs of values/;y°® 2 [0;1], and 1, denotes the
indicator of the set A W, denedby 1o(X)=1if x2 A, and 1o(X) =0 if x 2 W nA.

Note that even if is dierentiable in the second argument, the function E given in (7) is not
di erentiable with respect to the GBPD generators . Hence, maximization of E based on gradient
descent methods is not viable. This problem can be solved by approximatinde with a di erentiable
objective function. For this purpose, the so-called one-hot encoding was employed in [25].

First, let D: W n! RMbegivenbyD(x; )= (X Xxi)”Mi(x Xj) w; inzl ; i.e., the i-th
component of the vectorD(x; ) is the “distance' of x to the generator point x; = ( x;; M;;w;), for each

distance to any other generator point, the second argument of in (7) can alternatively be written as

lc,()(x) =argmin; (D(x; )); (8)
where argmin denotes thei-th component of the function argmin : R" ! f 0;1g"; which maps a vector
z=(2z1;:::;zn) 2 R" to a binary vector indicating the locations of its minimal components. Speci cally,

argmin, (2) = 1, ifz=minfzy;:::;2,0;

0; otherwisg

set of indices at which the minimum ofz is attained. Note that argmin; is not di erentiable everywhere,
which transfers also to Eq. (8) and consequently to Eq. (7). To address this issue, in [25], a procedure
is proposed to approximate the vector-valued argmin function by the softmax function with negated
inputs, softmax : R" ! [0;1]"; whosei-th component is de ned as

softmax; (z) = Pne)(&;
forany z=(z;:::;2,) 2 R" andi 2f 1;:::;ng. In other words, argmin (z) softmax ( z) for each
z=(z1;:::;zn) 2 R". Thus, a di erentiable approximation E: ,! R of the objective function E to
be maximized is given by
1 X X
E()= W lcer (x);softmax ( D(x; )) : (9)
JWJ x2W i=1

In particular, in [25], the similarity measure :f0;1g [0;1]! (1 ;0] given by the negative binary
cross-entropy loss (y;y9 = ylogy®+ (1 y)log(1 Y9 is employed, wherey 2 f 0; 1g and y° 2 [0; 1].
Finally, to obtain the tted GBPD model, the negative objective function E is minimized using a
(GPU-accelerated) stochastic gradient descent algorithm and running it for up to 25 iterations.

4.5 Gradient descent-based tting Il [Neper]

In [26], tting Laguerre tessellations to data is formulated as a non-linear optimization problem, where
the optimization variables are the coordinates and weights of the generators. Fon generators, this leads
to a total of 4n variables. The approach, henceforth called Neper with reference to its implementation
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in the Neper package [113], was developed to account for statistical reconstruction of grain/cell sizes
and shapes. However, it can also be used for a grain/cell-wise reconstruction based on microscopy
measurements or 3D image data. Here, we use the latter.

The aim is to minimize the discrepancy between the measured grains/cells and the setS;j( ) of a

@éT =fx2 CiGT : erNnier(]x) 1CiGT (y)=09

denote the boundary voxels of the cellCET with Ng(x) denoting the set of voxels that share a face
with x. Again, it is useful to assume thatV ~ R® is connected. The discrepancy of a grain/cellCCT
and its corresponding Laguerre selCi( ) can be de ned via
S —X%
i( )= inffij x yii2:y2 Ci()g;
x2@GT

yielding the objective function O : ! [0;1 ), where
U
2 X

O = An%
( ) d i=1 J@GTJ i=1

i( )2

with d denoting the mean grain/cell diameter in the grain/cell map GT.

linear optimization problem. The implementation in Neper employs the C++ NLopt library [114] to
solve the problem using derivative-free methods: Subplex [115], a variant inspired by the Nelder{Mead
simplex algorithm, and Praxis [116], which performs line minimization along principal axes. The initial
parameter values are selected according to the heuristic Hg (see Section 4.1.4).

The optimization can terminate based on several criteria; following [26], we adopt an absolute error
criterion, stopping when the improvement in the objective function over 4 iterations falls below 10 2.

4.6 Other algorithms from the literature
4.6.1 Gibbs-Laguerre tessellations

In [75], the reconstruction problem is addressed by generating a realization of an appropriate Gibbs
point process. The point process distribution is governed by an energy function designed to minimize
discrepancies between the sets of a Laguerre tessellation and the target distribution of grain/cell char-
acteristics. Various methods to incorporate correlations between these characteristics have also been
developed [6]. although this approach has mainly been applied to stochastic reconstruction, it can be
adapted to minimize discrepancies in grain/cell terms. However, since the method is designed to match
the geometric features of polyhedra, it does not readily apply to the reconstruction of voxel-based data.

4.6.2 Gradient descent-based polyhedra matching

A further gradient descent-based method is described in [104]. Similarly to the method mentioned in
Section 4.6.1, it relies on the polyhedral representation of the set€;( ) of a Laguerre tessellation. The
objective is to minimize the total mismatch volume between the set<C;( ) and the observed grains/cells.
The total mismatch volume can be expressed in terms of a continuously di erentiable function which
needs to be minimized. The variables correspond to the set of generators.

4.6.3 Optimal transport-based approaches

An optimal transport{based approach for generating Laguerre diagrams with prescribed volumes of
the sets Ci( ) has been introduced in [78]. This approach is based on the result that for any given
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set of volumes, a corresponding Laguerre tessellation exists, and nding such a tessellation reduces
to solving a convex optimization problem. Although the primary focus is not on tting, the authors

of [78] demonstrate that the method can be adapted for this purpose by initializing the seed points at
the centroids of the target setsC;( ). The subsequent work [117] proposes a method for generating
a Laguerre diagram or GBPD with prescribed volumes whose centroids are closelin the least-squares
sense|to a given set of target centroids. Furthermore, [118] presents a highly e cient, GPU-accelerated
implementation of a semidiscrete optimal transport method, accompanied by a Python library, for
generating GBPDs with prescribed statistical properties.

4.6.4 Simulated annealing approaches

The algorithm described in [49] and [106] is based on the simulated annealing optimization method,
which draws inspiration from the physical annealing process. Starting from an initial parameter con gu-
ration, it iteratively perturbs a single parameter associated with a randomly selected generator, thereby
producing an updated discrepancy value. The lower the new discrepancy, the higher the probability
of the new parameter con guration being accepted. The speed of convergence can be controlled via a
cooling schedule that is included in the acceptance probabilities.

4.7 Some general considerations

All methods discussed above t a given grain/cell structure using a tessellation from a speci ed model
class introduced in Section 2. The quality of the t is assessed|either directly or indirectly, as in the
LP approach|using an appropriate discrepancy metric, which is subsequently minimized with respect
to the set of generators. For solving the optimization problem, iterative approaches such as the cross
entropy method or gradient descent as well as a direct linear program can be used. In the literature,
both volume-based and interface-based measures are considered, see the discussion in [27]. Volume-
based measures aim at maximizing the volume overlap between the observed grains/cells and their
counterparts in the tessellation approximation. In contrast, interface-based measures only consider
tting the grain/cell boundaries. Interface-based measures are more e cient from a computational
point of view since only boundary voxels need to be checked. For Laguerre tessellations, the measures
can additionally be evaluated analytically without discretizing the tessellation. For GBPDs this is
currently not possible in 3D as no explicit representation of the boundaries of the set€;( ) is known,
see [119] for the 2D case. To reduce the runtime further, the computation of the discrepancy measure
can be reduced to a subset of voxels. This approach is applied by the CE method for the interface-based
method and by LP when using the so-calledcoresets[24] in a volume-based approach.

In general, designing a tting method can be viewed as a modular task that involves selecting (a)
a class of tessellation models, (b) a data representation format, (¢) a discrepancy measure, and (d) an
optimization scheme|typically with associated hyperparameters. The performance of the optimization
step can be further enhanced by specifying an appropriate initial con guration and, in many cases, a
stopping criterion.

5 Image data

We evaluate several 3D polycrystal and foam image data sets to assess the performance of the algorithms
stated in Section 4.

5.1 Polycrystals
5.1.1 Time-resolved microstructure of AICu polycrystals

We consider time-resolved 3D image data representing the polycrystalline microstructure of an alu-
minum (Al) copper (Cu) alloy. 3D imaging of a 1:4 mm-diameter cylinder of Al-5 wt%Cu has been
performed by means of 3DXRD measurements as described in Section 3.2 of [120]. Image data has
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been acquired for seven dierent time steps during grain coarsening by Ostwald ripening. Each 3D
image has a size of 531 321 321 voxels, where the cubic voxels have an edge length ofi&. In the
present paper, we focus on the data corresponding to the initial time steg = 0; as well as on data for

t = 20; and t = 60: At the initial time, the image comprises 938 grains. O -grid representations of
the grain system by parametric tessellations such as Laguerre tessellations and GBPDs are discussed
in [25], where the method described in Section 4.4 has been used to t tessellation models to image
data. Slices and a 3D rendering of the AICu polycrystal data are shown in Figure 2. We will refer to
these data sets aAICuStep0 , AlCuStep20 , and AlCuStep60 .

(@) (b) (© (d)

Figure 2: Image data representing grain growth in AlCu polycrystals, provided by C. E. Krill Ill. A 3D
rendering at the initial time step (a), as well as 2D cross-sections after time steps;020; and 60 (b,c,d)
are shown. The image size is 531 321 321 with a voxel edge length of fum.

5.1.2 Time-resolved microstructure of 99.9% pure iron polycrystals

We also consider time-resolved 3D image data representing the polycrystalline microstructure of a 99.9%
pure iron sample. The data set is discussed and analyzed in detail in [17,121], where the complete
data processing work ow|from the initial experiment to the acquisition of grain scans|is thoroughly
described, particularly within the supplementary materials. The data set, obtained by a di raction con-
trast tomography (DCT) [122,123] experiment at beamline ID11 at the European Synchrotron Radiation
Facility (ESRF), comprises 15 3D images, which were taken at di erent time steps of an annealing pro-
cess. The material was rst cold-rolled and annealed for 30 minutes at 70C to fully recrystallize
before it was rst scanned. In the present paper, we focus on the data for the initial time stept = 0:

At this time step, the 280 320 256 voxel image, composed of cubic voxels each with an edge length
of 1:54um, contains a total of 1,327 grains. A 2D slice through this data is shown in Figure 3. We will
refer to the data set asPureFeStep0 .

Figure 3: 2D slice through the 3D dataset of 99.9% pure iron [108], provided by H. F. Poulsen. The
image size is 280 320 256 with a voxel edge length of 154um.
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5.2 Foams
5.2.1 Ceramic foam

The rst foam sample is a ceramic foam with a size of 2Lcm 5cm  5cm: The pore size is 20 ppi (pores

per inch). The sample was scanned by CT at the Fraunhofer ITWM in Kaiserslautern, Germany, with

a voxel edge length of 33®1um resulting in an image size of approximately 700 1550 1500 voxels.
The wall system of this partially closed foam was segmented and analyzed in [124]. Stochastic

models for the microstructure were presented in [125,126]. A 2D slice of the ceramic foam image along

with its segmentation is shown in Figure 4. Here, we consider a cropped section of the image of size

400 800 800 voxels that contains 1,003 pores. We will refer to the data set a€eramic .

Figure 4: 2D slice of the reconstructed CT image of a partially closed ceramic foam (top), cell recon-
struction by watershed (middle), and a volume rendering (bottom). The image size is 700 1550 1500
voxels with a voxel edge length of 3®1um.

5.2.2 Closed polymer foam

The second example is a Rohacél polymethacrylimide (PMI) closed-cell foam (WIND-F RC100) that
was imaged by micro computed tomography with a voxel edge length of :Z2um: The image size is
1300 1100 1000 voxels. Analysis of the image and Laguerre tessellation-based models for the 3D
microstructure are presented in [77,127]. A 2D slice of the polymer foam image and its segmentation
are shown in Figure 5. Here, we consider a cropped section of the image of size 608600 600 voxels
that contains 380 pores. We will refer to the data set aswIND .
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