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Abstract. Understanding structure-property relationships of Li-ion battery cathodes is crucial for optimizing rate-

performance and cycle-life resilience. However, correlating the morphology of cathode particles, such as in
LiNi0.8Mn0.1Co0.1O2 (NMC811), and their inner grain architecture with electrode performance is challenging, par-

ticularly, due to the significant length-scale difference between grain and particle sizes. Experimentally, it is not

feasible to image such a high number of particles with full granular detail. A second challenge is that sufficiently
high-resolution 3D imaging techniques remain expensive and are sparsely available at research institutions. Here,

we present a stereological generative adversarial network-based model fitting approach to tackle this, that generates

representative 3D information from 2D data, enabling characterization of materials in 3D using cost-effective 2D
data. Once calibrated, this multi-scale model can rapidly generate virtual cathode particles that are statistically

similar to experimental data, and thus is suitable for virtual characterization and materials testing through numerical

simulations. A large dataset of simulated particles with inner grain architecture has been made publicly available.

Keywords: NMC811, multi-scale model, stereology, tessellation, GAN, virtual cathode particle, grain
architecture
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1. Introduction

Improving Li-ion battery energy-density, power-density, and cycle-life is intricately linked to addressing the climate
crisis by enabling transportation electrification and increasing storage capabilities for renewable energy sources. The
tremendous progress in Li-ion battery performance, achieved over the past 30 years, has largely stemmed from
fine tuning electrode microstructures and electrolyte compositions, without much change in the active material
elemental composition [1]. Yet, opportunities still exist for controlling cathode sub-particle microstructure to enhance
performance [2,3]. For example, fabricating radially oriented and elongated grains within LiNixMnyCozO2 (NMCxyz)
cathode particles has been shown to significantly increase rate capability as compared to cathode particles that have
no preferential grain orientation or internal architecture [2,4–6]. It is also expected that by designing cathode grain
microstructures, chemo-mechanically induced fracture, which perpetuates loss-of-active-material and eventually leads
to battery capacity fade, can be reduced [3]. The present paper seeks to improve the understanding of structure-
property relationships between particle-level and grain-level microstructures and observed battery performance. This
is achieved by developing a tool that can generate representative microstructures from experimental data. These
realistic microstructures are essential in experiment data interpretation and are required for physics-based models
that seek to explore particle- and grain-level physics that ultimately determine battery performance and longevity.

There is a need in the community for a tool that can generate representative microstructures for mesoscale
battery models to assist in mapping realistic microstructural information to cell-level performance. Physics-based
models have been used to help accelerate Li-ion battery electrode development. For example, physics-based models
can be used to optimize designs for fast-charge performance [7–10]. Effective optimization using battery models
requires relatively fast computation times. To achieve fast computation times, physics-based models typically abstract
detailed electrode-level, particle-level, and grain microstructures to “effective” parameters that approximate these
intricacies [11]. Examples of these effective parameters include: secondary-particle diameter, specific surface area,
solid-phase diffusion coefficients, and electrolyte tortuosity. While these fast electrochemical models have shown great
promise, there is a disconnect between the optimized effective parameters and the underlying complex microstructures
that can achieve these performance metrics.

Moreover, geometric complexities not typically included in physics-based models, such as grain orientation, grain
size, and secondar particle surface area, can strongly influence cell aging [2, 12]. For example, secondary particle
cracking has a complex relationship with capacity fade–cracks reduce solid-phase diffusion lengths and increase
specific surface area [13], but can isolate active material and introduce unprotected surfaces for side reactions [14–16].
Additionally, grain orientation, size, and shape greatly influence the apparent solid-phase diffusion coefficient [17].

To bridge the gap between optimized effective parameters, identified in physics-based models and real microstruc-
tures, researchers have developed “mesoscale” models that focus on particle- and grain-level microstructures and
associated electro-chemo-mechanic physics [15,18–22]. However, generating statistically representative, realistic par-
ticle and grain microstructures as inputs for these mesoscale models is challenging [23,24]. Consequently, researchers
often approximate geometries with idealized shape, size, and orientations [15,19–22,25–29].

In the present paper, a “multi-scale” particle model is developed to generate representative secondary NMC811
particles comprised of representative grains (primary-particles). The multi-scale approach can be subdivided into
two distinct models that can generate virtual morphologies that statistically resemble secondary-particles and grain
architectures. A similar two-part, multi-length-scale approach was used previously [30]. As in this study, the outer
secondary-particle shell is generated using a random field on the unit sphere [31], and the inner grain architecture is
generated using a random tessellation. Roughly speaking, common (distance-based) tessellations can be considered
as parametric partitions of Euclidean space, such as the Voronoi or Laguerre diagram [32]. Unlike the previous
study [30], the proposed grain architecture model is not based on Laguerre tessellations [33], but on a more general
class. Furthermore, in contrast to previous approaches, a neural network is implemented to generate the parameters
of the tessellations. Importantly, this allows for a (gradient descent-based) fitting procedure of the tessellation model,
enabling the generation of 3D grain architectures solely by using 2D planar section information.

Several stochastic approaches for 3D (re-)constructions have been explored previously [34–38]. In contrast to the
present model, many of these methods are based on neural networks that rely on upsampling [39] or transposed
convolution [40] techniques to generate discrete 3D voxel representations from 2D pixel images (i.e., slices or pro-
jections). These generated 3D voxel representations do not have any underlying constraints and thus are able to
generate any morphology and spatial arrangement at the expense of interpretability and computational efficiency.

In contrast to other 2D-to-3D generation methods, the present method does not solely rely on neural networks
and the generation of a 3D voxel-based representation. Instead, a neural network and a Poisson point process [41,42]
to generate the parameters of a (continuous) tessellation [43, 44]. More precisely, the parameters of the random
tessellation model, i.e., the parameters of the neural network and the point process, are fit by a generative adversarial
network (GAN)-based [45] approach, allowing for the simulation of realistic 3D grain architectures. These virtual
grain architectures are then sliced into several 2D images and passed to the so-called discriminator to be compared
with measured grain architectures. The output of the discriminator is then used to update the parameters of the grain
architecture model to generate more realistic 3D grain architectures. After training, the generated 3D structures are
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statistically similar to ones measured experimentally. This enables characterization of 3D features like the distribution
of morphological features of grains, by using only 2D image data, bridging a major systematic barrier in characterizing
particle architectures in 3D. These simulated 3D grain architectures, i.e., continuous tessellations, are especially
suitable for simulation applications [3,18,20,22,46,47]. Furthermore, the fitted parameters of the random tessellation
model are interpretable, and by modifying these parameters, similar structures with novel hypothetical structural
characteristics can be generated and virtually tested using numerical simulations of electrochemical performance [18,
48, 49] or cracking behavior [3]. Alongside this manuscript, a data set of simulated NMC811 particles with inner
grain architecture is made publicly available.

2. Results and discussion

2.1. Preprocessing of nano-CT data. We present a procedure for modeling the outer shell of NMC811 particles
by a random field on the sphere. The fitting of this random field model requires preprocessing the nano-CT data
first.

Initially, the 3D grayscale CT image, see Figure 1a, undergoes segmentation and labeling. This process includes
convolving the grayscale image with a discrete 3D Gaussian kernel with standard deviation � = 1:8, followed by Otsu
thresholding [50] and labeling of the resulting binary 3D image using the watershed algorithm [51]. Subsequently,
disconnected components of the watershed-labeled image are separated, and small (volume V < 10 voxels) or non-
spherical (sphericity Ψ < 0:5, see Eq. (20) for a formal definition) components are merged with their corresponding
neighboring components if they exist; otherwise, they are neglected to remove artifacts. Finally, components inter-
secting the boundary of the sampling window are removed to minimize edge effects. This procedure yields N = 1590
labeled particles in voxel representation, as shown in Figures 1b and 1c.

Figure 1. Subsequent data-preprocessing steps for modeling the outer shell of NMC particles:
a) Planar section of 3D nano-CT data. b) Segmentation of the planar section shown in a). c) 3D
rendering of voxel-based particle representation. d) Star-shaped representation of particles displayed
in c). e) Spherical harmonics-based representation of particles shown in d). f) simulated particles
generated by the stochastic outer shell model (explained in Section 2.3 below).

These voxel-based particles are assumed to be star-shaped such that their so-called star point coincides with
their centers of masses. Thereby, a star-shaped domain is one where every line segment from the star point to a
boundary point lies entirely inside the domain, thus this assumption is much more general than the assumption of
ellipsoidal/spherical or even convex particles. A star-shaped particle with star point c 2 R3 can be represented by a
radius function P : S2 ! R+ = [0;1) on the unit sphere S2 = fx 2 R3 : jxj = 1g given by

P (u) = maxfr 2 R+ : voxel �(ru+ c) belongs to the particleg; for each u 2 S2;(1)

where �(x) 2 Z3 denotes the grid point that is closest to some point x 2 R3. Note that the inner region of a
star-shaped representation P (u) of a particle is, by definition, always a subset of its segmented representation. On
average, the star-shaped representation accurately captures 96% of the volume of segmented particles. For a visual
validation of the star-shape assumption, see Figure 1d.

To stochastically model the star-shaped particles, the particles radius is modeled as a function by means of random
fields on S2. Realizations of these models can be considered to be radius functions that describe the outer shell of
particles. Therefore, we use so-called (real-valued) spherical harmonic functions Y‘m : S2 ! R for ‘ 2 N0 = f0; 1; : : :g
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and m 2 Z = f: : : ;�1; 0; 1; : : :g with jmj � ‘, which are given by

Y‘m(u) =

8>>>>>>>><>>>>>>>>:
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2‘+ 1

4�

(‘� jmj)!
(‘+ jmj)!
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|m|
‘ (cos �(u)) sin(jmj�(u)); if m < 0;r
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4�

(‘�m)!

(‘+m)!
Pm‘ (cos �(u)) cos(m�(u)); if m > 0;

for each u 2 S2;(2)

where Pm‘ : [0; 1] ! [0; 1] are the Legendre polynomials and �(u) 2 [0; �), �(u) 2 [0; 2�) are the polar and the
azimuthal angles of u 2 S2, respectively. These functions form an orthonormal basis of the Hilbert space L2(S

2)
of square-integrable functions1 on the unit sphere S2 [52]. Thus, loosely speaking, the surface of each star-shaped
particle can be expressed as a linear combination of spherical harmonic functions. As the order of these spherical
harmonic functions increases (i.e., the value of ‘), they contribute to capturing more detailed and rougher surface
features. Since the considered CT data has a finite resolution, it is not meaningful to consider significantly high
orders. Therefore, in the following only spherical harmonic basis functions with ‘ � L = 9 are considered. This

results in a spherical-harmonics representation eP : S2 ! R+ of the radius function P , given by

eP (u) = LX
‘=0

lX
m=−‘

a‘mY‘m(u); for each u 2 S2;(3)

where a‘m are the (L+ 1)2 = 100 coefficients of this basis representation. The computation of these coefficients for
a given star-shaped particle’s radius function P , and therefore its approximation in terms of the spherical harmonics

basis up to order L, is done by least squares regression. More precisely, the least squares fit between eP (Ru) and
P (u) is computed regarding 642 equidistant evaluation points u 2 S2 on the unit sphere, resulting in 642 equations
with the 100 variables a‘m. Here, R 2 R3×3 denotes a rotation matrix, uniformly chosen at random, which helps to
mitigate any anisotropy in the data arising from the voxel-based representation of the CT data or the segmentation
procedure. For a visual inspection of the quality of this fit, see Figure 1e.

2.2. Morphology of 2D grain architectures. As mentioned in Section 4.4, the text data produced by the EBSD
measurement was first converted into image data of labeled grains, as shown in Figure 2. A few pixel values are
missing due to overlapping Kikuchi patterns in EBSD imaging. However, these few missing pixels do not significantly
affect the grain shape or orientation. These 2D image data resulting from EBSD measurement are from now on
referred to as 2D EBSD (planar section) data. The grain architectures observable in these data show a non-uniform
morphological orientation, i.e., the grains morphologies exhibit a preferred orientation towards the center of the
particle planar section, which is identified as the origin o = (0; 0) 2 R2 of the coordinate system. Note that
morphological orientation described here is distinct from crystallographic orientation. The proposed model should
be able to reflect this behavior, thus, the orientation of individual 2D grains has to be captured quantitatively. For
this purpose, the principal components v1; v2 2 R2 of the pixel positions associated with a grain, along with their
corresponding eigenvalues e1 � e2 > 0 are utilized. The first principal component v1 is a direction that maximizes
the (empirical) variance of the pixel positions [53]. In other words, it describes the primary orientation of the grain.
The orientation � 2 [0; �2 ] of a grain is thus given by the smallest angle between the grain’s center c (in the planar
section) and v1, i.e.,

� = arccos

�
jv1c⊤j
jv1jjcj

�
;(4)

see Figure 2. For grains with � � 0 the principal component v1 points towards the origin, whereas an orientation
� = �=2 corresponds to principal components that are orthogonal to the direction pointing to the origin. Figure 2
shows the grain orientation distribution per 2D EBSD image. Furthermore, exemplary planar sections are presented
in Figure 2. Notably, for some planar sections, the corresponding EBSD data (outlined with gray boxes in Figure 2)
exhibits no preferred grain orientation. It is conjectured that these images correspond to planar sections located
farther away from the particle center as compared to those highlighted with a black box, i.e., the assumption that the
particle center is located at the origin of the planar section observed in the EBSD image is not valid. However, the
stereological model fitting approach for the inner grain architecture model, introduced in Section 2.5, relies on image
data of planar sections passing through the particle center, since in such images, grains in each radial distance from
the particle center can be observed, a property not present in planar sections at other locations. Consequently, EBSD
planar sections represented by gray curves in Figure 2 are excluded from the subsequent model fitting procedure.

1A function P : S2 → R is called square-integrable if
∫

S2 P
2(u) du <∞.
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Figure 2. Orientation of grain planar sections: a) The orientation angle � of a grain is computed
via its first principal component v1 and its center c. d) The angle distribution of each EBSD planar
section is determined by kernel density estimation, using symmetric boundary conditions. The curves
in black correspond to retained data, whereas the gray curves correspond to neglected data. Two
exemplary grain architectures of retained (b,e) and neglected (c,e) planar section data are shown.

In this section, the stochastic models for both the outer shell and the inner grain architecture, along with their
corresponding fitting procedures, are presented. The choice of a two-scale modeling approach is driven by the pre-
sumed minimal correlation between the outer shell of NMC811 particles and their inner grain architecture. Initially,
the outer shell structure is modeled on a coarser length scale (by means of nano-CT data), before proceeding to the
modeling of the inner 3D grain architecture, which is observable on a finer length scale (by means of 2D EBSD data).

2.3. Stochastic outer shell model. After the preprocessing of nano-CT data explained in Section 2.1, the next step
towards stochastic outer shell modeling is to describe the distribution of the coefficients a‘m appearing in Eq. (3)
by appropriately chosen random variables Z‘m. Due to the assumed isotropy of the underlying image data, the
random variables Z‘m and Z‘m0 are supposed to be identically distributed for any m;m′. For (‘;m) 6= (‘′;m′) with
‘; ‘′ 6= 0, the random variables Z‘m and Z‘0m0 can be assumed to be independent, see [54]. Furthermore, to justify the
assumption of independence of Z00 and Z‘m for ‘;m 6= 0, the empirical distance correlation coefficient (EDCC) [55] of
the observations of a00 and a‘m is investigated. Note that the distance correlation coefficient of two random variables
is zero if and only if the random variables are independent. Thus, the small values of the EDCC, shown in Figure 3,
justify the assumption of independence. Note that the coefficient a00 predominantly determines the size of a particle,
while the coefficients a‘m for large values of ‘ primarily capture finer surface features. Thus, the observed increase
in EDCC values with increasing values of ‘ corresponds to the trend that, due to the finite resolution of image
data, larger particles exhibit progressively finer surface features. Therefore, the model assumption of independent
spherical harmonics coefficients might no longer hold when modeling very fine surface features (‘ � 9), which are
not considered in this work.
The coefficients a00 are described by a log-normally distributed random variable Z00 with parameters � = 0:4; � =
�29:83, whose probability density f0 : R+ ! R+ is given by

f0(x j �; �) =
1p
2��x

exp

�
� (ln(x)� �)2

2�2

�
; for each x 2 R+:(5)

b)a)

Figure 3. Empirical distance correlation coefficient (EDCC) between a00 and a‘m of nano-CT data
(a), and plots of further exemplary data with corresponding empirical correlation coefficients (b),
where the values above the plots are the EDCC and the Pearson correlation coefficient, respectively.
Values of EDCC that are close to 0 and 1 indicate weak and strong dependence, respectively.
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On the other hand, for each ‘ > 0, m 2 f�‘; : : : ; ‘g, the coefficients a‘m are described by a univariate scaled
Student’s t-distribution, i.e., for some �; � > 0, the probability density f‘ : R+ ! R+ of the random variable �Z‘m
is given by

ft(x j �) =
Γ(�+1

2 )

Γ(�2 )
p
��

�
1 +

x2

�

�−(�+1)=2

; for each x 2 R;(6)

where Γ and ln denote the gamma function and the natural logarithm, respectively. The fitted values of the parameters
� and � are given in Table 1, see also Figure 4 for a visual validation of the fitted densities f‘ : R+ ! R+ for
‘ = 0; 1; : : : ; 9. Both, the selection of the parametric distribution families, from the set of normal, log-normal and
Student’s t distributions, and their best fitting parameters are determined using maximum likelihood estimation.
This was performed based on the (deterministic) fitted spherical harmonics coefficients a‘m that are obtained when
fitting the representation given in Eq. (3) to segmented particles observed in data.

parameter n order ‘ = 1 ‘ = 2 ‘ = 3 ‘ = 4 ‘ = 5 ‘ = 6 ‘ = 7 ‘ = 8 ‘ = 9
� 2.22 4.64 2.84 2.43 2.28 2.26 2.20 2.17 2.22
� 3.51 2.79 0.98 0.56 0.37 0.28 00.21 0.17 0.15

Table 1. Values of fitted model parameters � and � .

Figure 4. Distribution of spherical harmonics coefficients: The blue histograms depict the distri-
butions of coefficients a‘m across different orders ‘, while the red curves represent the probability
densities of the fitted parametric distributions. In particular, for the case where ‘ = 0, a log-normal
distribution is fitted, while in the other cases, Student’s t distributions are used.

The resulting outer shell model fX(u); u 2 S2g is given by

X(u) =

LX
‘=0

‘X
m=−‘

Z‘mY‘m(u) for each u 2 S2,(7)

where Y‘m denotes the spherical harmonic function introduced in Eq. (2). Realizations of this model are shown in
Figure 1f. Note that the model has been calibrated on a voxel grid, see Eq. (1). Thus, the generated outer shells are
scaled by the voxel side length of 128 nm afterwards.

2.4. Stochastic grain architecture model. This section introduces the model used to describe the inner grain ar-
chitecture of NMC811 particles. The model is based on a so-called generalized balanced power diagram (GBPD) [56],
which is a generalization of the well-known Voronoi [32] and Laguerre [33] tessellations. GBPDs are a powerful tool
to describe Euclidean space filling structures, such as grains, in a low parametric way [43]. This low-parametric rep-
resentation allows for data compression, fast computation, and a simpler and more interpretable grain architecture
modeling as compared to voxel-based approaches.

In general, for any integer d 2 N = f1; 2; : : :g, a GBPD is a decomposition of the d-dimensional Euclidean space
Rd into non-overlapping subsets (or grains) G1; :::; G� � Rd, where for each i 2 f1; : : : ; �g it holds that

Gi = fx 2 Rd : jx� sijMi
� ri � jx� sj jMj

� rj for all j 2 f1; : : : ; �g n figg;(8)

given � 2 N distinct seed points s1; :::; s� � Rd and markers (M1; r1); :::; (M� ; r�). Here, Mi 2 Rd×d is a positive
definite matrix, ri 2 R is an offset parameter and jx�sij2Mi

= (x�si)⊤Mi(x�si) is the metric induced byMi. Later



GENERATING MULTI-SCALE NMC PARTICLES 7

on, for d 2 f2; 3g, each set Gi will represent a single grain and consequently will be referred to as such. Figures 7
and 9 show examples of such tessellations for the cases d = 2 and d = 3, respectively.

The tessellations used within the proposed grain architecture model are further restricted to GBPDs whose
matrices Mi can be written as Mi = QiDiQ

⊺
i . Here, Qi is a basis change matrix to a given basis whose first basis

vector is si=jsij and Di is a diagonal matrix. This restriction reduces the marker dimensionality from 6 + 1 to
3 + 1 and allows deriving a non-stationary but radial symmetric model, the realizations of which resemble the grain
architectures observed in the image data considered in Section 2.2. To derive such a radial symmetric model, the seed
points s1; :::; s� as well as the markers (D1; r1); :::; (D� ; r�) of the tessellations are modeled stochastically. Thereby,
the modeling of the seed points is done by a Poisson point process [41, 42], i.e., a random point pattern, whereas
the modeling of the markers is accomplished by a fully connected neural network as explained in Section 2.5 below.
Note that the neural network only determines markers (D1; r1); :::; (D� ; r�) of seed points s1; : : : ; s� , meaning that
it defines the local shape and size of grains but not their spatial distribution or clustering behavior. Thus, this
combined tessellation generation approach is not able to exactly reproduce regions of the data it was trained on—
instead it is able to reproduce the distribution of geometrical statistics observed in the training data. Additionally,
this neural-network-based approach allows for a stereological model fitting procedure. This is crucial since only 2D
EBSD data is available to investigate the grain architecture of NMC811 particles.

The following section describes this stereological procedure in more detail.

2.5. Stereological tessellation model calibration. The neural network used for marker generation is calibrated
by means of a generative adversarial network (GAN) framework [45]. Note that GANs represent a game-theory
inspired zero-sum game framework, where two key neural networks comprise the GAN framework: The generator G
and the discriminator D. These neural networks compete with each other to achieve a so-called Nash equilibrium [57],
i.e., the generator continually refines its ability to produce data resembling measured samples, while the discriminator
iteratively enhances its capability to distinguish between measured and simulated data. Typically, this is realized by
an image generating neural network G : N ! I, i.e., a neural network that maps some noise space N to some set of
images I, and a discriminator D : I ! R that is trained to distinguish between measured and simulated images, see
[34, 45] for details. In the present paper, the discriminator tries to assign measured data a label of 1 and simulated
ones a label of 0. Using the least squares loss [58], this results in the following min-max problem:

max
G

min
D

E
�
(D(X)� 1)2

�
+ E

�
(D(G(Z)))2

�
;(9)

where X 2 I is a random vector following the distribution of measured data, and Z 2 N is some random vector
which serves as input for the generator network G (where Z is sometimes chosen as white noise [58]). The terms
max
G

and min
D

in Eq. (9) refer to the maximum and minimum taken over all possible parameter values of the neural

networks G and D, respectively, given that their architectures are fixed. However, in the GAN approach proposed
in the present paper, the output of the generator, i.e., a 3D tessellation-based grain architecture, can not directly be
compared to measured data, i.e., pixel-based 2D image data, and, therefore, the loss function given by Eq. (9) has to
be adapted [34]. Thus, we introduce two (random) functions, T2D and T3D, which compute (random) discretized 2D
cutouts of 2D images drawn from X, and 2D cutouts of simulated 3D tessellations drawn from G(Z), respectively.
This leads to the optimization problem

max
G

min
D

E
�
(D(T2D(X))� 1)2

�
+ E

�
(D(T3D(G(Z))))

2
�
:(10)

In the following, the precise definitions of G;T2D; T3D, and D will be explained in more detail. To ensure an efficient
GAN training, we assume the superimposed mapping D(T3D(G)) to be differentiable almost everywhere with respect
to the parameters of G. Since G and D are defined by neural networks and thus almost everywhere differentiable,
only T3D(G) has to be analyzed in more detail. To achieve differentiability of T3D(G), the tessellation representation
given in Eq. (8) is not sufficient. Thus, a more general differentiable softmax representation is introduced instead.

Figure 5. Architectures of neural networks: a) Fully connected architecture of marker generator
Gnet being part of G. b) Convolutional architecture of discriminator D. The numbers above the
arrows and bars correspond to the dimensions of respective inputs/outputs and convolutional layers.
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For a given sample (s1; n1; 
1); : : : ; (s� ; n� ; 
�) 2 W = [�128; 128]3 � [0; 1]2 � [0; �] of seed points s1; : : : ; s� and
noise (n1; 
1); : : : ; (n� ; 
�) , the generator G computes markers (M1; r1); :::; (M� ; r�) and a differentiable softmax
representation T : R3 ! [0; 1]� of a tessellation, see [43,59]. This means that the values of T are given by

T (x) =

0B@exp (�jx� s1jM1
+ r1)

...
exp (�jx� s� jM�

+ r�)

1CA 1P�
i=1 exp (�jx� sijMi + ri)

for each x 2 R3:(11)

The vector-valued mapping T = (T1 : : : ; T�) directly implies a tessellation G1; : : : ; G� , as defined in Eq. (8), by
considering the index i of the component Ti(x) with maximal value, i.e., Gi = fx 2 R3 : Ti(x) = maxj Tj(x)g.
Furthermore, note that the differentiable softmax representation T given in Eq. (11) for 3D tessellations can be
analogously defined for planar 2D tessellations.

The generation of the sequence (s1; n1; 
1); : : : ; (s� ; n� ; 
�), i.e., the seed points s1; : : : ; s� and corresponding noise
(n1; 
1); : : : ; (n� ; 
�) necessary for random marker creation, is done by drawing samples from a homogeneous Poisson
point process with some intensity � > 0, being restricted to the setW = [�128; 128]3�[0; 1]2�[0; �] [41,42]. However,
the corresponding markers (M1; r1); :::; (M� ; r�) are generated by a fully connected (FC) neural network, which is
denoted as Gnet. Since the grain shape and the size is only influenced by nearby grains, we assume that the marker
of a seed point only depends on its neighboring seed points. More precisely, for the generation of the marker (Mi; ri)
only information is considered derived from the � = 12 nearest seed points si1 ; : : : ; si� ; ij 2 f1; : : : ; �g n fig with
respect to the Euclidean distance. Furthermore, to ensure a statistically radial symmetric output of the generator
network Gnet, its input is modified to get rid of anisotropic information, i.e., the direction of si. This is done by
rotating the coordinate system in such a way that si is always aligned in the direction of the unit vector e1 = (1; 0; 0).
That is, for a given seed point si we determine a rotation matrix Qi given by

Qi = Re1;
i �Rs̃i+e1;�;(12)

where Rs;
 denotes the rotation matrix that describes a rotation around s 2 R3 by an angle of 
 2 [0; �], esi = si=jsij
is the normalized version of si, and 
i is some angle determined by the Poisson point process. Finally, the vectors
vi1 ; : : : ; vi� , which are used as input of Gnet for marker generation, are given by rotating the displacements sij � si
by Qi, i.e., vij = Qi(sij � si) for j = 1; : : : ; �. Note that Qi is a basis change as described in Section 2.4.

To further allow the generator network Gnet to find a non-deterministic grain architecture for given seed points,
and therefore being a suitable stochastic model, seed point specific noise nij 2 [0; 1]2 is added. Thus, the input of Gnet

is given by (vi1 ; ni1 ; : : : vi� ; ni�). Figure 5a shows the fully connected architecture of Gnet. It uses ReLu activation
functions f(t) = maxf0; tg; t 2 R in the hidden layers for neuron activations and utilizes scaled sigmoid functions
�(t)a;b = a + (b� a)=(1 + e−t); t 2 R as activation functions in the output layers to ensure that the generated
markers are in a reasonable range. This limits the elongation of the resulting grains, which makes them less likely
to be disconnected (something that can occur for GBPDs), this helps to prevent unintended artifacts, and improves
the generator-discriminator training. In particular, the values of a; b 2 R of the channels within the output layer are
chosen such that the value of ri and the diagonal entries of Di are restricted to [1; 10] and [0; 50], respectively. A
more detailed pseudocode representation of this procedure is shown in Algorithm 1.

Algorithm 1 Tessellation Generation

1: procedure G(S = ((s1; n1; 
1); : : : ; (s� ; n� ; 
�)) � R3 � [0; 1]2 � [0; �])
2: for i in 1; : : : ; jSj do
3: Qi  Re1;
i �Rs̃i+e1;� . See Eq. (12)
4: Compute ij ; j = 1; : : : ; � . Nearest neighbor indices
5: vij  Qi(sij � si); j = 1; : : : ; � . Relative directions
6: Di; ri  Gnet(vi1 ; ni1 ; : : : ; vi� ; ni�)
7: Mi  Q⊤

i DiQi . Markers
8: end for
9: return T . See Eq. (11)

10: end procedure
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Recall that the sequence (s1; n1; 
1); : : : ; (s� ; n� ; 
�) 2W = [�128; 128]3� [0; 1]2 � [0; �], consisting of seed points
si, noise ni, and uniformly sampled angles 
i, is generated by a homogeneous Poisson point process with some
intensity � > 0. This point process corresponds to the noise generation random variable Z considered in Eq. (10).
A Poisson-distributed random variable is used to determine the number � of sampling points. Then, the locations of
the respective points are independently and uniformly sampled within the window W = [�128; 128]3� [0; 1]2� [0; �].
Note that this kind of point process has only one parameter, the intensity �, i.e., the expected number of points
per unit volume. Since each of these points correspond to a grain, the parameter � has to be fitted such that the
average numbers of visible grains of generated and measured data in planar 2D cutouts match. However, this cannot
be accomplished a priori, since the number of visible grains in a 2D planar section of a 3D tessellation is influenced
by the number of seed points as well as their markers, as can be seen in Figure 6. To overcome this problem, the
intensity � is adopted iteratively while training, i.e., the intensity �e+1 of the Poisson point process at training epoch
e+ 1; e 2 N is defined as follows:

�e+1 =

(
�e

�
0:5 + 0:5 NGgt

NGgen
e

�
; if e > 1;

0:0018; if e = 1;
(13)

where NGgt; NGgen
e > 0 correspond to the average number of observable grains per unit area in planar 2D cutouts

of ground truth data and generated data at training epoch e, respectively. To avoid large jumps of �e, which would
hinder the learning process of both generator and discriminator, the intensity �e+1 is chosen as a convex combination
of the previous intensity �e and the desired intensity �e (NGgt=NGgen

e ). The initial value of this procedure is set
heuristically to �1 = 0:0018.

Figure 6. Impact of markers on the grain architecture, where planar sections of 3D grain archi-
tectures are depicted with fixed seed points s1; : : : ; s8000, additive marks r1; : : : ; r8000 being equal
to 0, and various diagonal marker matrices D1; : : : ; D8000: (a) Diagonal matrices Di with diagonal
entries (3; 1; 1), (b) Diagonal matrices Di with diagonal entries (1; 1; 1), (c) Diagonal matrices Di

with diagonal entries (1; 3; 3) for each i 2 f1; : : : ; 8000g. The number of visible grains reaches from
366 (a), via 252 (b) to 212 (c).

As mentioned above, the output of the generator G, i.e., T as defined in Eq. (11), can not be directly compared
to measured EBSD data. One reason for this is the circumstance that there are several pixel positions in the EBSD
data to which no grain is assigned at all. Moreover, measured data is only present as planar 2D sections, therefore
planar sections have to be extracted from generated 3D grain architectures to ensure comparability.

To address the issue of unassigned pixels, a differentiable representation T (see Eq. (11)) of the restricted GBPD
with d = 2 is fitted to the EBSD data using the method described in [43]. This fitted 2D tessellation is referred
to as “ground truth data”. Figure 7 shows an exemplary fit. The approach of considering a 2D tessellation fit to
the experimental EBSD data as ground truth data has at least three advantages. First, it provides a meaningful
prescription for missing measurement information (inner white pixels in Figure 7, left), while maintaining the overall
shape of grains. Second, it ensures that the planar sections with which the generator attempts to imitate can
indeed be generated, i.e., the ground truth data can be represented by GBPDs. Without assurance that the ground
truth data can be represented by GBPDs, it is possible that the discriminator differentiates between measured and
simulated data solely based on a difference of the representation, which would offer no insightful feedback to guide
the generator’s improvement. Third, it facilitates effective data augmentation during training, i.e., by modifying the
seed points and markers of the fitted 2D tessellation slightly, similar but new 2D grain architectures can be generated
as additional training data. Note that the distribution of the random variable X considered in Eq. (10) describes the
distribution of 2D training data, i.e., the data that arise from the ground truth data by this kind of augmentation.

Despite the fact that now both ground truth and simulated data are represented as differentiable tessellations,
their dimensionalities are not yet consistent (being equal to 2 and 3, respectively). To overcome this problem and to
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generate input that is feasible for the discriminator D, i.e., a matrix of fixed size, randomly located (2D) pixel-based
cutouts of these tessellations are computed.

For this purpose, a 32�32 grid of equidistant points is chosen, say f1; : : : ; 32g�f1; : : : ; 32g � R2. The tessellation
T of the restricted GBPD with d = 2 is then evaluated at these grid points, resulting in a matrix I with 32� 32� �
entries. Such a matrix is often referred to as a multichannel 2D image, with dimensions representing the x-axis,
y-axis, and channels, respectively. For each (x; y; i) 2 f1; : : : ; 32g2 � f1; : : : ; �g, the entry Ix;y;i of I corresponds to
the probability that the grid point (x; y) belongs to grain i. To reduce the number of channels of I to a (sufficiently
small) fixed value, the set of channels is truncated to those channels which belong to grains being most present
among the considered grid points. In the following, for the case of a 2D tessellation T , this procedure is described in
more detail. First, the originally chosen 32�32 grid f1; : : : ; 32g2 of equidistant points in R2 is shifted and rotated at
random, i.e., a (random) grid of equidistant points is determined by drawing a radial distance p and a polar angle �
uniformly from the intervals (0; 80] and [0; 2�], respectively. Then, for each (x; y) 2 f1; : : : ; 32g2, the corresponding
grid point (x′; y′) of the transformed grid is given by

(x′; y′) = R�

�
x+ p

y � 16:5

�
; where R� =

�
cos� � sin�
sin� cos�

�
:(14)

Evaluating the tessellation T at these points gives the (non-truncated) image I = (Ix;y;i), where the entry Ix;y;i of
the matrix I at (x; y; i) 2 f1; : : : ; 32g2 � f1; : : : ; �g is given by

Ix;y;i = Ti
�
R�

�
x+ p

y � 16:5

��
:(15)

In Figure 7 (c) the three steps of this cutout computation procedure are illustrated, where two different coordinate
systems are used, one for the original pixel positions (x; y) 2 f1; : : : ; 32g2 and one for the grid points (x′; y′) introduced
in Eq. (14). The procedure starts with a cutout, whose center lies on the x-axis, i.e., p = � = 0. Grains located
in this cutout that are strongly orientated towards the center of the planar section (i.e., � << �

2 , see Eq. (4)) are
elongated in the direction of the x-axis. In a second step, the cutout is shifted in the direction of x-axis, according
to the selected value of p (where p = 70 in Figure 7). As before, grains within the cutout which have an orientation
� << �

2 show elongations in the direction of the x-axis of the cutout. Finally, in a third step, the cutout is rotated by
an angle of � 2 [0; 2�]. This does not only displace the cutout but also changes its orientation. Consequently, grains
that are located in this cutout having an orientation of � << �

2 , are orientated in the direction of the (new) x′-axis
of the cutout. This procedure is performed to generate consistent cutouts which are feasible for the discriminator D
and, simultaneously, to be able to use a wide range of cutout positions within the ground truth data for training.

To achieve a fixed (small) number of channels necessary for the discriminator input, the � channels of I are sorted
by the sum of their entries in descending order. Then, all but the first 12 channels are omitted, i.e, only the channels
corresponding to the 12 most prominent grains regarding the grid points are retained, in order to retain the channels
that contain the most information of grain morphologies. This (random) procedure will be denoted by T2D in the
following.

Figure 7. a) Raw EBSD image and b) correspondingly fitted 2D tessellation with values assigned
for missing pixels resulting from poor local orientation information observed in EBSD data due
to proximity to grain boundary junctures. Additionally, three exemplary cutouts are magnified,
one from the fitted tessellation and two further cutouts, denoted by (1) and (2), arising from data
augmentation. c) Sketch of the procedure of pixel-based cutout computation as described above.

A similar procedure, analogous to that described above for T2D, is used to determine 32� 32� 12 matrices which
represent (random) 2D cutouts of the simulated 3D tessellations for a given number � of seed points. More precisely,
for a uniformly drawn radial distance p 2 (0; 80], a matrix I = (Ix;y;i) with 32� 32� � entries is computed, where

Ix;yi = Ti

0@0@ x+ p
y � 16:5

0

1A1A for each (x; y; i) 2 f1; : : : ; 32g2 � f1; : : : ; �g:(16)
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Due to the rotational invariance of both the Poisson point process of seed points and the marker generation, and
the ability to create infinity many simulated grain architectures, no rotation matrix is needed in Eq. (16) for the
generation of grain locations, unlike the procedure for T2D described above. The resulting matrix I (a multichannel
2D image) is then channelwise sorted by the sum of their entries and cropped to maintain a constant number of
channels, using a procedure similar to the one already described. This (random) procedure of computing 32�32�12
multichannel 2D images from artificially generated 3D tessellations is denoted by T3D. Recall that both, T2D and
T3D pay attention to differentiability and to preserve a consistent orientation of the cutout with respect to the origin
of the tessellation. This is crucial to enable the discriminator to capture preferred grain orientations with respect to
the particle center.

The discriminator D, which is trained to decide whether a 32 � 32 � 12 cutout image originates from ground
truth or artificially generated data, is structured as a convolutional neural network (CNN). Note that CNNs are a
neural networks that can handle spatial dependencies in their input and are therefore especially useful in computer
vision tasks such as image classification [60]. To avoid overfitting issues, the discriminator D considered in the
present paper has a rather simple architecture. Namely, the discriminator consists of stacked convolutional layers,
batch normalization layers, and ReLU activation functions. These components are responsible for feature extraction,
learning acceleration, as well as neuron activation and deactivation. Additionally, max-pooling layers are used for
dimension reduction, and dense layers are used to process the extracted features to a single output. Figure 5b shows
a detailed representation of the network, and the number of features per layer.

The GAN-based training process involves iteratively training the generator G and discriminator D through
gradient-descent and a non-gradient-descent based optimization of the point process intensity �, as described in
Eq. (13). The gradient-descent based training uses an Adam optimizer with a learning rate of 10−4 and gradient
normalization [61]. The whole training procedure is done over 200 epochs with 100 steps per epoch and a batch
size of 64 and 128 for generator and discriminator training, respectively. While training the discriminator the pixel
values of its input images (see Eqs. (15) and (16)) are rounded to the closest value in f0; 1g to suppress features
that arise from the dimensions of the underlying artificially generated and ground truth tessellations, respectively.
To address the issue of overfitting the discriminator, the update of the discriminator’s weights is skipped during
training, provided that its current mean squared error given by Eq. (10) is below 0:32. Furthermore, training data
augmentation is achieved through marker modification, i.e., the diagonal entries of the matrices Di introduced in
Section 2.4, and the additive marks ri of the fitted 2D tessellation are modified through uniform augmentations

up to 20%, i.e., |x−x0|
|x| < 0:2, where x is equal to ri or a diagonal entry of Di, and x′ is its augmented version.

This augmentation of training data results in more diverse grain architectures that still adhere to the constraints of
the restricted GBPD representation, see Figure 7. However, this is contrary to augmentations achievable through
conventional techniques of image data processing [62]. Figure 8 and Algorithm 2 provide an overview of the training
procedure described above, where the pseudocode is presented in such a way as to improve readability and should
not be considered computationally efficient. For a more efficient implementation, the seed point generation and,
thus, the 3D grain architecture generation, as well as the 2D grain architecture augmentation can be restricted to a
small sampling window that contains the observed planar section.
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Figure 8. GAN training procedure to generate artificial grain architectures.


