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Abstract

The gas flow through sheet-like porous materials such as paper can show
marked lateral variations due to a heterogeneous, locally varying
microstructure. Hence, reliable predictions of such lateral flux variations
require an appropriate consideration of local variations in the
microstructure. The flow through such sheet-like materials is commonly
described with Darcy’s law in which permeances are formulated in terms of
microstructure properties such as porosities, tortuosities, or hydraulic radii.
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This work proposes an extension of existing permeance models that
directly considers the variation and the cross-dependence between local
microstructure properties. The extended model is applied to local air fluxes
through a paper sheet to exemplarily reveal the joint impact of local
porosities and local tortuosities on the air flux. The key extension is to
consider a joint distribution of porosity and tortuosity. The latter is
constructed from the univariate property distributions using a Copula
approach and yields local tortuosities including their variation for any
encountered local porosity. These values jointly enter any permeance model
that qualitatively captures the dependence of the air flux on the porosity.
To assess the merit of the model, variations in the air flux and in the pore
space properties are independently determined from the same measured
microstructure of paper. Air flux variations are provided by computational
fluid dynamics simulations on multiple, nonoverlapping segments taken
from the microstructure. A statistical analysis of the entire microstructure
provides the distribution of local porosity, tortuosity, and thicknesses. Our
model quantitatively explains that porosity-dependent variations in the
tortuosity, in particular the ones associated with high-volume pathways,
decisively determine air flux variations.

Keywords: air permeance, paper, statistical modeling, computational fluid
dynamics

Article highlights

• Computational fluid dynamics simulations determine local variation of air flow

through an actual microstructure of paper

• Construction and use of the copula approach to model joint distribution of local

porosities and tortuosities is explained

• Existing permeance models equipped with variations in porosity and porosity-

dependent tortuosity capture most variations in air flow

1 Introduction

It is highly desirable to quantify how the macroscopic transport through porous

materials is governed by material properties that are either directly related to

pores or rely on the available pore space. With such an understanding the

relative impact of pore space and external conditions on the observed fluxes can

be discriminated and fluxes can be even controlled via tailored pore space

properties. For gas transport through sheet-like materials not only porosity, but

also pathway properties such as tortuosity, hydraulic radii, or sheet thickness

could considerably influence the permeance. Besides sheet-averaged pore
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properties, also the property variations due to marked heterogeneities of the

in-plane composition may decisively affect the through-thickness transport. Such

heterogeneities occur, for example, in non-woven fiber-based sheets such as

paper due to local fiber accumulations. Local variations within the sheet can be

decisive to distinguish paper types and to permit interpretations in terms of the

properties of the fibers between which the pore space is formed (Sampson

(2001b)).

Prevalent attempts to associate permeabilities with pore space properties are

predominantly lumped single pipe models (Bernabé (2018)). These attempts aim

at casting the macroscopic permeability into expressions reminiscent to Poiseuille’s

equation for viscous flow in a cylindrical pipe such that the complexity of the

porous materials enters as “effective pipe” properties. Since early model equations

have been introduced, back then formulated to capture the permeability for liquid

flow through parallel cylinders (Carman (1939); Kozeny (1927)), many different

formulations of such permeability expressions have been introduced to account for

the structure of highly distinct materials. Nevertheless, all proposed expressions

seek to associate the permeability with a product of individual factors, each of

which is governed by a pore space property.

Such lumped expressions capture the macroscopic permeance for averaged

pore space properties, but are not necessarily suitable to quantitatively account

for local variations (Bernabé (2018)). In the present article we seek to determine,

whether local variations in air permeance can be quantitatively explained by local

variations in the porosity and tortuosity as the leading influences. For this

purpose, we provide a reference data set of air fluxes and local pore space

properties that are determined for a given microstructure of a paper sheet. This

microstructure is available from X-ray computed microtomography

measurements (Machado Charry et al (2018)). The through-thickness air flow

and its local variations in this structure are simulated with computational fluid

dynamics (CFD) simulations.

To link the air flux to local variations in porosity, tortuosity, and thickness,

we assume that lumped single pipe models predict the local air flux for locally

given pore space properties correctly. Then, in a central step, we extend lumped

single pipe models to estimate flow variations by accounting for the dependence

of tortuosity on porosities. The key extension is to incorporate this

interdependence with a copula-based parametric model for the joint distribution

of local porosity and local tortuosity as introduced by Neumann et al (2021b).

Note that this approach is, at the first glance, much less complex than other

approaches to account for local variations. Other approaches explicitly consider
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the parallel transport through a distribution of pore sizes (Dodson and Sampson

(2000)), a pore network with variations in connectivity (Bernabé et al (2011)),

and networks with varying pore sizes and connectivities (Bernabé (2018); Gostick

et al (2007)). However, it appears to be reasonable to assume that a (correctly

chosen) lumped single pipe model is locally valid, since we consider variations in

large-area, sheet-like materials such as paper. Most of the flux variations are

expected to originate from different numbers of locally accumulated fibers, such

that we can expect lateral variations in the number of inlet/outlet pores as well

as in the pore size distribution (Dodson and Sampson (2000)). Though such

fiber accumulations may also cause variations in thickness direction, these

variations essentially comprise a few fiber diameters. However, in plane variations

in the pore space may occur on the mm to cm-scale (Neumann et al (2021a)) so

that we can assume the local validity of a permeance model provided that the

considered locations are far enough apart.

This article describes the implementation of the proposed extension in a step-

by-step manner. A first step provides the data set for the analysis. Here we provide

the details associated with the CFD simulations and determination of the local

pore space properties. In second step, we explain the nature of lumped single

pipe-inspired expressions for the permeability and show that such models readily

rationalize the dependence of the simulated fluxes on local porosities. Before using

this formulation for estimates, a third step is required in which the interdependence

between porosity and tortuosity is quantified. In a final step, the contributions to

permeability variations are collected and compared.

2 Material and imaging

The sample material was a paper from industrial production, made from

unbleached softwood Kraft pulp. The paper had a basis weight of 70 g/m2. This

value, which corresponds to the supplier specifications, was confirmed by a test

in accordance to the standard DIN EN ISO 536 (Paper and board:

Determination of grammage).

In order to obtain the 3D microstructure of the volume, an X-ray

microcomputed tomography study was made using an Xradia 500 Versa 3D

X-ray microscope (Zeiss, Germany). The isotropic voxel has an edge length of 1.5

�m and the final binary volume has a size of 2:001 � 2:802 mm � thickness.

Detailed information about the experimental setup as well as the preprocessing

and binarization of the data can be found in Machado Charry et al (2018).
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The air permeance was assessed by determining the air resistance in the

Gurley method (ISO 5636-5). A reference volume 100 mL of air is pressed

through the sample of an area 6.452 cm2 at an excess pressure is p = 1:22 kPa

against ambient pressure of an atmosphere patm = 101.325 kPa. The test is

recording the time necessary to push the reference volume through the paper.

According to standard the result is calculated as the mean of ten measurements

performed on different paper specimen. For easier comparison with simulation

data we are transferring the time measured in the Gurley test into volume fluxes

and, eventually, into mean air velocities.

3 Database for analyzing local variations

The database necessary for an analysis of local variations has been built in two

consecutive steps starting out from the microstructure extracted from a �-CT

scan of a paper sheet. In a first step, local variations in the air permeance have

been determined using computational fluid dynamics simulations. We will show

below that these simulations readily provide a guide how the mean air velocity, a

direct measure for the permeance, is governed by the local porosity. In a second

step, a statistical analysis of selected, geometry-related pore space properties has

been conducted. This analysis determines local variations of these properties, finds

mutual dependencies, and estimates their impact on volume fluxes of air.

3.1 Computational 
uid dynamics simulations

The CFD simulations based on the stationary, compressible Navier-Stokes equation

were conducted in the pore space of the microstructure using the ANSYS code.

The volume data was triangulized to obtain the required surface mesh of the pore

space. The large aspect ratio of the sample poses a challenge for triangulation. To

obtain a good comprise between a high resolution, yet uniform coverage of surface

triangles, we stretched the volume data in thickness direction by a factor of five,

loaded this stretched volume data as images in Fiji (Schindelin et al (2012)) to

perform the triangulation, and stretched the resulting surface mesh by a factor of

0.2 in thickness direction. This surface mesh encloses the pore volume in which the

CFD simulations take place. As ANSYS relies on a finite volume approach, this pore

volume was meshed using Numeca Hexpress Hybride. Filtering was applied. Further

details can be found in Leitl (2020). The surface meshing closes all pores that are

not connected to the exterior, i.e., either to an inlet or outlet. The air permeance

was obtained for conditions that correspond to the standardized method test to

assess the porosity of paper (ISO 5636-5:2013 (2013)).
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The total cross sectional area available for simulations was A = 2.8125 �
1.666 mm2. However, to also obtain information on local variations, we divided

the total volume into twelve equally-sized segments of Aseg = 700 � 667µm2.

The boundary conditions for the pressure were chosen to match the Gurley

measurements. The pressure at the top surface was p = 1:22 kPa, and p = 0

at the bottom surface. Also the external conditions were chosen to match the

standardized conditions demanded by Gurley measurements. The temperature

was T = 298 K, so that the density of air was �air = 1.184 g cm�3, the

specific heat capacity was c = 1006.43 kJ kg�1 K�1, and the dynamic viscosity

was � = 1:838 � 10�5 Pas.

Fig. 1 Excerpt of a two-dimensional pressure pro�le of the CFD simulated volume including

the paper sample. Regions residing at the imposed excess pressure are indicated in red

(inlet volume), regions at ambient pressure are shown in blue (outlet volume). All regions

at pressure between imposed and ambient pressure indicate the volume of connected pores,

white regions refer to �ber volume.

For each segment, the CFD simulations yield the spatially resolved air pressure

and air velocity, and at the outlet side the mean volume flux @V=@t and the mean

air velocity v, which is given by

v =
1

Aseg

@V

@t
. (1)

The porosity responsible for the observed air flow is directly extracted from CFD

simulation results using the pressure profile. The apparent extra effort to involve

the pressure distribution (rather than the plain mesh) spares us the ambiguity to

define which portion of the air-filled space contributes to the fraction of pore space

and which portion is to be considered exterior air. The totally simulated volume
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can be viewed to consist of an inlet region, the sheet region, and the outlet region,

cf. Figure 1. These regions can be conveniently distinguished by introducing iso-

pressure volumes. Each iso-pressure volume comprises all portions in the sample in

which the pressure varies only in a small interval with respect to a given pressure

value. After dividing the total range of observed pressures into evenly sized small

intervals, we obtain a series of stacked, irregularly-shaped iso-pressure volumes,

as indicated in Figure 1. While the pressure at the inlet region adopts the value

imposed by the external excess pressure, the outlet region is at ambient pressure.

This choice readily distinguishes between pores inside and outside the paper sheet,

i.e., it de�nes the surfaces of the paper sheet experienced by the air 
ux. The

volume associated to the paper sheet is, hence, the total volume less the inlet

and outlet regions. All regions inside the paper volumes that reside on a pressure

level between excess and ambient pressure belong to the volume fraction of paper

pores; volume regions that cannot be associated to a pressure trivially correspond

to solid material. Then, the porosity is obtained straight forward from dividing the

pore volume by the volume of the paper sheet.

3.2 Statistical analysis of the 3D microstructure

We morphologically analyze the pore space of the 3D microstructure to get more

detailed insight into local variations of associated properties. In contrast to the

CFD simulations shown above, such a pure-geometry based analysis allows us

to inspect local properties with di�erent spatial resolutions, i.e., to consider a

large range of segment sizes with segments lengths between 30 and 150µm. The

intended variation of segment sizes precludes the reuse of CFD-related segments

and its CFD-consistent pore space. Rather, we determine the top and bottom

surfaces, i.e. the boundaries of model paper inz-direction, with the rolling ball

algorithm (Machado Charry et al (2018)). These surfaces are needed to distinguish

air-�lled pores inside the paper sheets apart from exterior air surrounding the paper.

To obtain the distributions of local properties, we partition the

microstructure into sets of non-overlapping segments in thexy-plane (Neumann

et al (2021b)). These segments are square-shaped inxy-plane and contain the

complete microstructure in transversalz direction. The centers of the segments

are arranged on a square grid inxy-plane at a distance of150 � m to the nearest

neighboring segment center. This setting leads to a maximum total number of

204 segments. The side length of the square-shaped segments is varied in the

range from30 � m to 150 � m in 30 � m steps; the maximum size prevents an

overlap of segments.
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We determined the local porosity" , the mean geodesic tortuosity� (0) , and

the mean geodesic tortuosity� ( r ) for pathways with a minimum diameter of 2r

(r > 0), i.e., of pathways with di�erent minimum local volumes. The local porosity

of a segment is de�ned as the ratio of the number of pore voxels to that of all

voxels, which are at the same time contained in the segment and are between

the top and bottom surface. The tortuosity is quanti�ed with the mean geodesic

tortuosity, because it can be directly and unambigously obtained from the 3D

microstructure (Neumann et al (2019a)) and describes the connectivity between

the pores, i.e., it incorporates the topology of the underlying pore network (Clennell

(1997)). The mean geodesic tortuosity� (0) assesses how strongly paths deviate

from a straight connection of top and bottom surface. The more a path meanders

the more the associated� (0) would exceed the minimum value of one. The mean

geodesic tortuosity describes the length of the shortest connection that can possibly

be formed between two points through a succession of pores. As such connections

are permitted to �nd any shortcut, geodesic paths are shorter than those considered

by geometric tortuosities even if the same pores are visited, as in the latter case

paths are constructed on the pore skeleton. Tortuosities derived from actual 
ow

patterns, being obtained from di�usion or hydraulic tortuosities, give even larger

values as the 
ow does not always follow the geometrically shortest option (Clennell

(1997)).

Within each segment,� (0) is taken as the average of shortest path lengths

from the bottom surface to the top surface divided by the local thickness of the

paper sheet (Machado Charry et al (2018); Neumann et al (2019a)). For a formal

de�nition of mean geodesic tortuosity in the framework of random closed sets, we

refer to Neumann et al (2019a). From all pathways present in a segment, we only

consider paths, whose starting points are located in the considered segment. These

paths, however, are allowed to leave the segment, because otherwise boundary

e�ects would have a stronger impact on� (0) of smaller segments. The lengths

of the shortest pathways associated with the starting points in a segment are

determined by means of the Dijkstra algorithm (Thulasiraman and Swamy (1992))

on the voxel grid.

Pathways di�er not only in length, but also in their volume. To discriminate

between pathways in terms of their volume, we consider the mean geodesic

tortuosity � ( r ) of pathways with a minimum radiusr , where � ( r ) characterizes

the connected pore space that can be �lled by spheres of radiusr . Hence, radius

r serves as an indicator for the path volume. The largerr , the weaker the

bottlenecks along the path, i.e., the larger the volume of the path. For the

selection of pathways with a minimum radius equal or larger thanr , the value of
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� ( r ) is determined in the same way as described above for� (0) . We consider the

casesr > 1:5 and r > 3:0 µm, so that particularly the caser > 3:0 µm will

provide insight into the behavior of high volume pathways later on.

4 Impact of pore space properties

4.1 Air velocity depends on porosity

Figure 2 shows that the mean local air velocity, determined for each segment, tends

to increase with local porosity. However, the velocities exhibit a marked scattering

beyond their porosity dependence. This is seen best for the segments that share

a common porosity of ca. 0.32, where air velocities scatter by� 50% (highlighted

region in Figure 2).

Fig. 2 Mean air velocity of the segments obtained from the CFD simulations (crosses) under
Gurley conditions vs. the segment porosity. The curves represent the �t to permeability
models: Gebart model according to Eq. (8) (black, circle) and the Carman-Kozeny model in
the form of Eq. (7) (blue, square). The highlighted region marks a large spread in velocities
regardless of similar segment porosities.

The strong relation between mean local air velocities and local porosities

reproduces a key observation for porous materials. In general, this relation

triggers ongoing e�orts to quantify how permeabilities depend on porosities and

other properties of the microstructure. Such quanti�cations are commonly

performed in the spirit of lumped single pipe models (Kozeny (1927); Carman

(1939); Bernab�e (2018)). To get a rapid overview, how the microstructure can

in
uence the air velocities, we collect the most important steps to represent the

velocities with lumped single pipe models. As an instructive starting point, we
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assume that Darcys law holds, so that the volume 
ux@V
@t relates to the pressure

gradient, r p, and the dynamic viscosity,� , as

@V
@t

= �
�
�

r p; (2)

where� is the permeability. Darcy 
ow is appropriate because it holds for laminar

pore 
ow. Finding a maximum air speed of about 5m s� 1 in the paper pores

during the Gurley test (compare Figure 4 below) and a maximum pore size in the

paper of 10µm, we arrive at a Reynolds numberRe of circa three, which is way

below the critical value for turbulent 
ow,Re=2300.

We further assume a practically constant pressure gradientr p that can be

approximated by the global pressure di�erence� p and the thickness,h, of the

penetrated volume, i.e., we assume that

� r p = � p=h : (3)

Then, a mean velocityv is readily obtained by dividing both sides of Eq. (2) by

the nominal areaA, i.e.,

v =
�

�hA
� p: (4)

This mean velocity is not only closely associated with permeability� , but also

depends on the thicknessh of the sheet. Since sheet thicknessesh are much

smaller than the lateral sheet extensions, the actual value ofh could decisively

in
uence the value ofv. For example, 
ows transmitted to a thin sheet experience

much less of variation in through-thickness direction compared to the variations in

lateral directions. For this reason, we prefer to characterize the 
ow by a segment

resolved mean velocityv rather than by local permeabilities� .

In a next step it is desirable to re�ne the permeability� in terms of porosity

" and other microstructure-derived properties of the sample. The widely used

Carman-Kozeny equation illustrates such a re�nement for a laminar liquid 
ow

through packed beds:

vCK = CCK
1

�h
"3

(1 � " )2 � p ; (5)

whereCCK is a material-speci�c factor that contains information on the structure

of the pore space (Kruczek (2015)). When considering, for example, packed beds

as an assembly of parallel, cylindrically-shaped pores formed between identical

particles,CCK reads as

CCK =
6d2

p

A2
sK

; (6)
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wheredp is the diameter of the packed particles,As the speci�c surface area per

unit volume of the particle, andK an empirical parameter whose value depends

on the tortuosity (Kruczek (2015)).

A possible way to explicitly account for path lengths which signi�cantly exceed

the thicknessh of a sheet or a membrane is to express the pressure gradient with

the average path length�h , i.e., �r p = � p=(�h ) (Kruczek (2015)). This leads to

vCK ("; �; h ) = CCK
1

�h�
"3

(1 � " )2 � p : (7)

Even when going beyond packed-beds, expressions forv via Darcy's law

essentially keep the same structure. The permeability is a product containing a

factor accounting for the characteristic size of the involved solid, a factor

accounting for the porosity, and a factor related to tortuosity. Models forv and

the permeability� of such a structure were also proposed for the case of �brous

materials (Jackson and James (1986); Gebart (1992); Koponen et al (2017,

1998); Clague et al (2000); Nabovati et al (2009)). Often the �ber diameter,a,

serves as characteristic size so that typically scaled permeabilities�=a 2 are

formulated. The model of Gebart may serve here as an example:

vG ("; �; h ) = CG a2 1
�h�

 r
1 � " c

1 � "
� 1

! 5
2

� p ; (8)

whereCG is a geometric factor, and" c is the critical value of porosity below which

there is no permeation, i.e.," c is a percolation threshold (Nabovati et al (2009)).

Both factors depend on the speci�c packing of �bers and do not account for

�ber diameter, " , or � . Values of an ideal square and hexagonal array of parallelly

oriented �bers (� = 1 ) areCG = 16=(9
p

2� ), " c = 1 � �= 4 andCG = 16=(9
p

6� ),

" c = 1 � �= (2
p

3), respectively (Gebart (1992)). This model has been later re�ned

by Nabovati et al (2009) and Clague et al (2000) to cover an even larger porosity

range.

Knowing the velocityv, the porosity" , and the thicknessh of each segment,

models of the type given by Eq. (7) or Eq. (8) readily permit to check the

consistency of the simulatedvCFD with the predictedv("; �; h ) dependence and

to �t associated material-dependent parameters (including the characteristic

size). Regardless whether Eq. (7) or Eq. (8) is used to model thev(" )

dependence, it is possible to obtain an equal-quality �t in the given range of

local porosities, cf. Figure 2. Even though the trend in" is well reproduced, our

data set is not suited to verify one or the other model forv(" ). The true value of
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