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Abstract A main task of weather services is the issuing of warnings for poten-
tially harmful weather events. Automated warning guidances can be derived, e.g.,
from statistical post-processing of numerical weather prediction using meteorolog-
ical observations. These statistical methods commonly estimate the probability
of an event (e.g. precipitation) occurring at a fixed location (a point probabil-
ity). However, there are no operationally applicable techniques for estimating the
probability of precipitation occurring anywhere in a geographical region (an area
probability). We present an approach to the estimation of area probabilities for the
occurrence of precipitation exceeding given thresholds. This approach is based on a
spatial stochastic model for precipitation cells and precipitation amounts. The ba-
sic modeling component is a non-stationary germ-grain model with circular grains
for the representation of precipitation cells. Then, we assign a randomly scaled
response function to each precipitation cell and sum these functions up to obtain
precipitation amounts. We derive formulas for expectations and variances of point
precipitation amounts and use these formulas to compute further model charac-
teristics based on available sequences of point probabilities. Area probabilities for
arbitrary areas and thresholds can be estimated by repeated Monte Carlo simu-
lation of the fitted precipitation model. Finally, we verify the proposed model by
comparing the generated area probabilities with independent rain gauge adjusted
radar data. The novelty of the presented approach is that, for the first time, a
widely applicable estimation of area probabilities is possible, which is based solely
on predicted point probabilities (i.e., neither precipitation observations nor further
input of the forecaster are necessary). Therefore, this method can be applied for
operational weather predictions.
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1 Introduction

Meteorological services such as Deutscher Wetterdienst (DWD) are responsible
for providing timely, accurate and reliable weather forecasts. A particularly chal-
lenging task is the issuing of weather warnings since some weather events (heavy
precipitation, strong wind gusts, frozen streets) can cause personal injury and
high material damage. At DWD automated warning guidances are derived from a
combination of numerical models and statistical post-processing: They commonly
provide so-called point probabilities due to the use of meteorological observation
systems, e.g. rain gauges, that represent a measurement at a given geographical
location (a point). In some cases the consideration of point probabilities is not
sufficient for a reasonable weather forecast, e.g., when a critical situation arises if
the weather event occurs somewhere in an area (rather than at a fixed point). Ex-
amples are given by the area of responsibility of a fire department, which is called
into action when there is intense precipitation somewhere within that area or by
some warning area of a weather service, which issues a warning of freezing streets
in winter if there is some precipitation somewhere within this area (in combina-~
tion with negative temperature). The probability for a weather event occurring
somewhere in an area is called an area probability in this paper. According to this
definition, an area probability of some weather event is always larger than or equal
to a point probability of the same event for any fixed location within that area.

The exact relationship between point and area probabilities in a general context
is still unknown. In [3] and [10] formulas for the computation of area probabilities
from point probabilities are given under very restrictive assumptions including
circular forecast areas, circular precipitation cells with a known radius and uni-
formly distributed cell centers. This, however, makes these formulas inappropriate
for the automated generation of weather forecasts since model parameters have
to be determined by the forecaster. Furthermore, this approach could not be used
on a nation-wide scale, where spatial non-stationarity is expected. Alternatively,
area probabilities can be estimated based on stochastic models. Recently, a spatial
stochastic model for the occurrence of precipitation has been proposed in [8] to
specify the relationship between point and area probabilities. In the mentioned
approach, the occurrence of precipitation is modeled by a non-stationary germ-
grain model, with the circular grains approximating single precipitation cells. The
model parameters are computed algorithmically based on available point proba-
bilities and their spatial correlation (which is expected to provide valuable infor-
mation on the size of precipitation cells). Area probabilities are then computed as
coverage probabilities of the suggested germ-grain model.

The consideration of area probabilities for the occurrence of precipitation is not
sufficient for the issuing of weather warnings. Weather services are rather interested
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Computation of area probabilities based on a stochastic model for precipitation 3

in area probabilities for the occurrence of precipitation exceeding a certain warn-
ing threshold, which cannot be computed using the model suggested in [8]. Thus,
the additional modeling of precipitation amounts is necessary. Some approaches
to the spatially continuous (off-grid) modeling of precipitation cells including pre-
cipitation amounts are given in the literature, see e.g. [11], [16], [17], [18], [19]
and the references therein. However, most of the presented approaches are subject
to limitations, which make them inappropriate for the automated generation of
weather warnings on a nation-wide scale. Such limitations include the assumption
of spatial stationarity, constant precipitation amounts per precipitation cell, inde-
pendence of precipitation cells and precipitation amounts, parameter fitting based
on radar observations or the complete absence of model fitting procedures. If appli-
cations to real data are provided, then they are mainly focused on a regional scale.
Furthermore, none of the mentioned papers deals with the computation of area
probabilities. In the last decade, some effort was done to overcome spatial station-
arity assumptions using generalized linear models, see e.g. [23], but the considered
approaches are not yet applicable for the purpose of spatially continuous modeling.
Despite of existing limitations, the mentioned papers still provide a valuable basis
for the modeling of precipitation amounts. We focus on some ideas proposed in
[16], where precipitation amounts are represented by a stationary shot-noise field
based on Poisson or Neyman-Scott point processes. The authors derive several
theoretical characteristics of their model and make a comparison for different re-
sponse functions. Model fitting based on observed data, however, is only described
vaguely.

In the present paper, we propose a more robust and less restrictive approach to
the modeling of precipitation amounts with the purpose of computing area proba-
bilities for precipitation exceeding an arbitrary threshold. We extend the recently
developed non-stationary model for precipitation cells presented in [8] by adding
a model for precipitation amounts with spatially varying distributions. All time-
dependent model characteristics are computed algorithmically based on available
point probabilities (which is a basic requirement for operational weather forecast-
ing). We also show a detailed application of the model to real data on a nation-wide
scale. A condensed description presenting an earlier version of the suggested model
can be found in [9].

The present paper is organized as follows. In Sect. 2 we briefly outline the com-
putation of point probabilities for precipitation exceeding various thresholds and
describe the available data. In Sect. 3 the underlying model for the occurrence of
precipitation is recalled, which provides the basis for the newly developed model
of precipitation amounts presented in Sect. 4. Sect. 5 deals with the computa-
tion of area probabilities for the occurrence of precipitation exceeding a threshold
based on the combined model for precipitation cells and amounts. Finally, Sect. 6
provides a verification of results and Sect. 7 concludes the paper.

2 Computation of point probabilities and description of data

In this paper, sequences of point probabilities form the basis for the computation of
area probabilities by means of a spatial stochastic model for precipitation cells and
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4 Bjorn Kriesche et al.

precipitation amounts. Therefore, precise point probabilities are critical for the es-
timation of reliable area probabilities. Point probabilities considered in this paper
are determined by DWD in two steps. At first, forecasts of the numerical weather
prediction model Globalmodell Europa! (GME), see [13], and of the Integrated
Forecasting System of the European Centre for Medium-Range Weather Forecast-
ing (IFS/ECMWF) are provided. These forecasts are subject to systematic and
random errors, which result from uncertainties in initial weather conditions and
inaccuracies in the model specification due to discretization and parametrization.
The second step involves Model Output Statistics (MOS), which is a statistical
post-processing procedure based on historical information from about 3000 syn-
optic weather stations world-wide, see [6] and [20]. This removes systematic biases
and provides calibrated (statistically unbiased) point probabilities.

We describe the available data, which has been computed according to the method
stated above. Our application covers a time frame of four months in the year
2012 including a summer period from June 1 until July 31 and a winter period
from November 1 until December 31 in order to consider different seasons. For
each day of the time frame seven one-hour forecast periods from 02-03 UTC
(Universal Time, Coordinated) every three hours up to 20-21 UTC are avail-
able. Furthermore, we consider a system of 503 weather stations, which are lo-
cated inside the territories of Germany and Luxembourg. For each forecast pe-
riod and each weather station, a sequence of point probabilities for the occur-
rence of precipitation of more than v mm is available for thresholds u € T =
{0,0.1,0.2,0.3,0.5,0.7,1, 2, 3,5,10, 15}. In particular, for u = 0 the probability for
precipitation of any amount at the considered weather station is given. We use
the data later on for implementation and verification of the presented modeling
approach.

3 Stochastic model for the occurrence of precipitation

We briefly recall a stochastic model for the occurrence of precipitation, which has
been introduced in [8]. This provides a basis for the modeling of precipitation
amounts as described in Sect. 4. In the following, a fixed forecast period and a
probability space (£2, F, P) are considered, where {2 is a set containing all possible
precipitation scenarios and the corresponding predictions of the numerical weather
forecast models of DWD, F is a o-algebra of subsets of 2 (so-called events) and
P is a suitable probability measure, which associates each event A € F with the
probability P(A) € [0, 1] of its occurrence. We describe the model in a general con-
text. Let s1,...,sn be a sequence of geographically distinct points (e.g., the sites
of weather stations), which are located within a bounded and convex sampling
window W C R2. The true characteristics describing future weather conditions,
as e.g. point probabilities for the occurrence of precipitation or expected precip-
itation amounts at si,...,Sn, are typically unknown and cannot be determined
exactly. However, most of these characteristics can be estimated using numerical
models and statistical post-processing, see e.g. Sect. 2. By applying the MOS ap-
proach, systematic errors in estimated point probabilities are eliminated but the

1 The GME has been substituted in January 2015 by the Icosahedral Non-hydrostatic
(ICON) General Circulation Model, see [24].
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Computation of area probabilities based on a stochastic model for precipitation 5

estimators are still subject to random errors. To account for that, we introduce the
random variable E : {2 — S describing the random error of the weather forecast
models used by DWD, where S is the space of all possible errors. Since estimators
of point probabilities depend on the random error F, they are also considered to
be random variables in the following (as usually done in estimation theory). For
that purpose, we introduce the random field {P;,t € W}, where P; : 2 — [0,1]
represents the random point probability for the occurrence of precipitation at lo-
cation t € W. For any fixed t € W, the random variable P; is assumed to be
o(F)-measurable, where o(E) C F is the sub-o-algebra of events generated by E.
This implies that if conditioned on {E = e} for any realization e of E, the value of
P; is non-random (and only depends on e). This value is identified by the condi-
tional expectation E(P; | E = e). Heuristically, conditioning on {E = e} for e € S
means that a concrete realization of the weather forecast models of DWD (with
error e) is given (which is always the case in applications). We suppose that the
available data include a sequence p) = E(Ps, |E =e),... p) = E(Ps, |E =€)
of point probabilities, which are computed based on a particular realization e of
E. In our example of application we consider the available point probabilities for
the occurrence of precipitation described in Sect. 2, n = 503 is the number of
considered weather stations and e is the error that occurs when providing these
data.

The fundamental assumption of our modeling approach is that there is precipita-
tion at any location ¢t € W if and only if ¢ is covered by at least one precipitation
cell. To allow for spatially varying precipitation probabilities we furthermore sup-
pose that precipitation cells (i.e., their cell centers) occur according to a random
location-dependent intensity function {A;,t € W} with A; : 2 — [0,00) being
the random intensity for the formation of precipitation cells at ¢ € W. Again,
the value of A; is non-random conditioned on {E = e} for any e € S, i.e., A; is
assumed to be o(FE)-measurable, for all t € W. To account for the fact that data
are only available at the sites s1, ..., s, we make the simplifying assumption that
realizations of {A¢,t € W} are piecewise constant in a neighborhood of each site
si for ¢ = 1,...,n. The most natural choice of such a neighborhood is the Voronoi
tessellation {V(s1),...,V(sn)} of s1,...,sn in W, where the Voronoi cell V(s;)
of s; is defined as

V(si)={zeW:|x—si| <|z—sj|forall j=1,...,n with j # i} (1)

for i = 1,...,n and |z — s| denotes the Euclidean distance between x € W and
s € W. Accordingly, {A:,t € W} is represented as

n n
Ae =" Aj Iy, (t) forallte | V(s), (2)
j=1 i=1
where the o(E)-measurable random variables A1,..., A, : 2 — [0,00) can be

interpreted as random local intensities for the formation of precipitation cells in
neighborhoods of si1, ..., sn. The function Iy : W — {0,1} denotes the indicator
of the set V.C W. If t € W is not located within any of the Voronoi cells, i.e.,
it is located on the boundaries of one or more cells, then A; is set equal to the
minimum intensity of all adjacent Voronoi cells. For the modeling of centers of
precipitation cells a two-dimensional Cox point process {X;,s = 1,...,Z} in W
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6 Bjorn Kriesche et al.

with intensity function {A:,t € W} is used, see e.g. [1], where the random variable
Z : 2 —{0,1,...} describes the total number of precipitation cells in W.

Due to the irregularity of precipitation patterns it seems hardly possible to give
a model for the shape of precipitation cells, which exactly represents typical pre-
cipitation patterns and, simultaneously, is still easy to handle. We rather assume
that there is precipitation at location ¢ € W if t is close enough to the center of
at least one precipitation cell. This is equivalent to saying that ¢ is covered by the

germ-grain model
z

M = | b(Xi, R), (3)

=1

where b(z,r) = {y € R? : |y — 2| < r} denotes the two-dimensional ball with
center x € R? and radius 7 > 0 and the random variable R : 2 — (0,00) can be
interpreted as spatial precipitation range. We assume that R is o(F)-measurable,
i.e., R is non-random conditioned on {F = e} for any e € S. Although it is obvious
that precipitation cells are typically not circular in real precipitation patterns,
they are often approximated as circular or elliptical discs in the literature, see
e.g. [15], [16] and [19]. Thus, we will also interpret the germ-grain model M as an
approximate representation for the union set of precipitation cells in the following.
Note that conditioned on {F = e} for any realization e of E, the Cox process
{Xi,i = 1,...,Z} is a Poisson process with (deterministic) intensity function
{Ae,t € W}, where \y = E(A;|E = e) for t € W, and M is a Boolean model
based on {X;,i = 1,...,Z} with grain radius r = E(R|E = e), see e.g. [1] or
[4]. In application, where a particular realization of the weather forecast models
of DWD providing the underlying data is given (and thus a realization e of E is
considered) we assume the distribution of future precipitation fields, described by
{At,t € W} and r, to be deterministic. Both {X;,i=1,...,Z} and M, however,
which represent the still unknown future precipitation scenario, are still considered
to be random (i.e., not o(E)-measurable). Finally, point probabilities are modeled
as (conditional) coverage probabilities of the union set M of precipitation cells,
i.e., the random point probability P; is represented as P = P(t € M |E) for
t € W. We will show in Sect. 5 how these settings are used to compute point
and area probabilities for the occurrence of precipitation as (conditional) coverage
probabilities of the germ-grain model M in applications. In order to do this, the
intensity function {A¢,t € W} and the precipitation range r (given e € S) need to
be represented in terms of the available data. Since this is of minor importance for
the main objective of the present paper, the modeling of precipitation amounts,
we refer to [8] for further details.

4 Stochastic model for precipitation amounts
4.1 Model description

The computation of area probabilities for precipitation exceeding various thresh-
olds based solely on a model for precipitation cells does not seem to be possible.
Therefore, the additional modeling of precipitation amounts is required. For that
purpose, we introduce the random field {I%,¢ € W}, where I} : 2 — [0,00) is
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Computation of area probabilities based on a stochastic model for precipitation 7

interpreted as the random amount of precipitation at location t € W. We expect
that precipitation cells and precipitation amounts cannot be considered to be in-
dependent of one another, which is also indicated by the results of a statistical
test performed in [7]. Thus, we suggest to represent {I%,t € W} as a random
shot-noise field. Note that this class of random fields has already been used in
the literature for the modeling of precipitation amounts, see e.g. [16]. At first,
a symmetric response function Kp(-, X;, R) is assigned to each precipitation cell
b(Xi, R) fori=1,...,Z, where we choose K, : R? x R? x (0,00) — [0, 00) with

_2\P
Ky(t,x,r) = (1 — %) Iy, (x) forallt,xz e R?, 7 > 0. (4)
r

Here, p > 0 is a certain shape parameter. This choice comprises a variety of pos-
sible response functions, e.g., the upper half of the unit ball (p = 0.5), a scaled
version of the Epanechnikov kernel (p = 1), a scaled version of the biweight kernel
(p = 2) or a scaled version of the triweight kernel (p = 3). However, these response
functions are not yet suitable to model precipitation fields generated by single
precipitation cells since the distribution of precipitation amounts should vary spa-
tially for most forecast periods. An example would be the forecast shown in Fig.
2, where clearly higher precipitation amounts are expected in the north and west
than in the south and east part of the sampling window. For that purpose, each
response function K,(-, X;, R) is multiplied by a random location-dependent scal-
ing variable. We suppose that information on expectation and variance of point
precipitation amounts is only available at si,...,sn, so we make the simplifying
assumption that all precipitation cells with centers in a given Voronoi cell V(s;)
are multiplied by the same scaling variable for ¢ = 1,...,n. Thus, we consider a
sequence C1,...,Cy : £2 — [0,00) of non-negative random scaling variables, which
correspond to the n Voronoi cells V(s1),...,V(sn). Again, C1,...,Cy, can clearly
not be assumed to be o(F)-measurable since they are still random for a given
realization of the weather forecast models of DWD. However, we assume that con-
ditioned on FE, the variables C1, ..., ), are independent of each other and of the
point process {X;,i = 1,...,Z} of precipitation cell centers. For each t € W, we
interpret the value of the response function K, (¢, X;, R) multiplied by the corre-
sponding scaling variable as the random amount of precipitation generated by the
i-th precipitation cell b(X;, R) at location t. The total amount of precipitation at
t € W is obtained by summing up the individual precipitation amounts generated
by all Z precipitation cells. Combining the modeling steps suggested above leads
to the following representation formula for the random amount of precipitation I
at location t¢:

Z n
L= Y Cilys,)(Xi)Kp(t,Xi, R) for all t € W. (5)
i=1j=1

The consecutive steps of this modeling approach are illustrated in Fig. 1.

The random field {I,t € W} of precipitation amounts is completely described by

the Cox process {X;,i = 1,...,Z} of cell centers (which in turn is characterized
by the local random intensities A1,..., Ay), the random precipitation range R,
the local random scaling variables C1, ...,y and the shape parameter p. In the

following, let e be a particular realization of the random error E that occurs
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Fig. 1 Illustration of the modeling approach for precipitation amounts: (i) modeling of precipi-
tation cells using a germ-grain model with circular grains (top left), (ii) assigning a symmetric
response function to each cell (top right), (ili) multiplying response functions with random
scaling variables (bottom left), (iv) summing scaled response functions to obtain precipitation
amounts (bottom right).

when computing the underlying data using the weather forecast models of DWD.
Recall that the (conditional) intensities a1 = E(A1|E =e),...,an = E(An |E =
e) and the precipitation range r = E(R|E = e) are computed based on the
corresponding point probabilities pg?) =E(P, |E =e),... ,pg‘f) = E(Ps, |E =
e), see Sect. 3 or [8]. It remains to fit (conditional) distributions of the random
scaling variables C1,...,C, and to choose a suitable shape parameter p. For that
purpose we introduce the deterministic fields {u¢,t € W} and {v:,t € W}, where
ue = E(I: | E = e) € [0,00) denotes the conditional expectation of Iy and vy =
var(I't | E = e) € [0,00) the conditional variance of I'; given {E = ¢} for all t € W.

4.2 Fitting the distributions of precipitation amounts at weather stations

In Sect. 4.3 below, we suggest a procedure to fit the distributions of the random
scaling variables C1, ..., ) based on data given for the locations of weather sta-
tions. Recall that for each station s € {s1,...,sn} the available data described in
Sect. 2 include a sequence of point probabilities for the occurrence of precipitation
of more than v mm for thresholds v € T = {0,0.1,0.2,0.3,0.5,0.7,1,2, 3,5, 10, 15}.
Furthermore, using the probability for the occurrence of precipitation, the (con-
ditional) probability of precipitation exceeding v mm (given that precipitation
occurs) can be computed for all thresholds v € T\ {0}. However, these data are
not yet suitable for model fitting. On the one hand, point probabilities are ex-
pected to be monotonically decreasing with increasing threshold v € T in mm.
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Computation of area probabilities based on a stochastic model for precipitation 9

By using the MOS approach in the post-processing step, however, the probabili-
ties of each threshold are computed separately, which does not guarantee mono-
tonicity due to statistically independent noise. In a few cases in our data it is
possible that, e.g., the probability of precipitation of more than 0.3 mm at a
given weather station is slightly higher than the probability of precipitation of
more than 0.2 mm. On the other hand, expectations and variances of point pre-
cipitation amounts, which are needed for model fitting, are not directly included
in the data. To overcome both problems we assume that if precipitation occurs,
then the random precipitation amounts at the weather stations si,...,s, are
gamma distributed as suggested e.g. in [20] and [21]. For a fixed weather station
s € {s1,...,8n} and a particular realization e of E, consider the (conditional)

probabilities pi*) = P(I's > u|E =e) for all u € T, where I's denotes the random
precipitation amount at location s € W as introduced at the beginning of Sect. 4.1.
However, the gamma distribution is not directly suitable for the modeling of I's
(given E = e) since the gamma distribution is an absolutely continuous distribu-
tion and P(I's = 0| E = e) > 0 in general. Thus, as described before, only positive
precipitation amounts are modeled using the gamma distribution. For that pur-
pose, we consider the conditional probabilities ﬁgu) =P{Is>u|ls>0,FE =ce)
for the occurrence of precipitation of more than © mm given that precipitation of
any (positive) amount occurs at s for each threshold u € T\ {0}. Then, the param-
eters of a gamma distribution are fitted based on the (conditional) probabilities
of precipitation exceeding v mm, u € T \ {0}, given that precipitation occurs at
weather station s, which were derived from the data before. This allows to analyti-
cally compute the sequence {;5&“), u € T'\ {0}} of (conditional) probabilities based
on the fitted gamma distribution. We also compute the conditional expectations
fis = E(I's|I's > 0,E =€) and s = E(I'?|Is > 0,E = e) according to the
fitted gamma distribution. Finally, the point probabilities p&“’ for u € T\ {0}
can be recomputed easily using the identity pi* = p'» 5", where the zero-level
probability pgo) is directly taken from the data. This approach has the advantage
that the point probabilities {pgu), u € T} are now monotonically decreasing with
increasing threshold u. Moreover, the fitted gamma distribution allows to easily
compute the expectation pus and variance vs of I's (conditioned on {E = e}) ac-
cording to pus = E(Is | E =e) = pgo)ﬂs and vy = var(Is |E =e) = pOing — pZ.
Fig. 2 illustrates some sample data for a given forecast period. Note that precipi-
tation of more than 5, 10 or 15 mm is considered to be an extreme event since the
corresponding point probabilities are close to zero in almost all cases.

4.3 Fitting the distributions of random scaling variables

In this section, we introduce an approach to fitting (conditional) distributions
of the random scaling variables Ci,...,C,. At first, we state formulas for the
conditional expectation u: and variance v: of I conditioned on {E = e}. It holds
that:

pe =Y E(Cj| E = e)a;l(s;,1) (6)

j=1
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Fig. 2 Sample data for December 25, 2012, 11-12 UTC obtained from the fitted gamma dis-
tribution: the locations of the considered 503 weather stations and the corresponding Voronoi
tessellation, see equation (1), where each Voronoi cell is colored according to the point proba-
bility for the occurrence of precipitation of more than 0 mm (top left), 0.1 mm (top right), 0.3
mm (center left), 1 mm (center right) and 3 mm (bottom left) or the expected precipitation
amount (bottom right).



315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

Computation of area probabilities based on a stochastic model for precipitation 11

and

(E(Cj | E = e))*a;1(s;,t)

vt = Zn:"ar(cj |E=e) [ajf(sj,t) +a?12(8j,t)i| +
(7)

n
Jj=1 Jj=

for all t € W, where

|t _ .T|2 p
I(sj,t) = 1- 5222 ) qg (8)
J 2
V (s;)Nb(t,r) r

2\ 2P
(s;,t) = T i T 9)
J 2
V (s;)Nb(t,r) r

A derivation of equations (6) and (7) is given in the appendix. We suppose that
the expectations ps, = E(Is, |E = e),...,us, = E(I's, | E = e) and variances

and

n |

vs, =var(ls, | E =e€),...,vs, = var(ls, | E = e) of point precipitation amounts
at s1,...,Sn can be computed from available data. In our example of application,
Lhsyy -y Mgy aNd Ve, ..., Vs, are the expectations and variances that were ob-

tained from the fitted gamma distributions in Sect. 4.2 and e is the particular error
of the weather forecast models of DWD when computing the underlying data. By
¢; =E(Cj | E = e) and ¢; = var(C; | E = e) we denote the conditional expectation

and variance of C; given {E = e} for j = 1,...,n. Intuitively, ci,...,cn, should
be chosen in such a way that (6) holds for ¢t = s1,. .., sy. This results in a system
of n linear equations with unknown variables ci, ..., ¢,. In general, this system of
equations cannot be solved exactly under the constraint that c1,...,cn > 0. Thus,
we compute ci,...,cn, in a nonnegative least-squares sense, i.e.,
2
n n
(c1,...,cn) = argmin Z Lhs, —Zc;- a;I(s;,s:) , (10)
chyee,el >0 — J=1

see [12]. Analogously, ¢1,...,¢, should satisfy (7) for ¢t = s1,...,s,. Again, this
results in a system of n linear equations with unknown variables ¢, ..., ¢,. Due
to the constraint ¢1,...,¢, > 0 we solve the system of equations in a nonnegative

least-squares sense, too, i.e.,

n n
(¢1,...,6n) = argmin Z Vg, — Z c?ajf(sj, 83) (11)
chy,el, >0 i—1 =1

2

cj [ajf(sj, si) + G?IQ(SJ', sl)}
j=1

Now, knowing the (conditional) expectations and variances of the local scaling
variables C1,...,Cy, we fit a two-parameter distribution to each C; using the
method of moments. We suggest to use one of the following parametric families of
distributions: beta prime, gamma, inverse gamma, inverse normal or log-normal.
These distributions seem to be the most suitable ones since they are defined on the
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nonnegative real line, have finite second moments® and their parameters can be
represented as closed functions of expectation and variance, which is required for
applying the method of moments. Finally, all (conditional) characteristics of the
random field {I%,t € W} given {E = e} have been determined: the local intensities
ai,...,an for the formation of precipitation cells, the precipitation range r and
the (conditional) distributions of the local scaling variables C1,. .., Cy. Note that
the type of distributions of local scaling variables as well as the shape parameter
p of the response function K, are chosen globally (i.e., for all forecast periods). A
recommendation on how to make this model choice in practice is given in Sect. 6.

5 Model-based estimation of area probabilities

The combined model for precipitation cells and precipitation amounts introduced
in Sect. 3 and 4 allows for the computation of point and area probabilities for
the occurrence of precipitation exceeding an arbitrary threshold w > 0. Again,
we consider a particular realization e of the random error E and the correspond-
ing model characteristics a1, ...,a, and r. A central assumption of our modeling
approach is that there is precipitation at any location ¢ € W if and only if ¢ is
covered by the germ-grain model M of precipitation cells introduced in equation
(3). Accordingly, the point probability p,EO) for the occurrence of precipitation at
any location ¢ € W is given by pio) = P(t € M |E = e). Note that the following
closed formula for p§°> holds, see [8]:

p§°) =1l—exp|— Zaj va (b(t,r) NV (sy)) | forallte W, (12)

Jj=1

where v2 denotes the two-dimensional Lebesgue measure. Analogously, we assume
that there is precipitation somewhere within an area B C W if B intersects M.
Thus, the area probability 7 (B) for the occurrence of precipitation in any Borel
set B C W is given by 7 (B) = P(BN M # (| E = ¢), where the following
representation formula holds, see [8]:

7OB)=1—exp [ =D ajva (B&blo,r) NV(sy)) | - (13)

j=1

Here, o € R? denotes the origin and A® B = {z +y,x € A,y € B} is the
Minkowski sum of two sets A, B C W.

The above approach can be generalized as follows. We suppose that for any thresh-
old u > 0, there is precipitation of more than v mm at ¢ € W if Iy > wu. This
implies that the point probability ptu) for more than v mm of precipitation at
any location ¢t € W is given by piu) = P(I} > u|E = e), see Sect. 4.2. Sim-
ilarly, we suppose that there is precipitation of more than u mm somewhere
within an area B C W if It > u for some t € B. Thus, the area probability

2 For beta prime and inverse gamma distribution only those parameter configurations are
considered that lead to a finite variance.
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01

0.1:0.19

02029

03049

05099

1-1.99

Fig. 3 Simulation results for December 25, 2012, 11-12 UTC: typical realization of the random
field {I,t € W} of precipitation amounts given in equation (5) (left) and mean precipitation
amounts estimated based on 5000 realizations of {I},t € W} (right).

7" (B) for the occurrence of precipitation exceeding u somewhere in B is given
by 7(W(B) = P(max{I}%,t € B} > u| E = e). Unfortunately, for both these point
and area probabilities no closed representation formulas are known. As an alterna-
tive we suggest to estimate pi”) and W(“)(B) by repeated simulation of the fitted
random field {I%,¢ € W} of precipitation amounts given {E = e}. In order to
do so, we generate a large number of realizations of the germ-grain model M and
of the random scaling variables C1,...,C, and estimate the desired probabilities
as relative frequencies of the considered events among all realizations. In Fig. 3
simulation results for a forecast period selected from our example of application
are illustrated. A comparison with Fig. 2 shows that the results agree well with
the underlying data.

6 Implementation and forecast verification

The combined model for precipitation cells and precipitation amounts has been
implemented in Java using the GeoStoch library, see [14]. We compute the model
characteristics for all forecast periods described in Sect. 2 using the available point
probabilities at the locations si,..., s, of the n = 503 weather stations and the
expectations and variances of point precipitation amounts obtained from the fitted
gamma distributions as described in Sect. 4.2.

6.1 Choice of model configuration

At first, a comparison between the point probabilities estimated according to the
proposed model and those obtained from the fitted gamma distributions is made
in order to give a recommendation on how to choose the shape parameter p and
the type of (conditional) distributions of the local scaling variables. We consider
p to take one of the five values from {0.5,1,2,3,4} and the following types of
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two-parameter distributions for the scaling variables: beta prime, gamma, inverse
gamma, inverse normal and log-normal. Choosing p > 4 does not lead to significant
changes in estimated probabilities compared to p = 4. For each value of p, each
distribution type and each threshold v € {0.1,0.2,0.3,0.5,0.7,1,2,3,5,10, 15},
point probabilities at s1, ..., s503 are estimated for all available forecast periods as
described in Sect. 5. Then, a comparison with the point probabilities obtained from
the fitted gamma distributions, see Sect. 4.2, is made. For each shape parameter,
distribution type, threshold and weather station, the bias, correlation coefficient
and mean squared difference (msd) are computed using the point probabilities of all
forecast periods. Since this results in a huge amount of computed values, the scores
are averaged once more over all weather stations. Note that near the boundaries
of the sampling window no consistent estimation of (point and area) probabilities
can be guaranteed due to edge effects and thus, only weather stations inside the
boundaries of Germany are taken into account here. The results yield that for all
thresholds and shape parameters, the correlation coefficients and msd’s perform
best when using gamma distributions for the local scaling variables. However, the
effect of changing this type of distribution seems to be minor since only small
variations in the scores are observed. Similar results are found when analyzing the
effect of changing the shape parameter. The scaled Epanechnikov kernel (p = 1)
leads to the smallest msd’s and highest correlation coefficients but only minor
differences are observed for p = 2, 3,4 (see also Table 1 in [9]). Only the upper half
of the unit ball (p = 0.5) produces larger biases and msd’s making it inappropriate
for the use as response function. Since the computed scores vary only slightly for
most shape parameters and distribution types, we also consider a verification of
area probabilities using radar data in order to give a final recommendation on how
to choose these model configurations, see Sect. 6.2.

6.2 Verification of area probabilities using radar data

We compare estimated area probabilities with precipitation indicators derived from
independent rain gauge adjusted radar data. As test areas we choose the Voronoi
cells V(s1),...,V(s503) that correspond to the locations si,...,ss03 of the 503
weather stations. The Voronoi cells are suitable for verification since they include
areas of different shape, size and orientation. Again, for each value of p and each
distribution type as described in Sect. 6.1, area probabilities for V'(s1), ...,V (ss503)
are estimated according to the procedure explained in Sect. 5 for all available
forecast periods and thresholds v € {0.1,0.2,0.3,0.5,0.7,1,2,3,5,10, 15}. Hourly
accumulated precipitation amounts for all considered forecast periods are obtained
from the German operational radar network of DWD, see [22]. To each estimated
area probability for the occurrence of precipitation of more than v mm somewhere
in a Voronoi cell V(s;), i = 1,...,n, we assign the corresponding precipitation
indicator, which is 1 if there is precipitation of more than ¥ mm somewhere within
V' (s;) with respect to radar data and 0 otherwise.

The following three scores are considered in order to compare area probabilities and
precipitation indicators for fixed thresholds. For each threshold and each Voronoi
cell, the bias, the Brier skill score and the empirical correlation coefficient are
computed based on estimated area probabilities and precipitation indicators for
all forecast periods. Again, only Voronoi cells inside the boundaries of Germany
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are taken into account to avoid edge effects. The bias is simply the difference of
the mean probability and the mean precipitation indicator and the correlation co-
efficient should be self-explanatory. The Brier skill score, however, is more difficult
to explain, see also Chap. 8 in [20]. At first, the Brier score BS is determined as
the mean squared difference of estimated area probabilities and precipitation in-
dicators. This score, however, is difficult to interpret and thus, the Brier score B.S
of a reference forecast is additionally determined. As reference method we use the
climate mean, where each probability is given as the mean precipitation indicator.
The Brier skill score is then defined as 1 — BS/BS. Of course, area probabilities
computed from our precipitation model should be more precise than the climate
mean, which is why the Brier skill score is required to be clearly positive. To in-
crease the significance of the verification results, all three scores are only computed
if the corresponding weather event occurs at least 10 times in the considered time
period.

At first, we analyze the performance of the three scores when varying the shape
parameter p and the type of the (conditional) distributions of the local scaling
variables C1, ..., Cso3. The results confirm what we found in Sect. 6.1. For almost
all shape parameters and thresholds, the gamma distribution yields the highest
Brier skill scores and correlation coefficients, although the choice of the type of the
scaling distributions has a minor effect. A more noticeable impact (particularly on
the bias) is observed when changing the value of the shape parameter p. It seems
that larger values of p are more appropriate when computing area probabilities for
higher thresholds. To obtain a bias that is as close as possible to 0 we recommend
to use the scaled Epanechnikov kernel (p = 1) for thresholds smaller than 0.2 mm,
the scaled biweight kernel (p = 2) for thresholds between 0.2 and 0.5 mm and the
scaled triweight kernel (p = 3) for thresholds of at least 0.5 mm. A larger p can
improve the bias even more for thresholds of more than 1 mm but this will also
lead to decreasing Brier skill scores and correlation coefficients and is therefore
not recommended.

We analyze the bias, Brier skill score and correlation coefficient of estimated area
probabilities and precipitation indicators, where the model configuration suggested
above is used. Since estimated area probabilities are expected to depend heavily
on the precision of the underlying input data, we also provide a comparison of
point probabilities for the locations of the weather stations obtained according to
the fitted gamma distributions (which in turn are based on the point probabilities
provided by DWD) and precipitation indicators derived from radar data. Again,
the bias, the Brier skill score and the empirical correlation coefficient are taken
into account, where scores are only computed for those weather stations at which
the corresponding weather event occurs at least 10 times during the considered
time period. This implies, however, that no verification of point probabilities for
thresholds of 5 mm or higher is possible. To avoid edge effects, only weather sta-
tions and Voronoi cells inside the boundaries of Germany are considered. Scores
for each threshold are visualized using boxplots in Fig. 4 for point probabilities
and in Fig. 5 for area probabilities.

When analyzing mean biases for estimated area probabilities, we find that there
is no systematic error for all thresholds up to 5 mm, whereas area probabilities
seem to be slightly too low for thresholds of 10 and 15 mm. More variation is
observed for single Voronoi cells. Although the bias is close to zero for most areas,
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Fig. 4 Forecast verification using radar data: scores of point probabilities that are obtained by
fitting gamma distributions to data provided by DWD. For a sequence of thresholds the biases
(top), Brier skill scores (center) and correlation coefficients (bottom) of all stations inside the
boundaries of Germany are visualized as boxplots. Thresholds of 5 mm and more are not
considered since the corresponding weather events occur less than 10 times at all weather
stations.
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Fig. 5 Forecast verification using radar data: scores of area probabilities that are estimated
based on the proposed precipitation model. For a sequence of thresholds the biases (top),
Brier skill scores (center) and correlation coefficients (bottom) of all Voronoi cells inside the
boundaries of Germany are visualized as boxplots. For thresholds of 5 mm and more only those
Voronoi cells are considered where the corresponding weather event occurs at least 10 times.
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we occasionally obtain values reaching up to —6% or +10%, see Fig. 5 top. Biases
are closer to zero for higher thresholds, since the corresponding probabilities are
smaller. Several reasons causing these occasional biases are conceivable. On the
one hand, radar measurements are susceptible to interference that can result in
systematic errors for some regions. On the other hand, we indicated in [8], where
a verification of area probabilities for the occurrence of precipitation covering the
same period is performed, that biases in estimated area probabilities are induced
by biases in the underlying point probabilities (even if these are smaller). Indeed,
we observe positive biases of point and area probabilities in northern Germany
and small negative biases in southern Germany. Thus, it seems that biases of es-
timated area probabilities are caused (and slightly amplified) by the underlying
point probabilities.

At next, Brier skill scores and empirical correlation coefficients are analyzed. In
general, these scores decrease with increasing threshold (for both point and area
probabilities), which shows that precipitation events occurring less frequently are
more difficult to predict. We find that averaged scores as well as almost all single
scores are clearly positive for all thresholds up to v = 3 mm, see Fig. 5 center
and bottom. Furthermore, a direct comparison with the scores computed from
the underlying point probabilities, see Fig. 4 center and bottom, shows that Brier
skill scores and correlation coefficients of estimated area probabilities for thresh-
olds up to 2 mm actually perform slightly better than the corresponding scores
of point probabilities. Even the few weather stations with more unreliable point
probabilities, indicated by very low (or negative) Brier skill scores and correla-
tion coefficients, do not affect estimated area probabilities very much. This is a
particularly nice result. Again, we observe that best results (i.e., highest Brier
skill scores and correlation coefficients) are obtained in those regions where the
underlying data are the most reliable (i.e., have the highest Brier skill scores and
correlation coefficients), whereas small insufficiencies in our method seem to be
influenced by less reliable data. A meaningful verification of area probabilities
estimated for thresholds of 5 mm or higher is difficult since the corresponding
(extreme) precipitation events occur rarely in the data. For example, a verifica-
tion of area probabilities is only possible for 34 Voronoi cells if the threshold is 10
mm and for only 1 Voronoi cell if the threshold is 15 mm. Brier skill scores and
correlation coefficients are significantly smaller than for lower thresholds but still
positive for most test areas. Although our results indicate that our procedure gives
more reliable area probabilities for extreme precipitation events than the climate
mean, we also observe that forecast quality is considerably lower than for smaller
thresholds. Thus, such area probabilities should be handled with some caution.

The previously computed scores are only able to assess forecast quality in de-
pendence of a chosen threshold. To conclude forecast verification we thus con-
sider a score which assesses the overall forecast quality of the proposed method.
For that purpose, we analyze the ranked probability skill score, see e.g. [2] or
[20]. This score can be considered as a multiple-category version of the Brier
skill score and is constructed as follows. At first, the interval [0, 00) of all pos-
sible precipitation amounts in mm is divided into a sequence Ji = [0,0.1], J2 =
(0.1,0.2],...,J11 = (10,15], J12 = (15,00) of 12 subintervals, whose endpoints
correspond to the thresholds considered above. Then, for each forecast period and
Voronoi cell we determine sequences y1,...,y12 and o1, ..., 012, where y; denotes
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Fig. 6 Forecast verification using radar data: ranked probability skill scores for point prob-
abilities (obtained by fitting gamma distributions to data provided by DWD; left) and area
probabilities (estimated based on the proposed precipitation model; right). Voronoi cells inside
the boundaries of Germany are colored according to the ranked probability skill scores of the
corresponding weather stations/Voronoi cells.

the probability of a precipitation amount in J; occurring within the considered
Voronoi cell (estimated according to our method) and o; is equal to 1 if a pre-
cipitation amount in J; is observed according to radar data and 0 otherwise for
i=1,...,12. Then, the ranked probability score RPS is computed as

e ((B)-(5)

Similar as for the Brier skill score a reference rank probability score RPS is com-
puted based on the climate mean and the ranked probability skill score is de-
termined as 1 — RPS/E]\DTS’. Analogously, ranked probability skill scores can be
computed for the underlying point probabilities. Values of this score should be
positive and as high as possible. Fig. 6 shows the ranked probability skill scores of
all weather stations and Voronoi cells inside the boundaries of Germany. All com-
puted values (except for three stations) are clearly positive with values between
0.15 and 0.4. In particular, we find that scores for area probabilities have similar
values as those for point probabilities, which indicates that our method provides
forecasts that have a similar quality as the underlying data. The mean ranked
probability score of area probabilities even has a higher value than that for point
probabilities (point probabilities: 0.25, area probabilities: 0.28). We conclude that
precipitation events occur mainly in those areas and forecast periods, where the
corresponding estimated area probabilities are high.

7 Conclusion

In the present paper we extended a stochastic modeling approach for the compu-
tation of area precipitation probabilities, which was recently introduced in [8]. For
the first time, a combined model for precipitation cells and precipitation amounts
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is given, which allows for the estimation of area probabilities for the occurrence
of precipitation exceeding arbitrary thresholds while fulfilling requirements for ap-
plication in operational weather prediction. In the proposed model, precipitation
cells are represented by a non-stationary germ-grain model with circular grains
described by a sequence of random local intensities and a random grain radius.
A randomly scaled response function is assigned to each precipitation cell and
the summed response functions are interpreted as random precipitation amounts.
Most model characteristics, i.e., intensities of precipitation cells, cell radius and
expectations and variances of random scaling variables, were computed for each
forecast period separately based on point probabilities for the occurrence of precip-
itation exceeding different thresholds. In particular, all characteristics are deter-
mined algorithmically based on predicted point probabilities, i.e., no precipitation
observations are needed for model fitting. Since no further input of the forecaster
is necessary and due to the reasonable computation time, the method is suitable
for the issuing of automated weather predictions and warnings on a nation-wide
scale.

A comparison of estimated area probabilities with precipitation indicators obtained
from radar data showed a very good agreement. For thresholds up to 3 mm we
received reasonable Brier skill scores and correlation coefficients for almost all test
areas (in many cases even higher than for underlying point probabilities). Biases
were close to zero for most areas but also showed some deviations occasionally.
Although we described possible reasons causing these biases, a higher precision of
estimated probabilities will be a goal of future work. For higher thresholds (5 mm
or more) forecast verification shows less significant results. It seems that area prob-
abilities are slightly underestimated and forecast quality is lower than for smaller
thresholds. Nevertheless, we obtained positive Brier skill scores and correlation
coefficients for most test areas indicating that predicted probabilities are superior
to naive estimators as the climate mean. The analysis of ranked probability skill
scores also reveals a clear relationship between estimated area probabilities and
radar observations. Here, we get similar values for point and area probabilities,
too, which indicates that forecasts provided by the proposed method have a sim-
ilar quality as the underlying data. On the other hand, however, we observe that
the considered verification scores for area probabilities correspond strongly to the
scores of underlying point probabilities. Thus, precise and unbiased data are cru-
cial for the success of the presented method. Although it is not completely clear
whether the lower quality of area probabilities for extreme thresholds is caused
by the underlying data or the method, we will consider the computation of more
precise area probabilities for extreme precipitation events as one major goal in
future research. It also needs to be investigated how the presented approach works
for areas with sizes and shapes varying from those investigated here or in regions
with different climatological or geographical conditions than central Europe.

The proposed methodology is not only expected to further sensitize the meteoro-
logical community for the difference of point and area probabilities and thus will
strengthen the consideration of area probabilities (for different weather events) in
probabilistic weather prediction. Additionally, the proposed precipitation model
can also be used to estimate further characteristics that might be interesting for
the issuing of weather warnings (and do not necessarily depend on extreme pre-
cipitation events). For example, it is possible to estimate the mean cumulated
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precipitation amount that occurs in an area, e.g. the drainage area of a river,
over a longer time period to assess flood risks. Such applications, however, are
beyond the scope of the present paper and could be a topic of future research.
Furthermore, this kind of models can be applied to other weather events, e.g., the
occurrence of wind gusts or thunderstorms exceeding a certain strength. However,
it is crucial that the size of “cells” in the considered weather event is not too small
in comparison to the density of weather stations.

Appendix

We give a brief derivation of equations (6) and (7) for the conditional expectation
and variance of the random precipitation amount I} at ¢ € W given {E = e}.
In order to derive (7), we need the following general result for Poisson processes.
Let {Y;,i = 1,2,...} be a Poisson process in R? with locally integrable intensity
function A : R? — [0, 00), second-order moment measure (2 : B(R?xR?) — [0, oc]
and second-order product density Q(Q) ‘R xR? - [0, 00). Furthermore, let f, g :
R? — [0,00) be two nonnegative measurable functions. By using the definition of
the second-order moment measure and the result that o® (z,y) = A(@)A(y) for
z,y € R? see e.g. [4], p. 119, we get

(o] oo

E(Y rv)d gy | =E{ D f(¥i)a(¥y)

i=1 j=1 i,j=1

- / / £(2) g(w) 1 (d(z, )
- / / £(2) () 0 (2, 9) A, ) + / F(x) g(x) M) da
- / f(2) Mz) da / o(y) \(y) dy + / F(2) 9(2) Ax) de.

We start with equation (6) for the conditional expectation E(I;|E = e) of I}
given {E = e}. In the following, we again use the notation introduced in Sect.
4, ie,let aj = E(4;|E =¢e), ¢; = E(C;|E =e) and & = var(C; | E = e) for
j=1,...,nand r = E(R|E = e). Recall that conditioned on {E = e} the point
process {X;,i =1,...,Z} is a Poisson process with intensity function {\;,t € W},
where A\e = 377 a;lv(s,)(t) for all t € W. Furthermore, {X;,i = 1,...,Z} is
conditionally independent of the scaling variables C1,...,Cy given {E = e}. By
applying the Campbell theorem for point processes (see e.g. [1], Theorem 4.1) we
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get

Z n
E(LE=e)=E [ 33 Cily ) (X0)Ky(t, Xi, R) ‘ E=e

i=1j=1
E = e)

z
= ch E (Z IV(Sj)(XZ‘)Kp(t,Xi,T)
i=1
t —z|?
¢ /Ivm)(w) (1—| 7«2‘ ) Ty(e,ry (@ Zakfvm)
T

j=1
t— 2|2\P
E(C; |E =) aj/ (1—%) dz.
1 V(s;)Nb(t,r) r

3

[
NE

J

|

J

Now, we consider the conditional variance var(I; | E = e) for a fixed t € W. To
simplify the notation we introduce the function f; : R* — [0,00) with f;(z) =
Iy (s,)(2)Kp(t,z,7) for all x € R? and j = 1,...,n. Obviously, f;(x)fx(z) = 0 for
all z € R? if j # k. Furthermore, [ f;(z)dz = I(s;,t) and [ f7(z)dz = I(s;,t) for
j=1,...,n, where I(s;,t) and I(sj,t) are defined according to equations (8) and
(9). By using the result for Poisson processes shown before and that conditioned
on {E = e}, the scaling variables C1,...,Cy are independent of each other and of
{Xi,i=1,...,Z}, we get that

2

zZ n
E(Ff‘E:e):E ZZ Ty (o) (X0) Ko (L, Xi, R) ‘E:e

||
NgE

Yo CkZIV(S V(X)) Ky(t, Xi, R) ZIV(Sk) Xl)Kp(t,Xl,R)‘E:e

1k=1 =1

zZ
E(C;Ci | E = o)E (Z LX) fu(X0) | B = )

1=1 =1

J

Il
WE
NE

1k

1

<.
Il

[
M-
NE

<
Il
—
b
Il

B(Co B =0 ([ e e [ R adss [ i i)

1
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=

Il
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Il
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Moreover, according to equation (6), we get

n t—$|2 P
E(I|E=e)’ = c»a~/ <1—‘7) da
(= ) 7 I re

Jj=1

n n

ZZ icrajarI(s;,t) I(sk,t)

= I (sj,1t) +ZZCJ ckajar I(s;,t) I(sk,t).
j=1 j=1k=1
k#j

3

Finally, combining both representation formulas results in

var(It | E =) =E (I | E =) = (I} E =¢))’

I
WE

E(C_72|E:e) (G?IQ(Sj,t)—Fajj(Sj, ) ZC] a] Sj,t)

1

.
Il

I
M=

& [asl(s;,t) + a3 1%(s,1)] £ a5, 1),
1 Jj=1

.
Il

which coincides with the representation formula for the conditional variance of I
given in (7).
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