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ABSTRACT. Local variations in the 3D microstructure can control the macroscopic behavior
of heterogeneous porous materials. For example, the permittivity through porous sheets or
membranes is governed by local high-volume pathways or bottlenecks. Due to local variations,
unfeasibly large amounts of microstructure data would be needed to reliably predict such ma-
terial properties directly from image data. Here it is demonstrated that a vine copula approach
provides parametric models for local microstructure descriptors that compactly capture the
3D microstructure including its local variations and efficiently probe it with respect to se-
lected, measurable properties. In contrast to common methods of complexity reduction, the
proposed approach creates parametric models for the multivariate probability distribution of
high-dimensional descriptor vectors that inherently contain the complex, nonlinear dependen-
cies between these descriptors. Therein, material properties are offered in physically motivated
distributions of microstructure descriptors rather than as normally distributed data. Applied
to porous fiber networks (paper) before and after unidirectional compression, it is shown that
the copula-based models reveal material-characteristic relationships between two and more mi-
crostructure descriptors. In this way, the presented modeling approach can provide deeper
insight into the microscopic origin of effective macroscopic properties of heterogeneous porous

materials.
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1. INTRODUCTION

Although heterogeneous porous materials surround us in daily life, be them membranes, fiber-
reinforced materials, wood, concrete, or paper, it is still a challenge to predict their macroscopic
behavior from the microscopic structure. In contrast to ordered or homogeneous materials, such
materials exhibit pronounced local variations in their microstructure, so that structure-driven
material properties depend on the actual location in the material. Consequently, also any rela-
tionship between these properties depends on their local spatial correlation. Reliable predictions
are therefore only possible if models are informed about the limits in which the underlying local
microstructure descriptors vary over the entire sample and how likely certain local realizations
of relevant descriptors, so-called configurations, occur. If it is known how often, i.e., how likely,
each permissible configuration occurs in the material, it is possible to quantify how these descrip-
tors vary across the material due to the heterogeneous structure. In mathematical terms, the
likelihood of encountering a given configuration of microstructure descriptors can be computed
from the joint multivariate probability distribution of these descriptors.

When focusing on the 3D morphology of the microstructure, multiple geometric descriptors
are needed to capture the complex microstructure and to distinguish it from the structure of
other materials. If the microstructure is known, e.g., from tomographic imaging of the material,
possible configurations and, consequently, the spatial variations and relationships between the
geometric descriptors are contained in the 3D image data. However, since such data sets are
typically very large, the key challenge is to cast the information contained in the microstructure
into a much more compact form, i.e., to provide and compactly store the parameters of high-
dimensional multivariate distributions.

In this article, we demonstrate the use of R-vine copulas to build and apply a compact, para-
metric model for the multivariate distribution of microstructure descriptors. Such vine copulas
represent the distribution contained in the 3D image data more flexibly and more precisely than
conventional multivariate distribution models. Unlike the latter, vine copulas reliably predict
highly likely as well as rare configurations [I] and inherently describe nonlinear relations be-
tween various descriptors of the 3D microstructure. This flexibility of R-vine copulas is rooted
in their construction: One assembles simple and easy-to-interpret building blocks. The first
building blocks are the univariate distributions of each descriptor. Then, the univariate dis-
tributions are coupled in pairs with one or two additional model parameters using bivariate
copula functions. These model parameters directly provide the relationships between pairs of
microstructure descriptors. Since R-vine copulas are not routinely used for designing multivari-
ate distribution models to capture heterogeneous materials, we illustrate the conceptual steps
necessary to construct such a distribution from 3D image data considered in the present article.

With this compact model of the multivariate distribution at our disposal, we will (i) showcase
how to extract relationships between pairs or even triples of microstructure descriptors, (ii) show
that we are capable of finding relations that are not revealed with other methods, and (iii) show
that these relationships are characteristic for our heterogeneous materials.

Paper sheets serve here as a heterogeneous porous model system to instructively explain how
to construct and use such multivariate probabilistic models. The pore space in paper sheets,
that is accessible to 3D imaging techniques such as microcomputed X-ray tomography [2] 3] 4]
or FIB-SEM, [5] [6] is associated to pores formed between fibers. When a paper sheet is formed,

the number and diameters of the locally involved fibers may profoundly vary [7]. This variation
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results in a pronounced heterogeneity of the pore space, especially in the plane of the sheets.
Intriguing microstructure descriptors of the pore space with foreseeable local variations are the
porosity " (i.e., the volume fraction of the pore space), the sheet thickness , and the specific
surface area Sy (i.e., the surface area per unit volume) [4, 8, 9} [10} [IT]. For the investigation of
transport phenomena, also the lengths of transportation pathways through the sheet are crucial.
To provide such lengths, we consider here g, the mean geodesic tortuosity of all pathways, and

3, the mean geodesic tortuosity of pathways with a minimum radius of 3 m, to account for
high-volume pathways [12].

Thanks to two deliberately chosen paper grades, markedly different realizations of the mi-
crostructure descriptors can be offered for modelling (Figure : A new, second paper grade was
formed from an original paper grade by compressing the sheets unidirectionally in the thickness
direction without allowing the fibers to change their in-plane orientation [I13]. In the original
paper, there are pronounced variations in the local thickness, as the number of stacked fibers
laterally varies from place to place (uncompressed, Figure ,c). During the compression pro-
cess, the original paper was converted to a paper with only slight local thickness variations, but
marked lateral variations in the space between stacked fibers (compressed, Figure ,d). While
compression predominantly reduces the space between stacked fibers in previously thicker re-
gions, previously thinner regions remain practically unchanged. Further structural changes,
such as significantly deformed fiber cross sections or even densification of the fiber walls, are
not expected. Since the two paper grades still share the same fiber type and in-plane distribution
of fibers (i.e., same basis weight), it possible to interpret model-predicted changes in relations
between descriptor pairs as a result of compression. The microstructure dataset associated to
each paper grade stems from X-ray computed microtomography scans is large enough to ensure

that local variations in the descriptors are fully captured [13].

uncompressed compressed

— — — — —
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FIGURE 1. Microstructure of a local cutout from uncompressed (a,c), and
compressed paper (b,d) obtained with X-ray computed microtomography [13].
Shown is the fiber material in a cross section of the cutout (a,b) and within the
3D-rendered volume (c,d). This visualization only shows a small region of the
available image data. Courtesy of E. Baikova.

In a first use case, our model formulated in terms of these five microstructure descriptors
directly reveals how strongly descriptor pairs are cross-related in each paper grade. As a second

instructive use case, we will combine our knowledge on porosity " and specific surface area Sy
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to unravel the relation of the latter to the more routinely quoted surface area per unit mass.
As a final model application involving three or even four microstructure descriptors, we show
how the conventional Bruggemann-relation between porosity and tortuosity can be material-
specifically modified to reliably predict mean geodesic tortuosities ¢ and 3 from knowing local
porosity and local thickness. Such a relation is a highly desirable to ease the prediction of
structure-determined transport properties such as local air permeances [12].

2. CAPTURING LOCAL VARIATIONS AND CORRELATIONS WITH R-VINE COPULAS

The five local microstructure descriptors considered in the present study are modeled by a
random vector W pWy;:::;Wsq  p™; ;Sy; o; 30 A realization W pwy;:::;wsq P R® of
W can be interpreted as the vector of descriptors evaluated for a predefined local inspection
region. In principle, the multivariate distribution of the random vector W is readily sampled by
collecting the configurations of p"; ;Sy; o; 30 in non-overlapping inspection regions of a given
size. This yields a sampling-dependent point cloud in the five-dimensional descriptor space.
Based on such a point cloud, we calibrate the probabilistic model. In other words, we seek for
a multivariate probability density function f: R® r0; 8q of p"; ;Sy; o; 30 which describes
the observed data appropriately and, in particular, reflects interdependencies between pairs of
descriptors accurately. While it is possible to model multivariate probability density functions
directly, for example by kernel density estimation, such an approach does not allow for adjusting
the final model and makes inter- or extrapolation to different scenarios impossible.

We therefore choose to employ a parametric approach. By using so-called R-vine copulas,
parametric univariate and bivariate distributions can be combined to construct the multivari-
ate probability density function of a random vector in arbitrary dimension, where no limiting
assumptions on the shape of the marginal distributions are necessary.

In this section, we explain the theory underlying this approach at the example of the five
local descriptors of paper sheets mentioned above, and demonstrate the increased flexibility and
accuracy that this type of modeling approach brings compared to classical techniques, such as

multivariate normal distributions or product densities.

2.1. Univariate distributions. As a first step, we analyze the univariate distribution of each
local descriptor individually. That is, we are interested in modeling the univariate probability
density functions f;: R r0;8q, i  1;:::;5, which are the density functions of the compo-
nents W; of W pWy;:::; W50. Each of these density functions is determined by the frequency
of encountering values of the corresponding descriptor across the sample. From these observed
frequencies, an empirical density function is determined by kernel density estimation [14]. In
order to obtain a parametric model, these empirical densities are approximated by an appro-
priate parametric probability density function with correspondingly adjusted parameters. A
candidate probability density function is found appropriate if (i) it approximates the empirical
density well and (ii) the function accounts for the descriptor distributions regardless of the size
of the inspection region [15]. Furthermore, it is desirable, albeit not necessary, that (iii) the
support of the distribution is consistent with the nature of the descriptor. The last aspect often
excludes the classical Gaussian density function of the normal distribution, as its support is the
whole real line, and it cannot accurately represent distributions that are skewed to one side.
By employing criteria (i)—(iii) explained above, we follow a data-driven approach in modeling

the univariate distributions of the five local descriptors. To find the best fitting model density
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functions, we did not impose physically motivated density functions. For a general overview on
candidate density functions the reader is referred to [16].

Figure 2 shows that the empirical density functions (lled symbols) are accurately approx-
imated with their respective tted parametric density functions (open symbols) in all cases.
Depending on the descriptor, we either use beta, generalized gamma, Weibull, or Rician dis-
tributions. Their parameters are tted via maximum likelihood estimation [17], where the
procedure for beta and shifted gamma distributions follows [15] and the one for the Rician
distribution follows [18].

Figure 2. Univariate density functions of microstructure descriptors porosity

" (@), sheet thickness (b), specic surface areaSy (c), as well as the mean
geodesic tortuosities g (d), and 3 (e) for the uncompressed and the compressed
paper sample. The densities of microstructure descriptors computed from 3D
image data via kernel density estimation ( lled symbols) are compared with the
corresponding parametric model densities (open symbols).

For the local porosity ", beta distributions are highly suitable (Figure 2a), because their sup-
port is r0; 1sand thus matches exactly the range of possible porosity values. Path-length-related
descriptors o and 3 are modelled with shifted generalized gamma distributions (Figure 2d,e).
Shifting the gamma distribution ensures that its support does not exceed the range of possible
tortuosity values, because g; 3 ¥ 1. Moreover, gamma distributions readily account for skewed
distributions, be that for the tortuosities o; 3 (Figure 2d,e) or for the local thickness in the
uncompressed paper (Figure 2b). The Weibull distribution models the local thickness (Fig-
ure 2b) and the local speci ¢ surface aree&by (Figure 2c) of compressed paper sheets. Note that
the Weibull distribution nicely reproduces the negative skewness, that compression induces in
the distributions of and Sy. As already discussed in [13] for local thicknesses, a negative skew-
ness indicates that there are less outliers towards high values ofand Sy,. The speci ¢ surface
areaSy of uncompressed paper sheets (Figure 2c) is modeled by a Rician distribution. Though
a tto a normal distribution has a comparable quality, a Rician distribution is preferred, since
its support is the positive half axis, i.e., only positive Sy -values are permitted. The expressions
for the probability density functions used in this article, their adjustable parameters, and their

support are provided in the Supporting Material.
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Figure 3. Pairwise Pearson correlation coe cients squared for porosity ('),
sheet thickness (), speci ¢ surface area (&), and the two path-length related
descriptors ¢ and 3 for the uncompressed (left) and compressed (right) paper
sheets. Labels in red indicate positive correlations, labels in blue negative cor-
relations. To guide the eye through changes in correlations upon compression,
some property pairs are highlighted with a box. Green bars (down triangles)
indicate pairs, whose relations weaken after compression; yellow bars (up trian-
gles) indicate pairs with increased dependence after compression.

2.2. Multivariate distributions and copulas. Recall that we consider the ve descriptors
", ,Sv, o, and 3 as components of a random vectoW p Wi;:::;Wsq As we ultimately
want to model the joint distribution of the random vector W, we are interested in the multi-
variate probability density function f : R® N r 0;8q of W. Since we already have a parametric
representation of the univariate density functionsf;, i 1;:::;5, the simplest approach would

fpwve;iii;wsq  fipwvaQ:::fspwsg for all wy;:::;ws PR. D

However, as this approach ignores all interactions between the descriptors, this model &f only
leads to reasonable results if all ve descriptors are independent. In Figure 3, the values of
the squared empirical Pearson correlation coe cient [19] are visualized for all descriptor pairs

for the compressed and uncompressed paper sheets. As these values are non-zero and most of
them signi cantly di er from zero, the ve local descriptors are not independent and therefore

in uence each other. These dependencies, which we model separately, have to be taken into

account in order to obtain an accurate model for the joint distribution of the random vector
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W. For a more detailed discussion on the e ect of compression on the correlation between
descriptor pairs, see Section 3.1.

In the fortunate case of a multivariate normal distribution, it is enough to incorporate these
pair-wise correlation coe cients in the covariance matrix in order to capture the dependencies
between the individual descriptors [9, 20]. However, as shown in Section 2.1, the marginal dis-
tributions of the descriptors cannot be approximated well by normal distributions. We therefore
require a more advanced approach for modeling the interdependencies between the individual
descriptors, which is precisely what so-called copulas can be used for.

Formally, for any xed integer n ¥ 2, wheren 5 in our case, a functionC: r0;1s" N r 0; 1s
is called a copula if it is the multivariate probability distribution function of a random vector

uniform on r0; 1s
The merit of this concept is that it allows to decompose the information carried by the mul-

parts. One part is the information about the univariate marginal distributions, which is carried
by the univariate probability density functions or, equivalently, the corresponding cumulative
distribution functions of Wy;:::;W,. The second part is the information about the correla-
tion of the random variables W1;:::; W,. In the context of multivariate normal distributions,
such a decomposition is available by combining univariate normal distributions with a suitable
covariance matrix. This strategy becomes available for all types of marginal distributions and
correlation structures when copulas are used. This idea is formalized through Sklar's theo-
rem (see,e.g., Theorem 1.1 in [21]), which states that for any cumulative distribution function
F: R" N r 0; 1s of an n-dimensional random vector there exists a copulaC such that F can be
written in terms of its marginal distribution functions F;,i 1;:::;n; and C as

in the respective univariate distribution functions F;i, i  1;:::;n. This splits the problem of
modeling a multivariate distribution into the two subproblems of modeling the distributions

of the individual components, and modeling their correlation structure separately. Moreover,
if the distribution of the random vector W is absolutely continuous and, in particular, if its
multivariate distribution function F is di erentiable, the multivariate density function f corre-
sponding to F can be expressed via the density functiorc: r0; 1" N r 0;8q of the copula C,
together with the marginal densities f;, of the componentsW;, i 1;:::;n, by

in

fpvi;iii;wag € Fipvag:ic; Fapwng fipwig forall wy;:::;wh PR. 3)
i1
In general, this is the product of an n-variate density function ¢ and n univariate density

that the multivariate density f is represented by a product of univariate and bivariate density
functions only.

In brief, the necessary steps involve (i) applying the chain rule for conditional density func-
tions and (ii) recursively expressing each conditional density by some (conditional) bivariate

7



tilde symbol is used to emphasize that these probability densities and distribution functionsff;
can be either unconditional bivariate ones or conditional ones with respect to one or more other

found in the Supplementary Material.
Step (iii) decomposes each bivariate densityfj (regardless whetherffj is conditional or not)
using a bivariate copula densityc; as in Equation (3) by

fipvi;wig  cp FipvigFipwig fipvigfjpyg  for all wi;wj PR; 4)

where fi; is some (conditional) univariate density with the corresponding cumulative distribu-

(conditional) bivariate copula function €; : R> N r 0; 1s given by
B*Cj puiujq
Bui By;
Ultimately, the multivariate density f can be decomposed into factors of the form given in

Equation (4), which implies that we only need to model (conditional) joint distributions of
descriptor pairs pW;; Wj qto capture the full correlation structure as in Equation (3). For this,
many parametric families of bivariate copula densities are readily available in order to achieve
a good t to the bivariate densities, see the Supplementary Material for further detalils.

Cij pui; u;q for all uj;u; P10;1s (5)

2.3. R-vine tree representations. To nd all univariate and bivariate densities that ulti-
mately enter the decomposition in Equation (3), it is not necessary to step through the formal
decomposition (being provided in the Supporting Material). Instead, an appropriate structure
for the decomposition can be determined using a graph representation with trees. So-called
regular vine (R-vine) trees give rise to a pair-copula decomposition of the multivariate den-
sity [22]. A specic choice of bivariate copulas for every pair in this decomposition is then
called an R-vine copula.

We Illustrate the graph representation for the case of three descriptors i(e., considering
W p Wi;W;; W30 added to the R-vine tree one by one, see Figure 4. If we only consider
one descriptor Wy, then f is equal to f1, see Figure 4a. In Figure 4b, two descriptorswy
and W, are considered, which adds the univariate densityf, (circle) and a third factor ci.
(square, connected by a dashed line to the edge of the graph above). The latter factay., is
a bivariate copula density and accounts for the correlation betweenW; and W5 in the spirit of
Equation (4). Figure 4c extends this scheme to incorporate a third descriptorWs;. The new
factors are the univariate density f 3 (circle), the bivariate copula density c,.3 (square), and the
conditional copula density ¢;.3.2 (diamond), which models the dependency between descriptors
W, and W3 given that W,  w, for somew, PR, see Equation (3.23) in [22]. In the spirit of
c1:3:2, We will list all descriptors, to whose values bivariate copula densities are conditioned, as
indices after the semicolon inc.. In general, this conditional copula density c1:3.> depends on
the value w, PR of W».

In the following we assume the so-called simplifying assumptioni.e., that copulas of condi-
tional distributions do not depend on the value we are conditioning on. This is a commonly
used simpli cation step that enormously reduces the complexity of the model. Without this
step, the number of parameters for the nal ve-dimensional density would become computa-

tionally infeasible. Under this assumption, the copula densityciz.op ; ;w2qdoes not depend
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on the particular choice of w,. This allows us to model the joint distribution of Wq;W,; W3 by
means of three bivariate copulas and the three marginal distributions. We will see later that the
distribution of our data is modeled reasonably well under this assumption; for a more detailed
discussion on the simplifying assumption, see [23].

Figure 4. Pair copula decomposition off represented by graphs for the example
of one (a), two (b) and three correlated descriptors (c). Each vertex in a graph
corresponds to a density function that enters the vine copula off as a factor.
Edges indicate a dependence between two descriptors. As a guide for the eye, all
factors associated to a new descriptor added are connected with a diagonal, grey
bar. Each new descriptori extends the scheme to the right via factors (vertices)
aligned along such a diagonal and adds a new tre§ 1 if i ¥ 2.

All factors occurring in this decomposition are arranged in graphsT,, form  1;2. Vertices in
graph Ty visualize factors depending on one descriptor and correspond to univariate densities.
Edges (solid lines in Figure 4a and 4b) mark the dependencies between the variables of the
connected vertices and indicate a bivariate copula (dashed line). The densities;.> and cz.3 of
these bivariate copulas enter graphT, as a vertex if W, and W3 are connected by an edge ifT»
(Figure 4c).

Collecting all factors generated with the graphsT; and Ty, the density f of W p W1; W>; W3(
is given by

fpvi, Wo,waq  Cp3;2 Fiopwi; Wog Faiopws; Woq (6)
Co:3PpF 220G Fapvagaeye Fapwig Fopwoq fapwadf 2pwodf 1pvig

for all wi;wo;ws P R, where ¢j : r0;1 N R denotes the bivariate copula of W; and W;,
le i & 3 ci:32is the conditional copula density of Wy and W3 given the value of W
under the simplifying assumption, and Fi.op; ws) is the cumulative distribution function of W;
given that W>, ws fori  1;3, see also Example 4.1 in [22]. In the general case nfrandom
descriptors for some xed integern ¥ 2, a particular decomposition is represented as a sequence
ofn 1treesTy;:::;Th 1.

2.4. Resulting R-vine copula structure. The representation of the joint density of a ran-
dom vector through R-vine trees is not unique. For instance, the descriptor indices 12; and 3
can be permuted in Equation (6). Commonly, the variables in the vine trees are ordered based
on the strength of the pair-wise correlations. Performing such an ordering for the pair copula de-

composition gives trees for uncompressed (Figure 5a) and compressed paper sheets (Figure 5b),
9



in which the descriptors arrange in treeT; depending on whether the paper has undergone com-
pression or not. We will interpret in which detail the trees of uncompressed and compressed
paper sheets di er later in Section 3.1. Figure 5a,b shows that order and arrangement of the
descriptors (in tree T1) can di er from the ordering in the initially introduced random vector

W p" ;Sv; o; 3gand from the example tree in Figure 4. Hence it is convenient (i) to index
the copula densities by the descriptors rather than their corresponding indices, for example;.s
is denoted by ¢ ,, and, (ii), to indicate descriptors to be conditioned on after the semicolon
in the copula indices (in analogy to the notation used in Equation (6)); e.g.,c- . .. , is the
conditional bivariate copula density of g'; qgiven the values of g and 3 under the simplifying
assumption.

Figure 5. (a,b) Tree representation of pair copula decomposition obtained by
tting R-vine copulas to the multivariate distribution of the local descriptors
porosity ", sheet thickness , surface area per unit volumeSy and path-length re-
lated descriptors g and 3. Tree representations are shown for uncompressed (a)
and compressed (b) paper sheets. Colored vertices of tre@s; Tz and T4 indicate
the size and sign of Kendall's tau ¢ . (c-e) Determination of the material-speci ¢
order of descriptors in tree T; using maximum spanning trees for the uncom-
pressed (d) and compressed paper sample (e). (c) Graph in which descriptors
are vertices arranged as in the random vectoWW p "; ;Sy; o; 3gand all pair-
wise connections represented as edges. (d,e) Shows how the maximum spanning
tree for the graph (c) is determined by connecting descriptors with strongest
pair-relations in descending order.

The arrangement of descriptors in Figure 5a,b strictly results from an ordering algorithm
applied to the paper-speci ¢ data. This algorithm is implemented in the statistical software
packageRby the function RVineStructureSelect inthe packageVineCopula, see p. 134 in [24].
In brief, the structure of the trees is determined using maximum spanning trees with respect to

Kendall's tau [22], which is a rank correlation coe cient used to quantify the ordinal association
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between two measured quantities. In the rst step we consider a complete graph in which every
vertex represents a descriptor, see Figure 5c). Then, every edge represents a descriptor pair
and receives a weighting based on the value of Kendall's tau. The so-called maximum spanning
tree of this graph is determined according to Kruskal's algorithm, as illustrated in Figure 5d,e).
Edges are marked (green lines) according to the absolute value of Kendall's tay, g |, that

is associated with the pair correlation of the vertices connected by the respective edge. The
marking starts with the edge of largest| k| (indexed with 1) and continues in descending
order of | k| (indices 2,3, and 4). If an edge is marked that connects vertices that are already
connected via previously found edges, the edge (marked as purple line) is not considered in
the tree and one proceeds with the edge of next lowefr k |, for example discarding edge 3a in
favor of edge 3b in the uncompressed case. The marking stops as soon as all ve vertices are
connected, i.e., four edges are identi ed. The resulting tree contains the descriptopairs (e.g.,

p; 3qandp 3; oqin T1) as edges whose joint distribution is to be modeled by a bivariate copula
function.

As the descriptors are arranged inT; according to their position in the maximum span-
ning tree (cf. Figure 5d,e)), the most strongly related pair (with the highest absolute value of
Kendall's tau) is not necessarily placed in left-most position. In the next step, theedgesof the
maximum spanning tree become the vertices of a new graph (vertices if,). The set of edges of
this new graph is constructed according to the so-called proximity condition, see p. 98 in [22], to
ensure that the formal decomposition of the resulting vine into bivariate copulas is well-de ned.
The proximity condition requires that the corresponding edges of two connected vertices (e.g.,
C,. ,andc . in T, Figure 5a) of the new graph share a common vertex in the previous tree
in T1). This common vertex represents the common descriptors on which subsequent bivariate
densities are conditioned on € ,. . , in T3). Due to the simplifying assumption, these conditional
descriptors are ignored and Kendall's tau is again determined on the remaining descriptor pair.
A maximum spanning tree is computed and the procedure is repeated recursively until only one
vertex remains in the nal tree.

2.5. Bivariate distributions. With the R-vine decomposition shown in Figure 5 at hand, the
only remaining step is to t a bivariate copula function to every descriptor pair in the R-vine
trees. The procedure for this is implemented by theR function BiCopSelect in the package
VineCopula, where a wide range of parametric copula families is available for tting, see p.
69 in [24] for a full list. First, the parameters of all available copulas are determined through
maximum likelihood estimation. The selection of the parametric family is then performed
according to the Akaike information criterion [19].

The resulting ts for the joint bivariate densities are shown in Figure 6 for the examples
of (i) the porosity " and specic surface areaSy (Figure 6a and 6b) and (ii) for the porosity
" and thickness (Figure 6¢c and 6d). For the descriptor pairs appearing in the rst tree of
the R-vine decomposition (T1 in Figure 5), this is a direct t of a bivariate copula function to
the joint bivariate densities. For the conditional distributions of descriptor pairs appearing in
the subsequent trees, it is a t under the simplifying assumption. All empirical and copula-
modeled joint bivariate densities as well as the chosen copula families and their associated copula

parameters are provided in the Supporting Material.
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Figure 6. Bivariate probability densities of porosity " and speci ¢ surface area
Sv (a,b), and of porosity " and sheet thickness (c,d), each shown for the un-
compressed (a,c) and compressed (c,d) paper sheets. For each case, the bivariate
density obtained via kernel density estimation is shown for measured image data
(left) and simulated data drawn from the copula-based model (right).

3. Interdependence relations for microstructure descriptors

With the parametric model described above, the multivariate probability distribution of
W p" ;Sv; o; 3gcan be analyzed with respect to di erent aspects. In particular, we use
the R-vine copula model in order to quantitatively assess the impact of compressing the paper
sheets. This compression acts only in the thickness direction, compacting the paper mainly
in thicker areas with many stacked bers, without the possibility of changing the in-plane
orientation of the bers, see Section 2 in [13].

In this way, a sample with a roughly uniform mass density and marked thickness variations
(uncompressed) was transformed into a sample of marked mass density variations with only
small thickness variations (compressed).

The copula-based model, the tree representations of which are shown in Figure 5, allow us
to quantify compression-induced di erences in multiple di erent ways.

3.1. Interdependence relations distinguish paper grades. The tree representations of
the parametric R-vine copula models inform on dependence structures between the descriptors
for the two paper grades (Figure 5a,b). Each set of trees reveals the strongest, most-needed
relationships with descriptors based on Kendall's tau in treeT,. For uncompressed paper, for
example, the three pairs that can be formed between the porosity’ and the two path length
descriptors ¢ and 3 relate most strongly (cf. Figure 3), but only two pairs appear in the
tree Ty, P'; 3gand p 3; og (Figure 5a). The pairwise relationship p'; oqis quite strong, but is
not considered in T; because it is the least strong and therefore least needed to quantify the
joint variations in ", o, and 3. Compression leads to a signi cant change in the dependency
structure; it rearranges the descriptors within the rst tree T, (Figure 5b) to emphasize the
strong interdependencies betweeti, with Sy. In contrast to the uncompressed sample, o and

3 interact only weakly with the other three descriptors.
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