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Abstract. Froth flotation predominantly separates particles according to their differences in
wettability. However, other particle properties such as size, shape or density significantly in-
fluence the separation outcome as well. Froth flotation is most efficient for particles within a
size range of about 20 − 200 µm, but challenges arise for very fine or coarse particles that are
accompanied by low recoveries and poor selectivity. While the impact of particle size on the
separation behavior in flotation is well-known by now, the effect of particle shape is less studied
and varies based on the investigated zone (suspension or froth) and the separation apparatus
used. Beyond these complexities, many particle properties are correlated, making it challenging
to analyze the isolated impact of individual properties on the separation behavior. Therefore,
a multidimensional perspective on the separation process, considering multiple particle proper-
ties, enhances the understanding of their collective influence. In this paper the two-dimensional
case is studied, i.e., a parametric modeling approach is applied to determine bivariate Tromp
functions from scanning electron microscopy-based image data of the feed and the separated
fractions. With these functions it is possible to characterize the separation behavior of par-
ticle systems. Using a model system of ultrafine (¡10 µm) particles, consisting of either glass
spheres or glass fragments with different wettability states as the floatable and magnetite as
the non-floatable fraction, allows for investigating the influence of descriptor vectors, consisting
of size, shape and wettability, on the separation. In this way, the present paper contributes to
a better understanding of the complex interplay between certain descriptor vectors for the case
of ultrafine particles. Furthermore, it demonstrates the benefits of using multivariate Tromp
functions for evaluating separation processes, and points out the limitations of SEM based im-
age measurements by means of mineral liberation analysis (MLA) for the studied particle size
fraction.

Keywords: Multivariate Tromp function; froth flotation; multidimensional separation; ultra-
fine particles; particle shape; particle size; particle wettability

1. Introduction

Many separation processes are designed focusing on a certain particle property that is the
dominating feature for a successful separation, e.g., in flotation the particles are predominantly
separated due to differences in their wettabilities. Particles that are hydrophobic attach to gas
bubbles and are recovered through a froth, while hydrophilic particles remain in suspension,
whereby specific reagents, such as collectors or depressants, are typically used to selectively
adjust the particle wettability of the valuable or the gangue material. However, in addition

*these authors contributed equally.

1



2

to this dominating separation feature, other particle properties also play an important role
for the process outcome. In the case of flotation, apart from wettability, the particle size,
shape, density or surface roughness significantly influence the separation. Regarding the particle
size, there is a range of around 20 � 200 µm for which the separation by flotation works very
efficiently [1, 2, 3]. However, if the particles are either too fine or too coarse the recovery as well
as the selectivity decline significantly. The challenges of processing very fine particles are their
unselective recovery by entrainment (for fine particles of the gangue material), which increases
with decreasing particle size, and thus reducing the product grade. Additionally, there is a
risk of slime coating onto coarser valuable particles, inhibiting their recovery [4, 5, 6, 7, 8].
Furthermore, very fine particles have rather slow flotation kinetics since the particle-bubble-
collision efficiency depends strongly on the particle-bubble size ratio and thus decreases along
with decreasing particle size [9]. Coarse particles, on the other hand, have a high probability of
colliding with a bubble, but their particle-bubble aggregates are less stable and they can detach
from the bubble more easily than finer particles, resulting in reduced recoveries [6].

Whereas many studies come to the same conclusion on how the size is affecting the separa-
tion by flotation, the influence of the particle shape is not as straightforward. This complexity
arises from the zone under investigation, i.e., either suspension or froth zone. The choice of
the separation apparatus, i.e., micro flotation, mechanical agitator-type froth flotation, column
flotation etc., and the underlying flotation mechanism, whether true flotation or entrainment,
further contribute to the variability in how the particle shape affects the separation. Inves-
tigations in which the froth zone was more or less not considered showed that the flotation
of irregularly shaped particles and/or particles with rough surfaces is accompanied by higher
recoveries and faster kinetics than if particles are used that are rather spherical and/or have
a smooth surface. This is mainly supposed to be a result of the facilitated rupture of the liq-
uid film between the bubble and an edgy/rough particle, resulting in shorter attachment times
and higher attachment probabilities [10, 11, 12, 13, 14, 15]. Regarding the froth zone, Kursun
et al. [16] reported higher recoveries for particles that were elongated and flat than for those
that are spherical. On the other hand, Sygusch et al. [17] used a defined particle system with
different shapes and tested those using a combination of mechanical and column flotation and
compared these experiments to a benchmark mechanical cell. They showed that the influence
of particle shape on the recovery and the selectivity varies depending on the apparatus used as
well as on the wettability of the particles. Studies investigating the impact of particle shape on
entrainment also report diverse results. Little et al. [18] and Kupka et al. [19] showed that for
their particle systems the entrainment increased with increasing particle roundness. However,
Wiese et al. [20] and Sygusch et al. [17] reported that for their cases the entrainment was more
pronounced for elongated particles and fragments, respectively.

Although the wettability is the key separating feature for flotation, its effect on the process is
usually only studied with respect to the suspension zone. Here, several studies report that the
probability that a particle attaches to a bubble increases with its hydrophobicity. However, if
the froth zone is considered, particles that are too hydrophobic induce bubble coalescence, re-
sulting in the destabilisation of the froth, i.e., froth collapse, reducing the recovery, which is why
for flotation usually particles with a moderate hydrophobicity are favored [21, 22, 23, 24, 17].
Furthermore, many of these particle properties interact with each other. For example, the en-
trainment of particles is not only a function of their size but is also influenced by their mass
density (as this affects their settling velocity). Not only the wettability influences the froth char-
acteristics, but also the shape, as several studies showed that the critical contact angle varies for
differently shaped particles [25, 26, 27, 28, 29, 30, 17]. Therefore, adopting a multidimensional
view on the separation process, i.e., considering multiple particle properties and descriptors
rather than focusing on a single one, allows for a more comprehensive understanding of how
these properties collectively influence the separation behavior of particles and at the same time
reveals the interplay among these properties.
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One way of obtaining such multidimensional information about material streams (e.g. feed,
concentrate, tailings) is to use imaging methods. More precisely, by means of microscopy tech-
niques image data of the mineralogy of materials can be acquired, from which information
about each imaged particle can be extracted. This enables the computation of descriptor vec-
tors whose components quantify the size, shape and composition of particles. Some examples
of such descriptors are the so-called area/volume-equivalent diameter, the aspect ratio or vol-
ume fractions of minerals [31]. Often, it is impractical to characterize particle systems by large
lists of these descriptor vectors. Therefore, typically, univariate probability distributions are
derived for characterizing particle systems which lead to a significant complexity reduction,
e.g., the particle size distribution or the distribution of aspect ratios. However, this type of
stochastic modeling does not capture possibly correlated descriptors, e.g., small particles might
have a tendency to exhibit different aspect ratios than large particles. These dependencies can
be captured by means of multivariate probability distributions. This concept also transfers to
so-called Tromp functions which have been used in the literature to characterize separation
processes [32, 33, 34, 35, 36]. More precisely, a Tromp function can be derived by comparing
probability distributions of descriptors before and after separation [32]. In the univariate case,
the Tromp function maps a descriptor of a particle onto its separation probability. However,
the separation outcome might depend on multiple descriptors, i.e., on descriptor vectors. This
motivates the computation of multivariate Tromp functions derived by comparing multivariate
probability distributions of descriptor vectors before and after separation. In Schach et al. [34]
a non-parametric method, namely, kernel density estimation, has been used to estimate multi-
variate probability distributions from descriptor vectors in order to derive multivariate Tromp
functions. Kernel density estimation has the advantage that it makes minimal assumptions
on the distribution. However, the amount of data required to adequately model multivariate
probability distributions using kernel density estimation can become unfeasibly large if more
than one particle descriptor is considered [37]. An alternative is given by parametric modeling
approaches. Just as there are numerous parametric families of probability distributions in the
univariate case (e.g. normal distribution, exponential distribution), there are numerous families
of parametric multivariate probability distributions. Due to model assumptions, they can be
calibrated reasonably well to descriptor vectors, even in higher dimensions. Similar to Wilhelm
et al. [33], therefore, a parametric modeling approach is used to obtain multivariate probability
distributions of descriptor vectors from which multivariate Tromp functions are derived. In
the present paper, bivariate Tromp functions are considered for the two-dimensional descrip-
tor vectors of area-equivalent diameter and aspect ratio. Building on the study in [33], image
measurements are available in this work for all output streams (five concentrates and tailings),
eliminating the need for employing the optimization approach considered in [33] to determine
bivariate Tromp functions.

Overall, this work contributes to the understanding of ultrafine particle flotation in compari-
son to previous studies, in particular, the combined effect of particle size, shape and wettability
on the particle separation behavior. This is achieved by connecting classical flotation results,
including grade, recovery, as well as mass and water pull in flotation-based separation, with the
results obtained from analyzing the particle separation behavior with Tromp functions, which
are obtained from image measurements acquired before and after separation. Furthermore,
in the present paper the advantages and limitations of the use of bivariate Tromp functions
computed from image data are highlighted.

2. Materials and methods

2.1. Materials. The feed material used for the flotation experiments consists of glass particles
with different shapes, namely spheres or fragments, as the floatable fraction and magnetite as
the non-floatable fraction. Such ”model“ particle systems are used in order to have a better
control over the studied particle properties and facilitate the attribution of observed effects.
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Here, magnetite has been chosen as the non-floatable fraction, as the reverse flotation of quartz
from magnetite is a common process in the mineral processing industry. Note that glass has
been chosen as the floatable fraction instead of quartz, as it is available in different shapes
and its surface properties can be controlled easily, while having the same chemical composition.
Ultrafine size fractions of magnetite have been purchased from Kremer Pigmente, Germany, and
analysis via X-ray diffraction confirmed its purity. Any impurity phases are below the detection
limit, i.e., approximately 1 wt%. Glass spheres and fragments both consist of soda-lime glass
with an SiO2 content of around 73 % and have been purchased from VELOX, Germany, as
SG7010 and SG3000, respectively. The glass spheres considered in this study have particle sizes
below 10 µm (SG7010). Ultrafine glass fragments are obtained by milling and aero classification
of coarser glass spheres (SG3000). Figure 1 shows scanning electron microscope (SEM) images
of the glass and magnetite fractions under consideration.

Figure 1. SEM images of glass spheres (left), glass fragments (middle) and
magnetite (right).

Both glass particle fractions have a mass density of 2500 kg=m3 with a stationary settling
velocity of v-glass equal to 8:27 � 10−6m=s. Magnetite has a mass density of 5200 kg=m3 and,
with a v-magnetite of 2:31� 10−5m=s, a faster settling velocity (the calculation of the settling
velocity is based on spherical particles for the Stokes regime valid for laminar flow conditions,
which is a valid assumption for fine particles and especially for the fluid flow conditions of the
froth phase within the lamella [38]). While the magnetite was used as received, the glass parti-
cles underwent an esterification reaction using n-alcohols, which allows for generating particle
fractions with defined wettability states depending on the alkyl chain length of the alcohol used,
as presented in [39]. Three different wettability states of glass particles are used for this study:
(i) pristine, unesterified hydrophilic particles, (ii) particles that are hydrophobized using the
primary alcohols 1-hexanol (C6, Carl Roth � 98%, used as received), and (iii) 1-decanol (C10,
Carl Roth � 99%, used as received) resulting in esterified particles with moderate and strong
hydrophobicities. Table 1 displays the respective contact angles that increase with increasing
hydrophobicity, measured on equally treated glass slides.

Table 1. Static contact angles of glass slides in their pristine unesterified state (C0), esterified
with 1-hexanol (C6) and 1-decanol (C10), measured via the sessile drop method using water.
The glass slides have the same chemical composition as the glass particles and were treated
identically.

wettability experiment contact angle in ◦

C0 38:3� 0:6
C6 87:3� 1:2
C10 105:3� 0:4
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2.2. Flotation-based separation experiments. All flotation experiments have been carried
out using the newly developed MultiDimFlot separation apparatus, shown in Figure 2, which
combines mechanical agitator-type froth flotation using a bottom-driven Magotteaux machine
(12 cm x 12 cm) with column flotation, where a column length of 100 cm and a 5 cm diameter
was used. The flotation experiments were conducted at a rotational speed of 600min−1 using
an airflow rate of 0:9L=min and a superficial gas velocity of 0:76 cm=s. All experiments are
conducted in batch mode using 4:8% (w/w) pulp density with the glass particles and mag-
netite in a weight ratio of 1 : 9, respectively. Poly(ethylenglycol) (PEG, Carl Roth with a
molecular weight of 10 000 g=mol) is used as frother. No collector is used for flotation, since
the glass particle wettability is modified prior to flotation, hence no conditioning is required.
The particles are dispersed in a 10−2M KCl background solution with a PEG concentration
of 10−5M using an Ultra Turrax (dispersion tool S25N-25F) from IKA, Germany, for 1min at
11 000min−1, resulting in a dispersion with a pH of 9. Flotation experiments are carried out for
8min with concentrates being taken after 1; 2; 4; 6, and 8min by scraping off the froth every 10 s.
The concentrates and tailings are dewatered via centrifugation and dried in a drying cabinet.
Characterization includes gravimetric analysis for mass balancing, X-ray fluorescence (with the
Bruker S1 TITAN handheld device) to obtain the chemical composition, laser diffraction (HE-
LOS, Sympatec) for the particle size and mineral liberation analysis to obtain the composition
of particle systems and particle-discrete information on size and shape. Each flotation exper-
iment setting has been repeated three times. The presented analysis and the computation of
the Tromp functions described below are carried out for one representative experiment of each
setting.

Figure 2. Schematic diagram (left) and the actual lab set-up (right) of the MultiDimFlot
separation apparatus used for the flotation experiments in this study.

2.3. Sample preparation and SEM-based automated mineralogy. Polished blocks were
prepared for analysis by mixing representative sample splits with graphite powder, embedding
the mixture in epoxy resin, followed by slicing, rotating and remounting to reduce the effects of
gravity settling [40]. The MLA was conducted at the Helmholtz Institute Freiberg for Resource
Technology, utilizing a ThermoFisher (formerly FEI) Quanta 650F MLA system equipped with
two Bruker Quantax X-Flash 5030 energy-dispersive X-ray spectroscopy (EDS) detectors. To
generate false color images, backscattered electron (BSE) images and EDX analyses were seam-
lessly integrated using FEI’s MLA suite, version 3.1.4. In the BSE images, the gray scale’s lower
limit was established at epoxy resin (< 20), while the upper limit was set to copper (245�255).
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A comprehensive characterization of each mineral phase and its distribution across the entire
samples was accomplished by mapping with one EDX measurement point per defined grain.
This mapping was conducted using Extended BSE liberation analysis (XBSE mode [41, 42]),
providing high resolution and enabling analysis post-BSE image segmentation based on user-
defined parameters, such as minimum grain size. Based on this post-BSE image segmentation,
it is emphasized that the materials under consideration are either purely comprised of glass or
magnetite. The specific measurement parameters were configured as follows: an acceleration
voltage of 15 kV, a probe current of 10 nA, a horizontal field width of 250 µm, and a frame res-
olution of 1000 pixels. These settings resulted in a spatial resolution of 0:25 microns per pixel.
Further details regarding the measurement procedure can be found in Bachmann et al. [43].

2.4. Particle-based segmentation. Using 2D image data obtained by MLA, certain image
processing steps are applied to each image measurement. First, all particles from a specific ma-
terial (glass or magnetite) are extracted by a phase-based segmentation. In MLA measurements,
this segmentation is simply obtained by extracting all regions that have the same label, i.e.,
corresponding to a specific material. Furthermore, challenges related to particle agglomeration
are encountered, making particle-wise segmentation challenging. To address this, the watershed
algorithm [44, 45] was employed on all segmented regions observed in the image measurements
corresponding to agglomerates, where one particle is connected with one or more other particles.
A common issue with the watershed algorithm is oversegmentation, where single particles are
often divided into multiple segments. However, in the context of the present paper, overseg-
mentation is avoided by assuming that all particles in the systems of spheres, fragments, and
magnetite are convex. Consequently, the watershed algorithm is applied only to those regions
observed in the image measurements where the ratio of area (number of pixels belonging to the
corresponding region) to the area of the convex hull (number of pixels belonging to the smallest
convex area containing the corresponding region) is smaller than 0:7. For single particles that
are not part of an agglomerate, this ratio is larger than 0:7 due to particle convexity, whereas
for agglomerates, this ratio is typically smaller than 0:7. This ratio is also known as convexity
factor [46] and is applied to similar particle systems in [47]. However, not all agglomerates
are recognized when using the proposed segmentation approach. Especially for the spherical
particles, agglomerates whose convexity factor is smaller than 0:7 are observed in the MLA
images, so that such an agglomerate is wrongly considered to be a single particle, which in turn
influences the analysis of the particle shape. This is an artifact of the MLA analysis and is
further discussed in Section 3.4.

After the extraction of similarly labeled regions and the application of the watershed algo-
rithm to account for agglomerates, a particle-based segmentation is obtained. To further refine
the segmentation and exclude undesirable artifacts, all extracted regions with an area-equivalent
diameter smaller than 1 µm or larger than 10 µm are disregarded by means of Equation (1). The
obtained results are presented in Table 2 in Appendix A.1, providing information on the number
of particles observed in the MLA images and the subsequent exclusion after particle-based seg-
mentation. This data encompasses various particle systems and includes results from different
wettability experiments involving both concentrate and tailings.

2.5. Characterization of particles by means of size and shape descriptors. For parti-
cles observed in a planar section of a three-dimensional particle system, it is possible to compute
various size and shape descriptors using the particle-wise segmentation of 2D images obtained
by MLA measurements within some sampling window W � Z2, see Section 2.3. The size and
shape descriptors used in the present paper are adopted from [33].

In order to characterize the size of a particle’s cross-section P observed within the sampling
window W , the area-equivalent diameter dA(P ) of P is determined, which is given by
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dA(P ) = 2

r
A(P )

�
; (1)

where A(P ) denotes the area of P . Note that A(P ) is computed from image data by counting
the number of pixels belonging to the correspondingly discretized particle cross-section P �W .
Recall that in the present study, particles with area-equivalent-diameter smaller than 1 µm are
excluded from the analysis of image measurements due to limitations in the resolution of MLA.

Furthermore, the so-called minimum and maximum Feret diameters dmin(P ) and dmax(P )
of P are determined, by deploying the algorithm given in [48]. More precisely, dmin(P ) and
dmax(P ) are the smallest and largest edge lengths of a minimum rectangular bounding box
B(x∗; y∗; �∗; �∗; �∗) of P . Such a bounding box can be determined by solving the minimization
problem

(x∗; y∗; �∗; �∗; �∗) = argmin
(x;y;�;�;�)∈R4×[0;�);

0<�≤�;
P⊂B(x;y;�;�;�)

� � �; (2)

where B(x; y; �; �; �) denotes a rectangle with edge lengths �; � > 0 such that � � �, which
is rotated by � 2 [0; �) around its center (x; y) 2 R2. Then, the minimum and maximum Feret
diameters of P are given by dmin(P ) = �∗ and dmax(P ) = �∗, respectively. This provides the
aspect ratio  (P ) of P , which is given by

 (P ) =
dmin(P )

dmax(P )
: (3)

Note that the aspect ratio  defined in Equation (3) is a shape descriptor which allows
to distinguish between elongated ( (P ) � 1) and non-elongated particles ( (P ) � 1) and is
dimensionless. Analogously to the computation of the area of a particle cross-section from image
data, the minimum and maximum Feret diameters dmin(P ) and dmax(P ) of P are determined
by rescaling their values with the pixel size.

2.6. Stochastic modeling of particle descriptor vectors for the computation of mul-
tivariate Tromp functions. A system of particles, observed by image measurements and ex-
tracted by particle-based segmentation, can be described by a set of descriptor vectors. In this
context, MLA images provide a planar section of a three-dimensional particle system within a
certain sampling windowW � Z2. In the present paper, based on the particle-wise segmentation
of 2D images, each particle is represented by a 2-dimensional descriptor vector x = (x1; x2) 2 R2,
where the first entry x1 of x denotes the particle’s size, while the second entry x2 character-
izes the particle’s shape. In order to evaluate the separation behavior of particle systems in
separation experiments, the entirety of particle descriptor vectors associated with particles of
the feed material and of the concentrate are modeled by number-weighted bivariate probability
densities f f : R2 ! [0;1) and f c : R2 ! [0;1), respectively. This allows computing the
number-weighted bivariate Tromp function T : R2 ! [0; 1] [34, 33] given by

T (x) =

8<:
nc

nf
f c(x)

f f(x)
; if f f(x) > 0;

0; if f f(x) = 0;
(4)

for each x 2 R2, where nc and nf denote the number of particles in the concentrate and the
feed, respectively. The value T (x) of the Tromp function can be interpreted as the probability
of a particle with descriptor vector x, to be separated into the concentrate.

In the following in Sections 2.6.1 and 2.6.2 a more detailed description of the parametric
methods for modeling the distribution of single particle descriptors by univariate probability
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densities and the distribution of pairs of descriptors by means of a parametric copula-based
procedure are discussed.

2.6.1. Univariate stochastic modeling of single particle descriptors. The particle system ob-
served in image measurements after a particle-wise segmentation can be characterized by a
sample of particle descriptor vectors, where each descriptor vector is assigned to a single particle
cross-section Pi � W for i = 1; 2; : : : ; N . Here, N > 0 denotes the number of particle cross-
sections in W . Each descriptor vector contains the particle size and shape descriptors as intro-
duced in Section 2.5. Thus, in this study, the focus lies on determining two-dimensional descrip-
tor vectors x(1); : : : ; x(N) 2 R2. As already mentioned above, the first entry of these descriptor
vectors is the area-equivalent diameter of the corresponding particle cross-section, while the sec-
ond entry describes the particle’s shape using the aspect ratio of its planar cross-section. Thus,
formally, the descriptor vectors of a particle cross-sections are given by x(i) = (dA(Pi);  (Pi))
for i = 1; : : : ; N .

A univariate probability density is fitted from a parametric family ff� : � 2 Θg of probability
densities f� : R! [0;1) to each entry of the particle descriptor vectors (e.g., densities of normal,
log-normal, gamma, or beta distributions), where Θ is the set of admissible parameters, see
Table 3 in Appendix A.2. The best fitting density and the corresponding parameters are chosen
by means of the maximum-likelihood method [49].

Analogously to [33], the characterization of the particle systems presented in this paper
involves the consideration of bimodal probability densities as a convex combination f�1;�2;w =
wf�1 + (1 � w)f�2 of unimodal probability densities f�1 ; f�2 : R ! (0;1) for some �1; �2 2 Θ,
where w 2 (0; 1) is a mixing parameter. Introducing such bimodal densities allows for improved
fits, albeit at the expense of increasing the number of model parameters. The best fitting
distribution is selected according to the Akaike information criterion [50].

2.6.2. Bivariate stochastic modeling of pairs of particle descriptors using Archimedean copulas.
The approach for modeling the distribution of individual particle descriptors, as explained
in Section 2.6.1, does not account for the correlation between these descriptors. To obtain
a more comprehensive probabilistic representation of the observed particle system, bivariate
probability densities are fitted to the dataset of pairs of two-dimensional descriptor vectors,
which are computed as described in Section 2.5.

In this study, the focus lies specifically on parametric families of Archimedean copulas, anal-
ogously to the approach considered in [33]. These families include the Clayton, Frank, Gumbel,
and Joe copulas, as well as rotated versions of these copula families [51, 52], see Table 4 in
Appendix A.2. The bivariate probability density f : R2 ! [0;1) of a two-dimensional particle
descriptor vector can be written in the form

f(x) = f1(x1)f2(x2)c(F1(x1); F2(x2)) for each x = (x1; x2) 2 R2, (5)

where f1; f2 : R! [0;1) denote the (univariate) marginal densities corresponding to f and
c : [0; 1]2 ! [0;1) is a bivariate copula density, i.e., a bivariate probability density with uniform
marginal distributions on the unit interval [0; 1], see e.g. [51]. The best fitting bivariate density
f for a sample of particle descriptor vectors obtained from image measurements is determined
using maximum-likelihood estimation and the Akaike information criterion. This approach has
been applied for parametric stochastic modeling of similar types of particle-discrete image data
in [31, 53].

The bivariate probability densities of pairs of particle descriptors, namely the area-equivalent
diameter and the aspect ratio given by means of Equations (1) and (3), are visualized in Figure 3
for the materials considered in the flotation separation experiments.

2.7. Computation of yield. In order to compute bivariate Tromp functions as given in Equa-
tion (4), it is essential to determine the yield, which is the ratio nc

nf of the number of particles
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Figure 3. Bivariate probability densities representing particle descriptors of shape (aspect
ratio) and size (area-equivalent diameter) for glass spheres (left), glass fragments (middle), and
magnetite (right).

in the concentrate (nc) to the number of particles in the feed (nf). Note that this ratio can-
not be directly obtained from image measurements, since these measurements only provide a
statistically representative sample of the particle system. Therefore, it is utilized that the to-
tal mass mf of particles in the feed, which can be approximated by the number of particles
nf times the expected mass of a particle in the feed, which is given by

R
R2 m(x)f f(x) dx, i.e.,

mf � nf
R

R2 m(x)f f(x) dx. Here, m : R2 ! [0;1) is a function which maps descriptor vector

x 2 R2 of particle cross-sections onto the particle mass m(x), see e.g., [54]. Analogously, for
the concentrate one obtains mc � nc

R
R2 m(x)f c(x) dx. Using these approximations of the total

masses of particles, it is obtained that

nc

nf
� mc

mf

R
R2 m(x)f f(x) dxR
R2 m(x)f c(x) dx

=
mc

mf

V
f
�

V
c
�
; (6)

where the expected masses of particles in feed and concentrate can be computed by the

product of the mass density � of particles and their expected volume, denoted by V
f
for feed

and V
c
for concentrate. Note that the total mass ratio mc=mf and the mass density � of

particles are provided by the experimental setup. In addition, the expected volume of particles
in feed and concentrate is obtained from image measurements. The volume of a single particle is
considered to be equal to the volume of a sphere experiencing the same area-equivalent diameter
as the particle under consideration. The expected volume of the particle system in question is
determined by computing the mean volume across all particles under consideration.

2.8. Probability densities of descriptor vectors associated with particles in the feed
and concentrate. In flotation separation processes, the concentrate is often composed of mul-
tiple concentrate streams as described in Section 2.2. To obtain information on the entire
concentrate, it is necessary to combine the information from all these individual concentrate
streams. This means that the probability density f c of descriptor vectors associated to particles
in the concentrate is expressed as a convex combination of the probability densities of particle
descriptor vectors obtained from image measurements of each individual concentrate stream.
In this case, the concentrate consists of five different concentrate streams. For each of these
concentrate streams, the probability density f ci : R2 ! [0;1) of descriptor vectors associated
to the particles in the respective concentrate stream is computed, where i = 1; 2; : : : ; 5. This
computation is done using the methods described in Sections 2.6.1 and 2.6.2. The probability
density f c : R2 ! [0;1) is then given by

f c(x) = �1f
c
1(x) + � � �+ �5f

c
5(x) for each x 2 R2. (7)
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The coefficients �1; : : : ; �5 2 [0; 1] are given by

�i =
nci
nc

for i 2 f1; : : : ; 5g;

where nci is the number of particles in the i-th concentrate and nc =
P5

i=1 n
c
i . Note that nci is

approximated by dividing the total mass of particles in the i-th concentrate by the expected
mass of particles, analogously to the computation of the yield in Section 2.7.

The computation of the probability density f f of descriptor vectors associated to particles
in the feed is performed as outlined in [33]. More precisely, the particle systems of the entire
concentrate and the tailings need to be characterized in order to compute f f as a convex
combination of the probability densities f c and f t, where f t denotes the density of descriptor
vectors associated with the particles in the tailings [55]. In other words, f f is given by

f f(x) =
nc

nf
f c(x) + (1� nc

nf
)f t(x) for each x 2 R2. (8)

This approach is used to avoid numerical instabilities that can arise when computing Tromp
functions by means of Equation (4) and using f f obtained from image measurements of the
feed. These instabilities are due to the sensitivity of the Tromp function when computing
denominator values in Equation (4) being close to zero. Note that this problem occurs when
there are relatively few particles with certain descriptor vectors within the feed, yet such particles
are enriched within the concentrate.

2.9. Tromp functions conditioned on particle size and shape classes. To gain a deeper
understanding of how particle morphology affects the separation behavior of particles, condi-
tional univariate Tromp functions are computed, in addition to unconditioned bivariate Tromp
functions considered in Equation (4). This allows to analyze the influence of specific shape
factors on the separation behavior across different size classes, e.g., how the aspect ratio of
particles influences the separation behavior of small particles compared to that of larger ones.
Additionally, studying the separation behavior of particles with respect to their size condi-
tioned on specific shape classes, such as highly elongated particles compared to less elongated
ones, provides even further insights into the particle separation process. In the following, it
is described how the univariate Tromp function, conditioned on particle size classes, can be
computed. Using a similar approach, it is also possible to compute univariate Tromp functions
conditioned on particle shape classes.

2.9.1. Conditional univariate probability densities. The computation of conditional univariate
Tromp functions involves the need of determining conditional probability densities [56]. For that
purpose, the planar cross-section of a particle taken at random from a particle system (either
concentrate or tailings) is represented by a random vector (DA;Ψ) with values in [0;1)� [0; 1],
where DA denotes its random area-equivalent diameter and Ψ its random aspect ratio, with
probability densities fDA

and fΨ, respectively. The joint probability density of (DA;Ψ) is
denoted by fDA;Ψ : R2 ! [0;1). The conditional probability density fΨ|DA∈[a;b] : [0; 1]! [0;1)
of Ψ provided that DA 2 [a; b] for some a; b � 0 with a < b and P(DA 2 [a; b]) > 0 is then given
by

fΨ|DA∈[a;b]( ) =

R b
a fDA;Ψ(dA;  ) ddAR b
a fDA

(dA) ddA
; for each  2 [0; 1]. (9)

2.9.2. Conditional univariate Tromp functions. Subsequently, the conditional univariate Tromp
function TΨ|DA∈[a;b] : [0; 1] ! [0; 1] with respect to the random particle descriptor Ψ, provided
that DA 2 [a; b], is given by
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TΨ|DA∈[a;b]( ) =

8><>:
nc|DA∈[a;b]

nf|DA∈[a;b]

f cΨ|DA∈[a;b]( )

f fΨ|DA∈[a;b]( )
; if f fΨ|DA∈[a;b]( ) > 0;

0; if f fΨ|DA∈[a;b]( ) = 0;

(10)

for each  2 [0; 1], where nc|DA∈[a;b] and nf|DA∈[a;b] denote the number of particles in the

concentrate and feed with area-equivalent diameter in the interval of [a; b], and f fΨ|DA∈[a;b]
and f cΨ|DA∈[a;b] are the conditional probability densities of Ψ provided that DA 2 [a; b] for

particles in the feed and concentrate, respectively. Here, both conditional densities f fΨ|DA∈[a;b]
and f cΨ|DA∈[a;b] are computed according to the formula given in Equation (9). Note that the

first factor on the right-hand side of Equation (10), i.e., the ratio of the number of particles in
the concentrate and feed, conditioned on size or shape classes, cannot be directly obtained just
like the yield in Equation (6) for unconditional bivariate Tromp functions. There is a lack of
information on the mass of particles in different size or shape classes, making it challenging to
directly compute the yield for conditional univariate Tromp functions. To address this problem,
in Appendix A.3 a more detailed explanation on how to determine conditional univariate Tromp
functions is provided.

3. Results and discussion

The results, which have been obtained by means of the methods described, are presented
in the following sections. First, in Section 3.1, typical flotation results in terms of grade and
recovery as well as the mass and water pull are presented for the flotation experiments performed
with the MultiDimFlot separation apparatus. Then, Sections 3.2 and 3.3 deal with bivariate
Tromp functions to investigate the combined effects of particle size and shape on the separation.
Finally, in Section 3.4 the use of the MLA is discussed for determining the particle descriptors
in the case of the ultrafine particle fractions considered in this study. Generally, it is assumed
that there is no true flotation for hydrophilic particles, which in this case would apply to the
completely hydrophilic systems (C0) consisting either of pristine glass spheres or fragments
mixed with magnetite, where recovery is expected to occur via entrainment only. Flotation of
the hydrophilic particle systems, therefore helps to study the influence of particle size and shape
on their entrainment. Magnetite has a higher mass density, which results in a faster settling
velocity compared to glass particles. Therefore, for the hydrophilic systems, it is expected that
the recovery of glass particles by entrainment is higher, since the magnetite is drained back into
the pulp more easily. The interaction of the gas bubbles and the glass fractions with increased
hydrophobicity (C6 and C10) should result in more stable particle-bubble aggregates, hence they
are recovered predominantly by true flotation, though, due to the fine particle sizes a certain
degree of entrainment is expected for all particles.

3.1. Classic flotation results. The results of the flotation experiments are presented in Fig-
ure 4 as Fuerstenau-plots showing the cumulative recovery of the glass fractions versus the
cumulative recovery of the magnetite fraction for the individual experiments using glass spheres
and fragments with different wettability states.

For all experiments it is apparent that the recovery of glass particles increases along with
an increase in their hydrophobicity (from C0 via C6 to C10) and the glass particle recovery
is much higher than that of magnetite, even for the hydrophilic (C0) fractions, where the
effect of the particle mass density on the entrainment is visible. However, an influence of the
particle shape on the entrainment cannot be observed, since the same amount of spheres and
fragments (both 17%) is entrained. Figure 5 displays the cumulative mass and water pull for
the glass particles only, where a linear correlation is observed for both C0 glass fractions, which
additionally indicates a recovery via entrainment. Similar values for the mass and water pull




