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Abstract

This paper deals with statistical inference on the parameters of a
stochastic model describing curved fibrous objects in three dimensions
that is based on multivariate autoregressive processes. The model is fitted
to experimental data consisting of a large number of short, independently
sampled, trajectories of multivariate autoregressive processes. We discuss
relevant statistical properties (e.g., asymptotic behaviour if the number of
trajectories tends to infinity) of the maximum likelihood (ML) estimators
for such processes. Numerical studies are also performed to analyse some
of the more intractable properties of the ML estimators. Finally the whole
methodology, i.e., the fibre model and its statistical inference, is applied
to appropriately describe the tracking of fibres in real materials.

Keywords: asymptotics; bootstrap; fibre model; multivariate autoregressive
processes; maximum likelihood

1 Introduction

This paper deals with statistical inference related to the stochastic modelling
of curved fibrous objects in 3D. In particular, it focuses on statistical inference
for parameters used in stochastic models of single fibres. These models were
introduced in Gaiselmann et al. (2012, 2013) and combine, in a novel way, mul-
tivariate time-series analysis with methods from spatial statistics. When fitting
the stochastic fibre model to real data, the parameters are estimated using a
large number of short, independently sampled, trajectories of multivariate au-
toregressive processes. For this reason, we consider the asymptotic properties
of maximum-likelihood (ML) estimators for such types of multivariate autore-
gressive processes. These properties can be used to derive confidence intervals
for parameters of the underlying time-series model. In addition, we carry out
numerical investigations of some less tractable properties of the ML estimators.

The stochastic models developed in Gaiselmann et al. (2012, 2013) are pri-
marily designed for use in materials science, where fibre-based materials play
an important role. The applications of fibre-based materials include thermal
insulation, aircraft and car bodies, and fuel cell technology. Materials produced
using different composition and fabrication scenarios have different 3D mor-
phologies (i.e., arrangements of the component fibres). In order to improve the
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functional properties of fibre-based materials, it is important to have a good un-
derstanding of the relationship between material morphology and the resulting
macroscopic behaviour of the material. A parametric stochastic model of the
morphology of a given material allows practitioners to investigate this relation-
ship by carrying out numerical simulations of physical processes on realizations
of the morphology under different parameter configurations. In addition, by
systematic modification of model parameters, practitioners can use stochastic
models of the morphology of a material to find production parameters that im-
prove functional properties. This process of using stochastic processes to assist
in materials design is called virtual materials design.

In order to develop a stochastic model for the geometry of a fibre-based
material, it is necessary to describe single fibres using a parametric stochastic
model. There are several stochastic models describing straight single fibres in
the literature, including Provatas et al. (2000); Redenbach et al. (2011); Schulz
et al. (2007); Thiedmann et al. (2008). Stochastic models for curved fibres in
2D and 3D, respectively, were introduced in Gaiselmann et al. (2012, 2013).
These models use a class of autoregressive processes, with a suitable correlation
structure, to describe the tracks of single fibres. In this manner, they are able to
describe a large variety of differently shaped 3D fibres. This approach has been
successfully used to describe fibres occurring in non-woven gas-diffusion layers
(GDL), a key component in proton exchange membrane fuel cells (PEMFC). The
well-developed theory of time series means that it is easy to fit these stochastic
models to experimental data. In addition, it is possible to perform statistical
inference on the parameters of the models, including computing confidence in-
tervals and carrying out goodness-of-fit tests. To the best of our knowledge,
there are no other fibre models of this kind in the literature. The only compara-
ble model which is able to reproduce curved fibres was introduced in Altendorf
et al. (2011). This model uses random walks based on von Mises-Fisher distri-
butions (generalizations of Gaussian distributions defined on the unit sphere).
Our modelling approach has both advantages and disadvantages in respect of
the approach described in Altendorf et al. (2011). For example, the model in
Altendorf et al. (2011) allows for more control over the main direction of a fibre
than our model does, as the time series we use may take a long time to return to
the initial direction of the fibre. On the other hand, our time-series models can
reproduce arbitrarily strong curvatures of fibres (e.g. loops), whereas the model
considered in Altendorf et al. (2011) is restricted to fibres with much smaller
curvatures.

In this paper, we concentrate on statistical inference about the parameters
of the stochastic single-fibre model introduced in Gaiselmann et al. (2013), with
a particular focus on applications to fibre-based materials. However, our ap-
proach can be applied, more generally, to situations involving a large number of
short realizations of independent time series. Possible applications include DNA
analysis, panel data, longitudinal data and financial modelling. Such time-series
phenomena were first studied in Anderson (1978) and Azzalini (1981). More
recent papers on the topic include Diggle et al. (1997); Ledolter et al. (1999);
Shi et al. (2004); Swift et al. (2002). In Diggle et al. (1997), biomedical data
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is studied using spectral analysis. Credibility models in actuarial science are
considered in Ledolter et al. (1999). In Swift et al. (2002), the authors analyse
normal tension glaucoma visual field data consisting of many short observations
of multivariate time series. They introducing a novel computational method,
based on genetic algorithms, for parameter estimation and forecasting. Finally,
in Shi et al. (2004), time series data is analysed using ordinary linear regression.
Numerous studies with similar types of data are carried out in the literature on
longitudinal data and panel data, respectively; see Davis (2002); Diggle et al.
(2002); Lindsey (1999) and the references therein.

Our main goal in this paper is to use relatively standard theory for multi-
variate time series, combined with spatial statistics, in the non-standard setting
of materials science. As such, we do not claim to make significant theoretical
innovations. Proofs are included below for completeness. We also note that
an alternative modelling approach would be to use functional data analysis or
longitudinal data analysis to model single fibres. Such analysis techniques are
usually applied in settings where a particular phenomenon is observed in number
of different locations over a common period of time. This results in (say i.i.d.)
observations Xi(t), t ∈ [0, T ], i = 1, . . . , n from a model Xi(t) = m(t) + εi(t) ,
where the εi(t) are zero-mean error functions. A significant barrier to using
functional data analysis in our setting is that the fibres we consider do not have
identical lengths. That is, t ∈ [0, Ti], where Ti is different for each fibre. We
are not aware of procedures that are designed for settings where the observation
windows are different for each observation. It is also worth mentioning that
functional and longitudinal data analysis typically aim to extract a common
trend m(t) = EX1(t). It is not clear that it is sensible to estimate a common
trend function m(t) in our setting. This is because the shapes of the individual
fibres are quite different from one another and it is not obvious that there is
a ‘common’ functional shape (e.g., sinusoidal or polynomial). In addition, it is
not clear how knowledge of a common trend m(t) would allow one to simulate
individual fibres. In contrast, the parametric time series approach allows for
easy simulation procedure and for modelling the chaotic behaviour of the fibres.

The paper is organized as follows. In Section 2 we briefly explain the single-
fibre model proposed in Gaiselmann et al. (2013). This is based on multivariate
autoregressive processes. Then, in Section 3, we describe parameter estima-
tion for this model. In Section 4, we give some asymptotic properties of the
estimators. We then examine further properties of the estimators using simula-
tion studies; see Section 5. An example application to real data is discussed in
Section 6. We conclude in Section 7.

2 Stochastic single-fibre model

To begin with, we provide the basic idea for stochastic modelling of strongly
curved fibres in 3D, as proposed in Gaiselmann et al. (2013). The aim of this
model is to simulate systems of curved fibres which represent non-woven GDL
being a key component of PEMFC, see Figure 1 (left). Such stochastic models
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can then be used to perform virtual materials design, i.e., to detect structures
with optimized physical properties and thus, enhanced performance.

Figure 1: 3D synchrotron data (left) and extracted single fibres (right) of non-
woven GDL

The basic modelling idea is to represent single fibres by polygonal tracks
p = (`1 . . . , `T ) which are subsequently dilated in 3D, where `i = (pi, pi+1) is
the i-th line segment consisting of a starting point pi and an end point pi+1,
and T stands for the number of line segments of the polygonal track p, see
Figure 2. Thus, single fibres will be described by a random polygonal track
model. It consists of a random (initial) line segment `1 and a multivariate
time-series model to describe the successive line segments `2, . . . , `T , where the
spatial correlation between consecutive line segments is taken into account by
the time series. When fitting this stochastic fibre model, based on time series,
to experimentally measured 3D data, the following challenge occurs: Due to
irregularities in the 3D images, e.g. noise, only short systems of line segments
can be detected, see Figure 1 (right). Thus, the data basis for estimation of
parameters consists of many independently sampled (short) realizations of the
time series model instead of one long realization. This makes a discussion on
parameter estimation inevitable.

We therefore derive ML estimators for a given class of multivariate time
series models (explicitly autoregressive processes) in the context where the ob-
servations consist of many independently sampled (short) trajectories of a given
model (see Section 3). Subsequently, desirable asymptotic properties of these
estimates are demonstrated (see Section 4). To check if the derived parameter
estimators are suitable with regard to stochastic modelling of single fibres, we
further analyse properties of the estimates by means of numerical experiments
which are important in this context (see Section 5).

Note that there exist several possible representations of polygonal tracks, for
example: (i) by the starting and end points (p1, p2, . . .) of the line segments, or
(ii) by the starting line segment `1 and a sequence (α1, β1, |`2|)>, (α2, β2, |`3|)>, . . .,
where |`i| is the length of the i-th segment, and αi (resp. βi) denotes the change
of direction from the i-th to the (i + 1)-th line segment of the polygonal track
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with respect to the azimuthal (resp. polar) angle, see also Figure 2.

Figure 2: Planar fibre (red) approximated by a 2D polygonal track

In the following we will consider the latter (so-called incremental) represen-
tation of polygonal tracks. We thus model curved fibres in 3D by a random line
segment `1 and a sequence of random vectors (α1, β1, |`2|) , (α2, β2, |`3|) , . . . rep-
resenting the change of directions and lengths of line segments. This sequence
of random vectors is described by a vectorial autoregressive process {Y i, i ∈ Z}
of some order q ≥ 1 (see e.g Lütkepohl (2006, p. 13)), which is given by

Y i−µ = A1 (Y i−1 − µ)+ . . .+Aq (Y i−q − µ)+εi for each i ∈ Z, (2.1)

where Z = {. . . ,−1, 0, 1, . . .} is the set of integers, µ = EY i ∈ R3 denotes
the process mean, and A1, . . . ,Aq ∈ R3×3 are coefficient matrices. The ‘errors’
{εi , i ∈ Z} are assumed to form a sequence of three-dimensional random vectors
which are independent and identically distributed with vanishing mean vector
E εi = o and some (non-singular) covariance matrix Σ = E (εiε

>
i ).

The usage of multivariate time series as a modelling approach for single
fibres, allows the inclusion of (cross)correlations of angles and lengths of con-
secutive line segments. This is essential in order to describe a large variety of
differently shaped 3D fibres. Note that the first line segment `1 can be chosen
in either a random or a deterministic manner, see Gaiselmann et al. (2013).

3 Statistical inference

In this section, we derive ML estimators for multivariate autoregressive pro-
cesses when many independently sampled (short) trajectories are observed. Fur-
thermore, the estimation of the process order q for autoregressive processes
{Y i, i ∈ Z} is discussed.

The parameters of the model consists of (q,µ,A1, . . . ,Aq,Σ), where q > 0,
µ ∈ R3, A1, . . . ,Aq ∈ R3×3, and Σ ∈ R3×3, see (2.1).

Additionally, note that statistical inference in case of observing many short
(multivariate) time series is not restricted to single-fibre modelling. It can be
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applied to other settings involving a similar type of data such as occur, e.g. in
longitudinal problems, DNA analysis, financial modelling, etc. Furthermore, in
the following we always consider multivariate time series in 3D, but the same
methodology can be used for an arbitrary dimension.

3.1 Data basis for model fitting

The aim of stochastic modelling of single fibres is to ensure that realizations
sampled from the model adequately represent (real) fibres which are observed,
e.g. in experimental image data of fibre-based materials, see Figure 1.

The first step towards stochastic modelling of single fibres is extracting rep-
resentations of these fibres from image data Gaiselmann et al. (2012) and sub-
sequently post-processing the representations i.e. approximating each extracted
fibre representation by a polygonal track represented by its starting line seg-
ment, sequences of azimuthal and polar angles describing the change of direc-
tion of consecutive line segments, and a sequence of segment lengths, see Figure
2. These sequences of angles and lengths of line segments constitute the data
basis for model fitting; they are considered to be realizations of a multivariate
autoregressive process. Mathematically speaking, we consider a large num-
ber K of (short) independently sampled trajectories {y1,−q+1, . . . ,y1T1

}, . . .,
{yK,−q+1, . . . ,yKTK

} of the autoregressive process {Y i, i ∈ Z}. This stands in
strong contrast to classical time series theory, where parameters are estimated
given a (long) single trajectory of a multivariate time series, see Lütkepohl
(2006, chap. 3). In the present context we deal with a (large) number of (short
and independent) time series, that make the classical maximum likelihood (ML)
estimators not directly applicable. Thus, we adopt the standard ML estimator
to our specific data situation.

3.2 Estimation of model parameters

ML estimators for autoregressive processes when observing many independently
sampled (short) trajectories can be derived in the following way. We assume
for simplicity that the errors εi in (2.1) are normally distributed with vanishing
mean vector and some (non-singular) covariance matrix Σ, i.e., εi ∼ N(o,Σ).
This implies that also the 3k-dimensional random vector (Y 1, . . . ,Y k) given
in (2.1) is normally distributed for each k ≥ 1. Note that in principle it is
possible to consider errors following some other probability distribution where
the analytical form of the probability density function is known. Moreover, we
assume that the lengths of the trajectories Tn are independent and identically
distributed random variables, i.e., the Tn are independently sampled from a
parametric family of length distributions {F (·, υ), υ ∈ R}.

Let a = vec(A) with A = (A1, . . . ,Aq), where the vec operator stacks
together the columns of a matrix. The estimation of the process order q is
accomplished by means of the Akaike information criterion which is discussed
in Section 3.3 in detail. Under the assumption of a normal distribution for
the εi, the log-likelihood function can be easily determined. More precisely,
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we consider the (conditional) log-likelihood function under the condition that
the lengths (T1, . . . , TK) of individual time series independently sampled from
{F (·, υ), υ ∈ R} are given. The conditional log-likelihood function depends on
the time series {Y 1,−q+1, . . . ,Y 1T1

}, . . ., {Y K,−q+1, . . . ,Y KTK
} as well as on

the parameter vector θ = (µ,a,Σ) (see e.g. Lütkepohl (2006, pp. 88-89)) and
is given by

log (L(Y 11, . . . ,Y KTK
;θ)) = log

(
K∏
n=1

fY n1,...,Y nTn
(θ)

)

=

K∑
n=1

[
−3Tn

2
log (2π)− Tn

2
log (det(Σ))

]
− 1

2

Tn∑
i=1

Y ni − µ−
q∑
j=1

Aj(Y n,i−j − µ)

>

Σ−1

Y ni − µ−
q∑
j=1

Aj(Y n,i−j − µ)

 ,
where fY n1,...,Y nTn

denotes the density of the random vector (Y n1, . . . ,Y nTn
).

The product form of the (conditional) likelihood function follows from the in-

dependence assumption of the sampled time series. The solution θ̃ = (µ̃, ã, Σ̃)
of the likelihood equation

d

dθ
log (L(Y 11, . . . ,Y KTK

;θ)) = 0

is given by

µ̃ =

(
K∑
n=1

Tn

)−1I3 − q∑
j=1

Ãj

−1 K∑
n=1

Tn∑
i=1

Y ni −
q∑
j=1

ÃjY n,i−j

 (3.1)

ã =

(
K∑
n=1

XnX
>
n

)−1( K∑
n=1

(Xn ⊗ I3)
(
(Y n1 − µ̃)>, . . . , (Y nTn − µ̃)>

)>)
(3.2)

Σ̃ =

(
K∑
n=1

Tn

)−1 K∑
n=1

(
X0
n − (Ã1, . . . , Ãq)Xn

)(
X0
n − (Ã1, . . . , Ãq)Xn

)>
(3.3)

where Xni =
(
(Y ni− µ̃)>, . . . , (Y n,i−q+1− µ̃)>

)>
, Xn =

(
Xn0, . . . ,Xn,Tn−1

)
and X0

n =
(
Y n1− µ̃, . . . ,Y nTn− µ̃

)
. In the foregoing, ⊗ denotes the Kronecker

product and I3 the 3 × 3 unit matrix. Note that we consider the conditional
likelihood function and treat the lengths of individual time series Tn as given
numbers. If we consider the (unconditional) likelihood function by assuming
that the Tn are sampled from {F (·, υ), υ ∈ R}, the likelihood function has the
form of a mixture and the estimators must be determined numerically. Hence,
for simplicity, we choose to work with the conditional likelihood function.

Remark 1. It can be shown that the least squares estimator for a is equal to
ã, i.e. in particular the estimation of the parameter a does not depend on the
normality assumption of the errors εi.
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Example 1. Let us discuss the connection between the estimators given in
(3.1)-(3.3) and estimators considered in classical time series analysis, when we
typically observe one single (long) time series. For simplicity, we will compute
the estimators given in (3.1)-(3.3) for a 1D autoregressive model of order q = 1.

Regarding the 1D case, we obtain from (3.2) that

ã =

∑K
n=1

∑Tn−1
i=0 XniXn,i+1∑K

n=1

∑Tn−1
i=0 X2

ni

. (3.4)

On the other hand, the estimator â for a in case of one single (long) time series
of length T1 is known to be equal to

â =

∑T1−1
i=0 X1iX1,i+1∑T1−1

i=0 X2
1i

and thus the estimator ã considered in (3.4) is a natural extension of â. As an
estimator for Σ, we get from (3.3) that

Σ̃ =

(
K∑
n=1

Tn

)−1 K∑
n=1

Tn−1∑
i=1

(
Xn,i+1 − Ã1Xni

)2
, (3.5)

whereas the estimator Σ̂ for Σ in case of one single (long) time series of length
T1 is known to be equal to

Σ̂ =
1

T1

T1−1∑
i=0

(
X1,i+1 − Ã1X1i

)2
.

Finally, the estimator µ̂ for µ in case of one single (long) time series of length
T1 is known to be equal to

µ̂ =
1

T1

I3 − q∑
j=1

Ãj

−1 T1−1∑
i=0

Y1i − q∑
j=1

ÃjY1,i−j

 .

3.3 Estimation of process order

So far we have derived ML estimators for autoregressive processes for our specific
data basis given a fixed process order q. This section deals with the estimation
of the order of an autoregressive model q, where we consider the Akaike in-
formation criterion (AIC) which is a widely accepted method in time series
analysis. By means of this method, one computes the maximum of a penal-
ized log-likelihood function for a set of q ∈ {0, . . . , Q} with some Q ≥ 1 and
one chooses the order that gives the largest likelihood. The AIC is given by

AIC(q, θ̃) = P − 2 log
(
L(Y 11, . . . ,Y KTK

; θ̃)
)

, where P is the number of pa-

rameters in the AR(q) model, and θ̃ is the value of the parameter vector that
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maximises the log likelihood function logL of the fitted model. The AIC is
most effective if the potential values for q are relatively small. For the appli-
cations of our fibre model in Gaiselmann et al. (2012, 2013), the underlying
data sets consist of fibres which are mainly represented by short time series
(Tn ∈ {3, . . . , 30}). Thus, at least in case of single-fibre modelling it is reason-

able to apply the AIC. In practice we compute AIC(0, θ̃), . . . , AIC(Q, θ̃) and

choose q̃ = argminq∈{0,...,Q}AIC(q, θ̃) for some Q ≥ 1. Note that typically the
AIC overestimates the model order. Thus we take the maximum order Q to
be a small number, explicitly Q = 5. An alternative to the AIC could be to
undertake model estimation for q ∈ {1, 2, 3, 4, 5} and choose the minimum order
leading to satisfying results, e.g. with respect to residual analysis or comparison
of structural characteristics of simulated and extracted fibres.

4 Asymptotic properties

Note that in classical time series analysis (i.e. observing one long observation)
the asymptotic investigations concentrate on the case that the length of an
individual time series tends to infinity. In Section 2 we described the stochastic
model for single 3D fibres based on the autoregressive process. In the context
of experimentally measured image data, many short observations of time series
are available rather than one long observation. Hence, this paper deals with the
asymptotic properties of the parameter estimates as the number of observed
time series K tends to infinity.

In this section we briefly discuss the asymptotic normality of the (condi-
tional) ML estimators given in (3.1)-(3.3) when the number of time series ob-
servations K tends to infinity.

We considerK independent copies {Y 1,−q+1, . . . ,Y 1T1
}, . . ., {Y K,−q+1, . . . ,Y KTK

}
of an autoregressive process {Y i, i ∈ Z} with order 0 ≤ q <∞. We assume the
‘errors’ εi affecting the {Y i, i ∈ Z} to be Gaussian, i.e., we consider independent
copies of a Gaussian autoregressive process {Y i, i ∈ Z}.

In the following, we slightly modify the representation of the parameter vec-
tor θ. We consider δ = (µ>,a>,σ>)> = vec(θ) instead of θ as the parameter
vector on which the (conditional) likelihood function of Section 3.2 depends on,
where σ = vech(Σ) and vech is a column stacking operator that stacks only the
elements on and below the main diagonal of a matrix, see Lütkepohl (2006).
Considering δ instead of θ has the advantage that we collect only the poten-
tially different elements of Σ since the covariance matrix Σ is symmetric. We let
δ̃ = (µ̃>, ã>, σ̃>)> be the (conditional) ML estimator for δ = (µ>,a>,σ>)>

given in (3.1)− (3.3).
In what follows we assume that the limit

γ = lim
K→∞

∑K
n=1 Tn
K

∈ (0,∞)

exists. The quantity γ can be interpreted as the average length of a random
trajectory {Y n1, . . . ,Y nTn

}. Finally, in order to get consistent estimators, we
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have to assume that the number of trajectories {Y i1, . . . ,Y iTi} with Ti > q
tends to infinity as the total number K of observed trajectories tends to infinity,
i.e., we assume that

P( lim
K→∞

# {{Y i1, . . . ,Y iTi
} : i = 1, . . . ,K, Ti > q} =∞) = 1.

Under all these assumptions it holds that

√
K

 µ̃− µ
ã− a
σ̃ − σ

 D→ N

0,

 Σµ̃, 0, 0
0,Σα̃, 0
0, 0,Σσ̃

 as K →∞ , (4.1)

where

Σµ̃ =
1

γ

I3 − q∑
j=1

Aj

−1 Σ

I3 − q∑
j=1

A>j

−1 ,

Σã =

(
ΓY (0)−1

γ
⊗Σ

)
,

Σσ̃ =
1

γ
D+

3 (Σ⊗Σ)D+>
3 .

In the foregoing ΓY (h) = E
(
(Y i − µ)(Y i−h − µ)>

)
with

ΓY (0) =

 ΓY (0) . . . ΓY (q − 1)
...

. . .
...

ΓY (−q + 1) . . . ΓY (0)

 .

D3 is the uniquely determined solution of the linear equation system vec(Σ) =
D3σ andD+

3 is the Moore-Penrose generalized inverse ofD3 (see e.g. Ben-Israel
et al. (2003)).

An outline of the proof of the asymptotic normality (4.1) of the ML esti-
mators (3.1)-(3.3) is given in the Appendix. The proof is standard, however,
we provide some details in order to deduce the diagonal form of the limiting
covariance matrix.

In the following, some consequences of this asymptotic behaviour of the ML
estimators given in (3.1)-(3.3) are discussed. The lengths of trajectories Tn
appear only via the average length γ in the limiting distribution of the (condi-
tional) ML estimator for δ under the condition that T1, . . . , TK are given. Due
to the strong law of large numbers and the independent sampling of T1, . . . , TK ,
we have γ = ETn almost surely. Therefore the limiting distribution of the (con-
ditional) ML estimator for δ is almost surely the same for all given T1, . . . , TK .
In other words, the limiting distribution does not depend on the condition that
the numbers T1, . . . , TK are given.

From formula (4.1) it follows directly that the (conditional) ML estimators
given in (3.1)-(3.3) are weakly consistent. Since the covariance matrix in (4.1)
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exhibits the specified diagonal form, we can conclude that the estimators µ̃, ã, Σ̃
are asymptotically pairwise independent.

Furthermore, regarding the entries of the asymptotic covariance matrix dis-
played in (4.1), we can conclude that they are influenced by the total length of

the processes M =
∑K
n=1 Tn, i.e., the larger M is the smaller are the entries of

the asymptotic covariance matrix. Thus formula (4.1) indicates that it is valid
to use all trajectories for parameter estimation, regardless of their lengths Tn.

In practical time series analysis the ML estimator for the process mean µ
is often replaced by the sample mean of all observed data, i.e., the estimator µ̃
given in (3.1) is replaced by

Ȳ =
1

M

K∑
n=1

Tn∑
i=1

Y ni

everywhere in (3.1)-(3.3). This has the advantage that Ȳ , ã and Σ̃ can be
computed easily without solving the complex system of equations (3.1)-(3.3).

If we consider parameter estimation for a single long time series we find that
the asymptotic distributions of

√
K(µ̃ − µ) and

√
K(Ȳ − µ) as K → ∞ are

the same and thus for one long time series µ̃ and Ȳ can be exchanged without
changing the goodness of parameter estimation. In the present situation, since
the Y ij are normal, we can easily conclude that

√
K(Ȳ − µ)

D→ N(o,ΣȲ ) , for K →∞,

where ΣȲ =
[
Cov

(
Ȳ i, Ȳ j

)]
and Ȳ =

(
Ȳ 1, Ȳ 2, Ȳ 3

)>
. Unfortunately, it is

difficult to compute the covariance matrix ΣȲ whence we cannot compare the
limiting distributions of

√
K(µ̃− µ) and

√
K(Ȳ − µ). However, the numerical

results discussed in Section 5 indicate that the estimator Ȳ has approximately
the same asymptotic properties as µ̃.

Note that the asymptotic normality of the (conditional) ML estimator δ̃ as
described in Section 4 is useful for constructing asymptotic confidence intervals.
However, the covariance matrix of the asymptotic normal distribution, see (4.1),
has a complex form. Thus, it is preferable to use the classical bootstrap to derive
an estimator of the covariance matrix. By means of the bootstrap approach we
are able to compute confidence intervals using the estimates given in (3.1)-
(3.3). Note that for our data structure (which consists of many independent
short trajectories) using the classical bootstrap means that we independently re-
sample with replacement whole trajectories from the complete set of trajectories
in each instance of forming a bootstrap sample.

5 Simulation Study

In this section, we will numerically investigate further properties of the ML
estimators given in (3.1)-(3.3). Due to the complex forms of these estimators, it
is difficult to investigate their properties analytically. We consider a Gaussian
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AR(1)-model with predefined parameters and analyse the goodness of parameter
estimation for this specific setting. In particular we investigate numerically the
following issues:

• The parameter estimation of {Y i, i ∈ Z} when observing many (short)
multivariate time series can be accomplished in two different ways: The
parameters can be estimated by solving the equation system given in (3.1)-
(3.3) or by replacing µ̃ in (3.1)-(3.3) by Ȳ . We compare these two different
methods.

• From (4.1), the weak consistency of the ML estimates is obtained, i.e.,
for a sufficiently large number of trajectories, the ML estimators will be
arbitrarily close to the correct values with a high probability. We therefore
analyse the quality of parameter estimation for small samples. This also
reflects realistic settings since only a relatively small number of trajectories
is usually available from experimental data.

• We check numerically if classical bootstrap is applicable for the ML esti-
mators given in (3.1)-(3.3).

• We compare the asymptotic behaviour of the least squares estimator ā
for a when the errors of the autoregressive process are Gaussian with the
asymptotic behaviour when the errors are non-Gaussian. This comparison
serves to check whether the fibre model is appropriate when the angle-
length representations are non-Gaussian.

• We check whether the method of parameter estimation proposed in this
paper is adequate for modelling 3D fibres, i.e., we test the sensitivity of
geometric properties of simulated fibres with respect to the parameters of
the AR(q) model. This is an important aspect since it is not clear a priori
how accurately the parameters have to be estimated in order to model 3D
fibres with geometric properties similar to those of the observed fibres.

In our simulation study, we consider the following AR(q) model, where we
put q = 1 and set

A1 =

−0.5 0.4 0.1
−0.2 1.0 −0.5
1.2 0.8 −0.7

 , Σ =

 0.5 −0.1 0.1
−0.1 0.5 −0.1
0.1 −0.1 5

 , µ =

0.5
0.3
1.3

 . (5.1)

Although this autoregressive process {Y i, i ∈ Z} is described by 21 parameters,
we will only provide results and plots for three of them, namely A1(1, 1),Σ(1, 3)
and µ(2). To ensure comparability with the experimental data considered in
Sections 2 and 6, we independently sample Tn from F , i.e., Tn ∼ F , where F is
a discrete probability distribution of the form

∑W
i=q+1 riδi, W is the maximal

length, ri is a relative frequency associated with length i, and δi is the Dirac
function. The relative frequencies ri and the maximal length W are chosen
according to the histogram of Figure 8 displaying the length of trajectories
which corresponds to fibres observed in experimental 3D image data. Note that
our simulation study supports the asymptotic theory considered in Section 4.
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Figure 3: Histograms of estimated parameters for 1000 repetitions for Ã1(1, 1)−
A1(1, 1), Σ̃(1, 3)−Σ(1, 3) and µ̃(2)−µ(2) (resp. Ȳ −µ(2)) based on solving the
equation system given in (3.1)-(3.3) (first row) and based on Ȳ (second row)

5.1 Comparison of mean estimators

We investigate the influence of the two different methods of estimating µ on the
estimates of a and Σ. We simulate a set of time series of size K = 1000 with
individual lengths Tn ∼ F for each n ∈ {1, . . . ,K}. This simulation framework
is repeated 1000 times and for each set of time series we estimate the param-
eters of the AR(1) model using the two different methods. In Figure 3, the
histograms of the estimated and centred parameters are plotted. In the first
row the estimators are based on solving the equation system and in the second
row the estimators are based on Ȳ . We observe that the histograms for both
estimators are quite similar. Thus, we can conclude that the asymptotic distri-
butions are almost the same for the two estimation methods. Since estimation
based on Ȳ is more time-efficient, it is used in the following.

5.2 Small samples investigations

Formula (4.1) states that the limiting distributions of the ML estimators for δ
given in (3.1)-(3.3) are normal, where the asymptotic covariance matrix of the

estimators depends on M =
∑K
n=1 Tn. However, it is not a priori clear how

large the total length of observations M has to be in order to deliver adequate
estimates of the parameters. Thus, we repeat 1000 times the estimation of
parameters for a set of simulated time series with varying M , where we choose
M = 100, M = 1000, M = 5000, M = 10000 and Tn ∼ F . The mean values and
standard deviations of the centred parameters, i.e., Ã1(1, 1)−A1(1, 1), Σ̃(1, 3)−
Σ(1, 3) and Ȳ (2)−µ(2) for the different values of M are listed in Table 1, where

13



Table 1: Mean values (standard deviations) of the centred parameters com-
puted for repeated parameter estimations with different total length of obser-
vations M

Ȳ (2)− µ(2) Ã1(1, 1)−A1(1, 1) Σ̃(1, 3)−Σ(1, 3)
M = 100 -6.8 ×10−3 (0.252) -2.4 ×10−3 (0.046) -3.3 ×10−2 (0.1541)
M = 1000 -5.1 ×10−3 (0.082) 3.2 ×10−4 (0.015) -3.6 ×10−3 (0.05)
M = 5000 -1.9 ×10−4 (0.038) 6.8 ×10−4 (0.0066) -8.5 ×10−4 (0.023)
M = 10000 3.4 ×10−5 (0.027) 3.9 ×10−5 (0.005) -9.2 ×10−4 (0.016)
M = 50000 -3.6 ×10−6 (0.012) -3.3 ×10−5 (0.002) 4.3 ×10−4 (0.007)

we can see clearly that the mean value and the standard deviation decrease for
increasing M . The mean value is already small for M ≥ 1000 in contrast to the
standard deviation which is significantly reduced for M ≥ 10000. Thus, a size of
M ≥ 10000 is desirable for adequate parameter estimation. In the application
that we consider the total length M is ≥ 50000. So this restriction is met by
the data in which we are interested.

5.3 Bootstrapping

Since the covariance matrix of the asymptotic normal distribution stated in
(4.1) has a complex form, it is preferable to use the classical bootstrap in order
to obtain an estimator of the covariance matrix. By means of the bootstrap
approach we are able to compute, e.g. confidence intervals of the estimates. Note
that in the context under consideration where there are many independent and
short trajectories, use of the classical bootstrap means that we independently re-
sample with replacement whole trajectories from the complete set of trajectories.

In this section we check numerically if bootstrapping is also applicable to the
estimators µ̃, ã and Σ̃. The applicability of bootstrapping to these estimators is
supported by the good agreement of the histograms in Figure 4, where the first
row of histograms are parameter estimates for a simulated set of 1000 time series
with M = 10000 and Tn ∼ F . In the second row of Figure 4 the histograms
show the empirical bootstrap distribution of the parameter estimates for a single
simulated set of time series with M = 10000 and Tn ∼ F . In addition we
computed 95% confidence intervals (CI) for the parameters from ML-estimators
based on bootstrapping and on repeated Monte-Carlo simulations. The results
are shown in Table 2. The intervals from the two approaches are almost the
same. Hence the bootstrap method seems to be also applicable to the ML
estimators.

5.4 Comparison of asymptotic behaviour of least squares
for non-Gaussian errors

In Remark 1 it was mentioned that the least squares estimator ā of a is equal
to the ML estimator ã. Since in real-world applications it often occurs that
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Figure 4: Histograms of centred estimates for 1000 repetitions of simulated
time series with M = 10000 and Tn ∼ F by means of repeated Monte-Carlo
simulations (first row) and bootstrapping (second row)

Table 2: Comparison of confidence intervals computed by repeated Monte-
Carlo simulations and bootstrapping for A1(1, 1),Σ(1, 3) and µ(2)

Monte-Carlo bootstrapping
A1(1, 1) [-0.5074, -0.4924] [-0.5078, -0.4932]
Σ(1, 3) [0.0752, 0.1222] [0.0718, 0.1195]
µ(2) [0.2562, 0.3427] [0.2559, 0.3377]
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Figure 5: Histograms of estimated and centred parameter A1(1, 1) for 1000 rep-
etitions based on the least squares estimator ā where the distribution function
of the errors εn is taken to be εn ∼ N(o,Σ) (left), εn = (Rn1 , R

n
2 , R

n
3 )> with

Rni ∼ U(−500, 500) (centre) and εn = (Sn1 , S
n
2 , S

n
3 )> with Sni + 5 ∼ Exp(1/5)

(right).

the errors are not Gaussian distributed, we are interested in the asymptotic
behaviour of the least squares estimator ā for non-Gaussian errors. To check
this, we conducted a simulation study based on the AR(1) model specified in
(5.1) where the distribution function of the errors was taken to be two non-
Gaussian distributions. Subsequently, the resulting limiting distributions of ā
for the different distribution functions are investigated. Explicitly we simulated
a set of K = 1000 time series with individual lengths Tn ∼ F , n ∈ {1, . . . ,K}.
The simulations were based on the AR(1) model specified in (5.1) where we
change the underlying distribution function of the errors εn from εn ∼ N(o,Σ)
to εn = (Rn1 , R

n
2 , R

n
3 )> with Rni ∼ U(−500, 500) (where U(−500, 500) denotes

the uniform distribution on the interval [−500, 500]) and to εn = (Sn1 , S
n
2 , S

n
3 )>

with Sni + 5 ∼ Exp(1/5) (where Exp(1/5) denotes the exponential distribution
with mean value 5). This simulation framework was repeated 1000 times for
each of the three considered scenarios. Subsequently we computed for each set
of time series the estimator ā. In Figure 5 histograms of the values of the
estimates for the first entry of a are plotted for the three different scenarios. All
of the histograms look Gaussian which indicates that the least squares estimator
ā is asymptotic normally distributed regardless the distributions of the errors.
Moreover, we observe that the histograms for the non-Gaussian cases are almost
identical. In contrast, a substantial difference between the Gaussian and non-
Gaussian cases can be observed. It seems that ā has a smaller variance if the
errors are Gaussian.

5.5 Curvature characteristics - Two-sample tests

The motivation for the methodology considered in the present paper i.e., the
investigation of estimators for parameters of AR(q) models based on a large
number of short trajectories, is to adequately model 3D fibres. It is not however
a priori clear that 3D fibres simulated according to an AR(q) model, using
estimated parameters, have ‘correct’ (or at least sufficiently similar) geometric
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properties compared with 3D fibres simulated with exact parameters. Thus
there is a need to test the sensitivity of geometric properties of simulated fibres
to the values of the parameters of the AR(q) model.

In this section, we provide some numerical results supporting the claim that
the confidence intervals determined in Section 5.3, have a close connection with
the goodness-of-fit of curvature properties of fibres generated by the fibre model.
In other words, if the true parameters are within the 95% confidence interval, the
geometric properties of simulated fibres from the true and estimated parameters
are quite similar.

The experimental set-up is as follows: We consider sampled time series from
the AR(1) model given in (5.1) as incremental representations of polygonal
tracks (see Section 2) and calculate two different curvature characteristics of
these tracks. The direction of the starting line segment was chosen to be uni-
formly distributed on the unit sphere. An illustration of the first curvature
characteristic is shown in Figure 6. More precisely, let

β0(p) = β(p)/|`|2 ,

where β(p) denotes the area circumscribed by the polygonal track p = (`1, . . . , `n)
and |`| is the length of the (straight) line segment connecting the starting point
of `1 and the end point of `n where `i is the i-th line segment of the polygonal
track. Notice that in Figure 6, the curvature characteristic β0(p) is only illus-
trated in 2D but computed in three dimensions, where β(p) (red area) is then
the area of a curved surface.

Figure 6: Curvature characteristic β0(p): Circumscribed area (red) β(p) divided
by the square length |`|2 of the blue line

The second characteristic is called the tortuosity of the polygonal track p.
It is defined by

τ(p) =

∑n
i=1 |`i|
|`|

and describes the ‘winding tendency’ of the fibres.
The issue that we need to check is whether the curvature characteristics of

single fibres (polygonal tracks) generated from the AR(1) model defined in (5.1)
are reflected sufficiently well if the true parameters are located in the relevant
95% confidence interval.

First, we check whether the distributions of the curvature characteristics
coincide for fibres generated by the AR(1) process with correct and estimated
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Table 3: Relative frequency of rejections with respect to Wilcoxon two-sample
test for estimated parameters, parameters located in CI and parameters located
outside of CI

estimated parameters parameters in CI parameters outside CI
β0 0.046 0.048 0.83
τ 0.036 0.05 0.96

parameters. We therefore perform a Wilcoxon two-sample test on the hypothesis
that the distributions of β0 (resp. τ) computed for fibres which are generated
with correct and estimated parameters, are the same.

In more detail we simulated K = 500 trajectories (fibres) from the AR(1)
process given in equation (5.1) where Tn ∼ F . We then calculated the empirical
distributions Fβ0

and Fτ of the 500 resulting values of the estimates of each
of the two curvature characteristics. Next we estimated the model parameters
from the observations consisting of the 500 simulated fibres. We then simulated
another 500 fibres using these estimated parameters and computed the empirical
distributions Fβ̃0

and Fτ̃ of the estimates of the two curvature characteristics
for this new sample. In addition the empirical distributions FβinCI

0
and Fτ inCI

of the two curvature characteristics were computed for 500 fibres drawn from
a fibre model with parameters that were uniformly distributed on the derived
95% confidence intervals. Finally empirical distributions FβoutCI

0
and FτoutCI

were calculated for 500 fibres drawn from a fibre model with parameters that
were uniformly distributed on sets contained in the complements of the derived
confidence intervals. Explicitly if the derived CI was [c1, c2], the parameter in
question was chosen to be uniformly distributed on the set [c1−|c2− c1|]∪ [c2 +
|c2 − c1|]. The distributions (Fβ̃0

, Fτ̃ ), (FβinCI
0

, Fτ inCI ), (FβoutCI
0

, FτoutCI ) were
then pairwise compared by means of Wilcoxon two-sample test with Fβ0 , Fτ ,
i.e., we computed the Wilcoxon two-sample test for the pairs of distributions

(Fβ0
, Fβ̃0

), (Fβ0
, FβinCI

0
), (Fβ0

, FβoutCI
0

), (Fτ , Fτ̃ ), (Fτ , Fτ inCI ) and (Fτ , FτoutCI ).

The whole procedure was repeated 1000 times and we counted the number
of events for which the null hypothesis of the two-sample test was rejected.
In Table 3 the relative frequencies of rejections are listed. These estimated
parameters and the parameters within CI lead to rejection with a probability
of approximately 0.05 which is exactly the level at which the two-sample test
was applied. Moreover the rejection rate for parameters outside of CI-s is very
large. These results support the claim that the estimated confidence intervals
of Section 5.3 bear a close relationship to the goodness-of-fit of the fibre model.

In Figure 7, histograms of the computed curvature characteristics are shown
for the four scenarios of fibre simulations (real parameters, estimated param-
eters, parameters within CI, parameters outside of CI). We observe that the
model with parameters chosen outside of CI fails to re-create correctly the dis-
tributions of curvature β0 and tortuosity τ . In particular, the ‘incorrect’ model
produces too few fibres with small curvature and tortuosity.
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Figure 7: Curvature characteristics β0, τ computed for the four scenarios of
fibre simulations: real parameters (first column), estimated parameters (second
column), parameters within CI (third column), parameters outside of CI (fourth
column))

6 Application to experimental data

To show that the proposed model for single fibres and the proposed methodology
for parameter estimation deliver a powerful tool for describing curved objects
in 3D, we give an example of a real-world application of the single-fibre model
with specific emphasis on its statistical inference. See Gaiselmann et al. (2013)
for more background on this example. Explicitly we apply our procedure to the
problem of modelling a system of 3D single fibres that exhibits the microstruc-
ture of non-woven GDL as shown in the left panel of Figure 1. The modelling
procedure is based on the description given in Section 2. To estimate the pa-
rameters of the AR(q) model, we extract single fibres from the experimental
image data as described in Gaiselmann et al. (2012). These fibres are available
as 3D polygonal tracks and are subsequently transformed to a set of time se-
ries trajectories as described in Section 3.1. Unfortunately, due to irregularities
in the 3D grey-scale images, only relatively short sections of fibres could be
extracted. We thus ended up with a large number K ≈ 20000 of (short) tra-
jectories {y1,−q+1, . . . ,y1T1

}, . . ., {yK,−q+1, . . . ,yKTK
}. The histogram of the

lengths of trajectories Tn is plotted in Figure 8, from which it can be seen that
there are many short trajectories and a few longer ones. Subsequently, the order
q of the AR(q) process was estimated using the AIC criterion as described in
Section 3.3. In this case the AIC criterion chose order q = 2. The parameters
of the AR(2) model were estimated by estimators given in (3.1)-(3.3) and we
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Figure 8: Histogram of the lengths of trajectories Tn

obtained

Y i −

 0.005
0.00008

23.5

 =

 0.214 0.061 −0.0002
−0.00004 −0.091 0.00002
−0.53 1.569 0.114

 Y i−1 −

 0.005
0.00008

23.5

+

 0.106 0.039 0.0002
−0.001 −0.11 −0.00005
−0.321 3.846 0.025

 Y i−2 −

 0.005
0.00008

23.5

+ εi ,

where εi ∼ N

0
0
0

 ,

 0.08 0.00007 −0.02
0.00007 0.0018 −0.016
−0.02 −0.016 207

.

To investigate the accuracy of the normality assumption of the presented
stochastic single fibre model, we computed the residuals and examined the em-
pirical marginal distributions and the corresponding qq-plots. The results shown
in Figure 9 indicate that the residuals are not perfectly normal distributed but
the normality assumption seems to be quite acceptable.

To check the goodness-of-fit we plotted the histograms of the two curvature
characteristics β0 and τ , introduced in Section 5.5, for (experimental) polygonal
tracks extracted from the 3D synchrotron image and for simulated polygonal
tracks drawn from the fitted single-fibre model. Figure 10 shows that these
histograms coincide nicely which supports the numerical results obtained in
Section 5.5.

Finally, in Figure 11 we check visually how accurately the observed fibres
are described by the single-fibre model. This figure indicates good agreement.
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Figure 9: QQ-plots (top) and empirical marginal distributions (bottom) of the
first (left), second (centre) and third (right) components of the residual vector

Figure 10: Histograms of β̂0 (left) and τ̂ (right) for extracted (top) and simulated
(bottom) tracks
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Figure 11: Observed (left) and simulated (right) single fibres.

7 Conclusions

Statistical inference for the parameters of the stochastic model describing curved
fibrous objects in 3D was discussed. In particular, we statistically analysed the
estimation of parameters of a stochastic single-fibre model. This model has
proved its applicability by satisfactorily reproducing the appearance of single
fibres in non-woven materials. The model deals with multivariate autoregres-
sive processes, where parameter estimation is based on a large number of short
and independently sampled trajectories rather than one long trajectory. Statis-
tical properties of ML estimators were considered for autoregressive processes
in this particular context. Simulation studies supported the theoretical results
that were obtained. Further properties of the ML estimators which are compli-
cated to handle analytically were investigated. In summary, the methodology
proposed in this paper provides an extensive toolbox of time-series analysis
methods and places them on a solid theoretical basis. We expect these methods
to find wide application.
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Appendix

We discuss briefly the basic idea of the proof of the asymptotic normality (cf.
(4.1)) of the ML estimator (3.1)-(3.3). In order to make a discussion clear some
background from general maximum likelihood theory must also be provided.
We consider the setting that was introduced in Section 3. In particular, let
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{Y 1,−q+1, . . . ,Y 1T1}, . . . , {Y K,−q+1, . . . ,Y KTK
} be random trajectories of K

independent copies of a Gaussian autoregressive process {Y i, i ∈ Z} and let δ̃ =

(µ̃>, ã>, σ̃>)> be the ML estimator for δ = (µ>,a>,σ>)> given in (3.1)−(3.3),
etc. Under some assumptions (cf. Lütkepohl (2006) which can be seen to be
fulfilled in the present setting), the following expression holds:

√
K(δ̃ − δ)→ N

(
o, lim
K→∞

(
I(δ)

K

)−1)
as K →∞ . (7.1)

In the foregoing I(δ) = −E
(
∂2 logL
∂δ∂δ>

)
denotes the Fisher information matrix.

The proof of (7.1) follows directly from classical ML estimation theory and can
be found, e.g. in Lütkepohl (2006, p. 693-694).

In view of (7.1) we only have to compute the limiting covariance matrix

limK→∞( I(δ)K )−1. In order to do this, we make use of computations of the
likelihood function and its derivatives from Lütkepohl (2006) modifying them
appropriately to fit our particular context. Setting w = vec(Σ) we see that the
second-order derivatives of the log-likelihood function can be written as follows:

∂2 logL

∂a∂a>
= −

K∑
n=1

(
XnX

>
n

)
⊗Σ−1 ,

∂2 logL

∂w∂w>
=

K∑
n=1

Tn
2

(
Σ−1 ⊗Σ−1

)
− 1

2

(
Σ−1 ⊗Σ−1UnU

>
nΣ−1

)
−

1

2

(
Σ−1UnU

>
nΣ−1 ⊗Σ−1

)
,

∂2 logL

∂µ∂µ>
= −

K∑
n=1

Tn

I3 − q∑
j=1

Aj

> Σ−1

I3 − q∑
j=1

Aj

 ,

∂2 logL

∂µ∂a>
= −

K∑
n=1

(
I3 −

(
l> ⊗ I3

)
A>
)

Σ−1
Tn∑
i=1

(
X>n,i−1 ⊗ I3

)
−

(
Tn∑
i=1

ε>n,iΣ
−1 ⊗ I3

)(
I3 ⊗ l> ⊗ I3

) ∂vec(A>)

∂a>
,

∂2 logL

∂w∂a>
=

K∑
n=1

−1

2

(
Σ−1 ⊗Σ−1

)(I3 ⊗UnX
>
n

) ∂vec(A>)
∂a>

+
(
UnX

>
n ⊗ I3

) ,
∂2 logL

∂w∂µ>
=

K∑
n=1

1

2

(
Σ−1 ⊗Σ−1

) [
(I3 ⊗Un)

∂vec(U>n )

∂µ>
+ (Un ⊗ I3)

∂vec(Un)

∂µ>

]
,

where l = (1, . . . , 1)> is a vector of dimension q, εni is the i-th error term in
the n-th time series and Un = (εn1, . . . , εnTn

).
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First we show that in this setting the information matrix is block diagonal.
We have

lim
K→∞

− 1

K
E
∂2 logL

∂µ∂a>
= o ,

because EX>n,i−1 = o and Eε>n,i = o. Furthermore,

lim
K→∞

− 1

K
E
∂2 logL

∂w∂µ>
= o ,

because Un does not depend on µ, so that
∂vec(U>

n )
∂µ> = o and EUn = o. Since

UnX
>
n = (

∑Tn

i=1 εni(Y n,i−1−µ), . . . ,
∑Tn

i=1 εni(Y n,i−q+1−µ)) and εni is inde-

pendent of Y nj for j < i, we can conclude that EUnX
>
n = o and thus

lim
K→∞

− 1

K
E
∂2 logL

∂w∂a>
= o .

This shows that, limK→∞

(
I(δ)
K

)−1
is block diagonal. Next we investigate

the asymptotic behaviour of the diagonal elements of the covariance matrix.
To do so we consider the matrix XnX

>
n = (xkl) with xkl =

∑Tn−1
i=0 (Y n,i −

µ)(Y n,−|k−l|+i − µ)>. The expectation of this matrix is given by EXnX
>
n =

TnΓY (0) since Exkl = ΓY (|k − l|). It then follows that

lim
K→∞

− 1

K
E
∂2 logL

∂a∂a>
= lim

K→∞

1

K
E

K∑
n=1

(XnX
>
n )⊗Σ−1

= lim
K→∞

1

K

K∑
n=1

TnΓY (0)⊗Σ−1

= γΓY (0)⊗Σ−1.

Hence, from (7.1) we get that

√
K(ã− a)

d→ N(o,
ΓY (0)−1

γ
⊗Σ).

Moreover,

lim
K→∞

− 1

K
E
∂2 logL

∂µ∂µ>
= lim

K→∞

1

K
E

K∑
n=1

Tn(I3 −
q∑
j=1

Aj)
>Σ−1(I3 −

q∑
j=1

Aj)

=

(
lim
K→∞

∑K
n=1 Tn
K

)
(I3 −

q∑
j=1

Aj)
>Σ−1(I3 −

q∑
j=1

Aj)

= γ(I3 −
q∑
j=1

Aj)
>Σ−1(I3 −

q∑
j=1

Aj).
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We thus obtain

√
K(µ̃− µ)

D→ N(o,
1

γ
(I3 −

q∑
j=1

Aj)
−1Σ(I3 −

q∑
j=1

A>j )−1).

Finally we obtain

lim
K→∞

− 1

K
E
∂2 logL

∂w∂w>
= lim

K→∞

1

K
E

K∑
n=1

−[
Tn
2

(
Σ−1 ⊗Σ−1

)
+

1

2

(
Σ−1 ⊗Σ−1UnU

>
nΣ−1

)
+

1

2
(Σ−1UnU

>
nΣ−1 ⊗Σ−1)]

= lim
K→∞

(
K∑
n=1

− Tn
2K

(Σ−1 ⊗Σ−1) +
1

2
(Σ−1 ⊗Σ−1E(UnU

>
n )Σ−1)

+
1

2
(Σ−1E(UnU

>
n )Σ−1 ⊗Σ−1)

)
= ( lim

K→∞

∑K
n=1 Tn
2K

)(Σ−1 ⊗Σ−1)

=
γ

2
(Σ−1 ⊗Σ−1).

The last equality follows from E(UnU
>
n ) = TnΣ (see Lütkepohl (2006)). This

gives
√
K(w̃ −w)

d→ N

(
o,

2

γ
(Σ⊗Σ)

)
and thus √

K(σ̃ − σ)
d→ N

(
o,

2

γ
D+

3 (Σ⊗Σ)D+>
3

)
,

where D+
3 is the Moore-Penrose generalized inverse of the matrix D3 which is

the uniquely determined solution of the linear equation system ω = D3σ (see
Lütkepohl (2006)).
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