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A bin-resolved statistical framework for comparing particle size distributions

Rahul Mitra, Lukas Fuchs, Ralf Ditscherlein, Volker Schmidt, Urs Alexander Peuker

Introduces a bin-resolved framework for comparing particle size distributions.
Localizes statistically significant size di erences between particle populations.
Uses parametric bootstrap calibration for approximate simultaneous error control.

Combines global hypothesis testing with local bin-wise statistical inference.
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Abstract

Reliable comparison of particle size distributions (PSDs) is crucial for monitoring, optimizing,
and designing powder-based processes in industries such as spray drying, granulation, milling,
classification, and physical separation. Subtle variations in PSDs often indicate changes in process
stability, product quality, or material functionality. However, conventional methods such as visual
histogram comparison or global statistical tests, such as the Pearson ? test, lack calibration or
do not pinpoint the size classes (also referred to as “bins”) in which the di erences occur. To
overcome these limitations, we introduce the Di erence Significance Profile (DSP), a statistically
grounded and practically interpretable framework for comparing two PSDs at the bin level. The
framework quantifies the observed di erences between the corresponding bins and identifies
those size classes in which the di erences are too large to be plausibly explained by random
sampling after simultaneous calibration across all bins. It uses a pooled-variance estimator and
a bootstrap-calibrated simultaneous threshold that approximately controls the family-wise error
rate (FWER) at a predetermined significance level, thereby reducing false-positive detections.
We demonstrate the framework on number-weighted PSDs measured using in-line imaging of
spray-dried alumina, quantify the temperature-induced PSD changes, and illustrate the behavior of
DSP in a negative-control comparison under nominally identical operating conditions. In general,
DSP provides a quantitative and practically interpretable tool that supports localized comparison
of particle size distributions.

Keywords: Particle size distribution, Bin-resolved analysis, Statistical inference, Bootstrap
calibration, Simultaneous hypothesis testing

1. Introduction

Comparison of particle size distributions (PSDs) is a fundamental task in industrial par-
ticle technology and process engineering, where particle size critically governs both process
performance and product functionality. Across applications such as mineral processing [1} [2]],
mechanical processing [3l 4], separation systems [5} (6], additive manufacturing [7, 8], spray dry-
ing [9]], agglomeration [10H13]], filtration [14,|15]], particle coating [[L6H18]], combustion [19}20],
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recycling [21H23]], and food processing [24} 25]], particle sizes serve as key indicators of process
stability, e ciency, and product quality. For example, in a copper concentrator grinding circuit,
the PSD of the ground ore is directly related to the degree of mineral liberation, thus influencing
recovery e ciency and reagent consumption [26]]. In lithium-ion battery recycling, PSD of the
recovered cathode material a ects the leaching kinetics and purity of lithium compounds [27]].
Similarly, in the recycling of automotive components, the PSD of the crushed feed determines
the selectivity and throughput of magnetic and eddy current separators [28, 29]. In additive
manufacturing, powder PSD governs flowability, packing density [30,[31]], and the microstructure
of printed parts [32]. Across all these applications, even small changes in PSD can signal process
drift, tool wear, or quality di erences, making quantitative PSD comparison essential for process
monitoring, control, and optimization.

Beyond these operational considerations, PSDs also underpin product functionality through the
so-called “property function” introduced in [33]]. This concept formalizes the relationship between
the microscopic properties of the particle system and the macroscopic product properties by
linking particle size, shape, morphology, and surface characteristics to functional outcomes such as
flowability, reactivity, or optical behavior. This framework has been extended in [34]], highlighting
its significance in product engineering, where control of the PSD enables tailoring of particle
characteristics to obtain the desired product properties. Thus, PSD is a fundamental design variable
connecting process parameters to functional product behavior. Recognizing its fundamental
importance, digital particle databases [35)136] have been created that support benchmarking and
can be accessed to retrieve particle size or shape distributions for subsequent comparison. The
accurate and quantitative comparison of PSDs between di erent process conditions or batches
is therefore indispensable for maintaining consistent product properties, ensuring specification
compliance, and enabling data-driven product design.

To describe PSDs mathematically, several models are commonly used and are intended to
represent the underlying probability density of particle sizes by analytical formulas. In most
engineering applications, these are parametric distributions characterized by a certain number
of model parameters (typically 2 or 3), which provide compact descriptors of a PSD in terms
of a characteristic size and a spread. As summarized in [37]], the most frequently used models
include normal, lognormal, Rosin-Rammler-Sperling-Bennett (RRSB) (also commonly referred
to as the Weibull distribution), and Gates-Gaudin-Schuhmann (GGS) distributions. The family
of normal distributions represents symmetric PSDs, whereas the lognormal distribution suits
growth processes such as agglomeration and spray drying, yielding the characteristic right-skewed
tails. The RRSB distribution describes fragmented or milled materials and allows straightforward
fitting to sieve data, whereas the GGS distribution captures the behavior of PSDs from mineral
grinding or crushing operations and similar processes. Each of these parametric distributions
provides a characteristic parameter useful for industrial process monitoring. However, such
simplified approximations often fail to capture the multimodal features of particle systems. Beyond
descriptive fitting of PSD models, the derivation of particle structure-property relationships is the
fundamental reason why PSDs are predicted using mechanistic and data-driven models in the first
place [38,139]]. Therefore, a quantitative comparison of predicted and measured PSDs is essential
to assess whether a model adequately captures the particle population relevant for model validation,
scale-up, and process optimization. For example, population-balance agglomeration models have
been tested by directly comparing predicted distributions with experimental observations [40, 41].
During comparison, localized di erences highlight size regions where the models under-predict
or over-predict observed probabilities. Therefore, this validation step ensures that PSD-based
parameters reliably represent the particle system, strengthening process understanding and product
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optimization in particle technology.

Comparison of PSDs in practice often starts with qualitative tools such as visual overlays
and di erence-of-probability plots42], which provide useful impressions but cannot assess
whether observed di erences are statistically signi cant. As a result, they do not support rigorous
quantitative inference. Classical global tests such as the Pear§48-45] and Kolmogorov-
Smirnov (KS) B6] tests evaluate overall similarities but compress all di erences into a single
scalar statistic. More recent distance-based measures, including the Je ries-Matusita o&thnce |
total variation [48], maximum mean discrepancy (MMD)[[49], Jensen-Shannon divergence [50],
and the Wasserstein distan&d]Jo er improved sensitivity but still yield only a global measure of
dissimilarity. Q-Q plots’b2] are also commonly used to visually compare distributional agreement
but do not provide localized information on where di erences originate along the size axis (bins).
These approaches cannot identify where along the particle size axis the distributions di er, which
is often the most relevant information in engineering practice, where knowing the speci c size
ranges responsible for di erences is essential for assessing process behavior and implementing
corrective action.

Some localized methods have been proposed to address this ne&], &nder-bin signi -
cance approach has been introduced that is based on normalized di erences between observed and
expected counts, o0 ering an initial attempt at localized inference. However, its statistical validity
is limited by the use of approximate variance models and by the absence of multiple-comparison
control. In the work by Sharp&fl], residual-based and partitioning methods have been evaluated
to locate sources of signi cance irf tests but they have concluded that these approaches lack
formal control of the family-wise error rate (FWER), often leading to in ated false-positives in
large dataset$p, 56]. In other words, when many bins are tested simultaneously, some bins
may appear to di er purely by chance, even if the overall distributions are actually identical.
Controlling the FWER ensures that the probability of incorrectly identifying any bin as signi -
cantly di erent remains within a prede ned signi cance level, thereby distinguishing genuine
process di erences from random statistical noise. Although these studies represent important
methodological advances, they remain insu cient for a detailed PSD comparison, where bin-wise
correlations and multiplicity must be properly addressed.

Building upon these developments, in the present work we introduce a bin-resolved PSD
comparison framework, termed the Di erence Signi cance Pro le (DSP), designed for particle-
discrete PSD datasets. The DSP standardizes per-bin probability di erences using a pooled-
variance estimator and calibrates a global decision threshold using parametric bo&tgtrap [
under the null hypothesis that both PSDs originate from the same parent distribution. This allows
simultaneous bin-wise inference with reduced false-positive detections. Previous applications of
bootstrap resampling in particle technology and mineral process8&®({] and extensive error
analysis 61, 62] demonstrated the robustness of the method for uncertainty quanti cation in size
and composition measurements, ranging from con dence inteBiqlgstimation in single PSDs
to error propagation in mineralogical characterization and separation performance evaluation.
We extend this bootstrap-based concept from uncertainty estimation to inferential comparison
between two PSDs, enabling statistically valid identi cation of bins where two distributions di er
signi cantly. Therefore, DSP transforms qualitative histogram comparison into a quantitative and
bin-resolved tool for simultaneous inference that directly supports process control, validation of
product speci cations, and data-driven decision-making in particle technology.

The paper is organized as follows. Section 2 introduces the statistical basis of the proposed
DSP framework, including the common-bin representation of PSDs, the multinomial sampling
model, local DSP statistics, and the bootstrap-based simultaneous calibration used for bin-wise
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inference. Section 3 demonstrates the implementation of the framework on experimental spray-
drying data and discusses its behavior for both di erent process conditions and repeat experiments
under identical conditions. Section 4 summarizes the main ndings and outlines possible directions
for the future development of the framework.

2. The proposed framework: Di erence Signi cance Pro le

The proposed framework provides a statistically grounded and practically interpretable proce-
dure for comparing two particle size distributions at the resolution of individual bins. Its aim is to
quantify the observed bin-wise di erences between two samples, standardize these di erences
relative to their estimated sampling uncertainty, and identify those bins whose di erences are
large enough to remain signi cant after simultaneous calibration across all bins. In this way,
DSP combines local resolution with bootstrap-based simultaneous error control under the tted
multinomial model, so that marked bins represent size classes in which the observed di erences
are statistically signi cant within this model-based framework.

This section rst presents the mathematical basis of the framework, including the common-bin
statistical model, local standardized statistics, and simultaneous calibration based on bootstrap
resampling. This formal development is then complemented with a practical engineering inter-
pretation of the DSP framework, emphasizing how it should be read and used in particle-process
analysis.

2.1. Observed data and common binning

Let two particle populations (e.g., obtained from two process conditions) be represented by
the observed samples

n2

X1 = (Xa1;000%4n) 2RG: X2 = (Xo1; 001 %n,) 2 R, 1)

andn; 2 N is the number of particles observed in samplén practicen; is determined by the
measurement technique and sampling strategy, e.g., the number of particles detected in dynamic
imaging.

A PSD is typically represented in binned form. Fdt f1;2gand an observed samptg2 R",
a binning is de ned by a set of bin edge e : :; ({'J) 2 R with

eg) < e(lj) << e(ki); 2)
fork; 2 N = 1, 2;:::g which induces a partition of the real axis irkpbins. The observed count
Nji 2 No in bin i is given by

n L0 _
n,—i=#r2f1;:::;njg:>§,2(e|(11);(')] 2No;, 12f1;:::;ko; (3)

where # denotes the cardinality of a set. The height of Brihen given by the relative frequency
or the empirical bin probability $2 [0; 1],
n

Py = 2[0:1) (4)

Pk,
where :(:'1 pji = 1.



A comparison of the empirical probabilities (bin heighf@),gandfp,;gof two histograms
with di erent bin edgesfeg , fe’)gis misleading. In that case, any bin-wise di erence
misrepresents the underlying distributional di erences due to artifacts arising from the chosen
binning. Therefore, a prerequisite for any bin-wise comparison is that both samples be evaluated
on a common set of bins. To this end, a joint binning is introduced with bin edges

eg<e < <eg %)

for k 2 N, which is then applied to both samples.
If there are no prede ned bins, a data-adaptive choice of the bin egges: : :; & for some
k 2 N can be obtained from the pooled sample x, which is given by

X = (Xe1s i X Xe1 1105 %) = (X1 1105%) 2 RYy; (6)

2192095 ko @)

wherelQR(X) = Qo.75(X) Q o0:25(X) is the interquartile range ar@,(x) denotes the quantile for
g 2 (0;1). The resulting number of binsglf > 0 is then given by

h(x) =

_ Xmax X min .
with Xmin @ndXmax being the smallest and largest component,aespectively, ande: R!Z =
f:::; 1;0;1;:::gdenotes rounding to the smallest integer greater than or equal to the argument.
The corresponding bin edges are then de ned as

& = eo +ih(x); 9)

ensures that all data points belonging to the intengah| Xmax] fall into some bin and that both
samples xand % are evaluated on an identical set of bins, allowing direct bin-wise comparison.
To keep the notation simple, the bins (gfter common binning) are denoted by
_Zen;el i=1;

Plael; i>1L:
If IQR(X) is close to zero, then the bin widkiix) also approaches zero, which implies an extremely
large number of bing. To avoid this degenerate situation, a maximum number of bins can be
heuristically chosen to ensure a meaningful partition.

Depending on the data, other common binning techniques can also be used, such as Scott's
rule [64], Sturges' rule 5], or more advanced binning strategi€$]] However, in the present
paper, the Freedman-Diaconis rule is used as a data-adaptive starting point that determines the
common bin width from the pooled sample size and spread through the interquartile range.

In many practical settings, the bins are prescribed by the measurement technique itself, for
example, in the case of dynamic image analysis, and may therefore have unequal or logarithmi-
cally spaced widths. DSP directly accommodates such binning schemes because its statistical
formulation is based on the counts and probability masses within the bins. The only essential
requirement is that both samples be represented using the same set of bin edges.
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2.2. Statistical model for the common-bin counts

This section introduces the mathematical foundation behind DSP. For this; let EE; k 2
N be some xed binning. For each sample f1,2gwith sample sizen; 2 N, assume that
the measured particle sizes follow independent and identically distributed random variables

falling in bin i, i.e.,

pji = P(Xjr 2 E): (11)
The corresponding random bin counj I$ given by
n o
Nji =#r2fl;::5;n9: % 2E; (12)
and the random count vector; N (Nji;:::; Ni) 2 N§ is multinomially distributed with the

Nj Mult(n j;p;j): (13)
The model implies inter-bin dependence and negative covariance between the random bin counts
(Njz; - 22 Ny), with covariance and variance given by
Cov(N;;Np) = njpipy  (i,7); Var(N ) =n;pi(1 pj): (14)

This multinomial sampling view is particularly appropriate for number-weighted PSDs ob-
tained from particle-wise measurement techniques, such as image-based analysis, optical particle
counters, or in-line imaging probes. Under the working assumption that the detected particles
can be treated as independent and identically distributed draws from the same underlying particle
population, assigning each particle to a bin corresponds to a categorical outcome with mutually
exclusive alternatives. The multinomial distribution is therefore the natural probabilistic model for
this counting process under that working assumption. If, however, there are strong within-sample
dependencies or additional sources of variability induced by the measurement process, then
the data may exhibit over-dispersion relative to the multinomial model. In that case, one may
mitigate this by using repeated samples, by introducing an e ective sample size, or by adopting an
over-dispersed extension such as a Dirichlet-multinomial distribution [68, 69]. Nevertheless, for
number-weighted PSDs, the multinomial model remains a natural working model that captures
the compositional dependence induced by binning.

The goal of DSP is to test the null hypothebig: p; = p» for the two observed histograms,
where each histogram is modeled as an independent multinomial sample on the same binning.
DSP evaluates the bin-wise di erence of histograms relative to the bin-wise uncertainty under the
null hypothesis I of equal bin probabilities across both samples.

Note that under the null hypothesdi : p; = p2, which means in particular thgk; = py;
for eachi 2 f1;:::;kgthe standard err®E of the estimatorii=n) (Ny=n) of the “true”
bin-wise di erence p; p 2 = 0is given by

S f

1 1
SE= p(l Pi)n—l+n—2 2Ro: (15)

Here,p; = p1j = poi denotes the common “true” probability that a randomly selected particle falls
into bini underHy. The standard error directly quanti es the uncertainty, i.e., the typical range
6



of variation one would expect in a bin-wise di erence due to random sampling, even when the
two distributions are truly identical. The uncertainty decreases as more particles are sampled and
is modulated by how strongly populated a bin is. In practice, this means that comparing small
sample sizes or sparse bins naturally produces lower statistical power.

2.3. Observed local DSP statistics

Given the observed samplgsandx; and the xed common bins £::: ;Ex, the observed
bin counts are n o
ni=#r2fl;::;mg:% 2E6: (16)
In other wordsn; is the number of particles in sampjevhose measured sizes belong to ittle
bin after xing the common bin intervals;ESimilarly to the de nition introduced in Eq4), the
corresponding empirical bin probability within E given by

By =
I n]_

2[0;1]; 17)
P - i A o
where ik:l P = 1. The empirical bin probability; can be regarded as a realization of the
consistent estimator jN-n; of the underlying probability p (introduced in Eq. (11)).
For the observed data, the empirical bin-wise di erence is de ned as

i=Pu P22[11]; (18)

(N;ji=r) (Ngi=np) of the “true” bin-wise di erencepy; p 2. For example, ; > 0 indicates
enrichment of bin i in sample 1 relative to sample 2, whije< 0 indicates depletion.

Under the null hypothesidly, both samples are assumed to share the same underlying bin
probability p; in bini. It is natural to estimatg; by pooling the observed counts from the two
samples. Therefore, a realizationo the pooled estimator of; jis given by

P,
=t i mi + Ny,

pi= P
]-2:1 n; N +ny

2 [0; 1]: (19)

Thus, p; is simply the empirical probability of all observed particles, from both samples combined,
that fall into bini. In other words, one may imagine merging the two samples into a single pooled
sample of sizen; + n, and then calculating the fraction of particles in that pooled sample that
belong to bin. From a statistical point of viewj; is also a realization of the maximum-likelihood
estimator 70] of the “true” common bin probability;. Intuitively, it is the best-supported estimate

of the probability of binl when one assumes that there is no true distributional di erence between
the two samples in that bin.

This estimator is appropriate unddg because, when both samples truly have the same bin
probability p;, combining them increases the amount of information available for estimating that
common probability. As a resulfy is typically more stable than the realizationfaf and py;
of separate estimators considered individually. Equivaleftlgan be interpreted as a weighted
average of the two sample-speci ¢ bin frequencies,

A~ n . 173
pi = P1i +
ni + Ny ni + Ny
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so that the sample with the larger number of observed particles contributes more strongly to the
pooled estimate.
Since the “true” standard err@E underHy, from Eq.(15), is not directly available from the
data, DSP uses the consistent estimator whose realiz&®m@se given by
S ,

1 1
SE= [ py) n_1+n_2: (21)

DSP computes the bin-wise standardized (dimensionless) statistic (the Z-§ddrehoted
by z 2 R, as

8 .
a:§§5;95>m 22)

70; SE =0:

Thus, Z; standardizes the observed bin-wise di erengédy its estimated standard err8E.
Intuitively, Z; measures how large the observed bin-wise di erence is relative to the sampling
uncertainty expected under the null hypothesis.

It is important to note tha8E = 0 whenever the pooled estimator is degenerate, i.e., when
pi 2 fO;1g The practically relevant case is usuafiy= 0, which means that binis empty
in both observed samples. In such a case, the ratio ifZ2jis not de ned. These bins are
therefore treated as non-informative and will not be marked as signi cant. This convention is
consistent with the interpretation that a bin with no pooled variation provides no evidence of a
local di erence. Therefore, 4ds explicitly set to zero whenev&E = 0.

2.4. Global di erence through Pearson's’ statistic
Complementing the bin-wise DSP statistics, the overall di erence between the two binned

PSDs is summarized by Pearson’sstatistic. In the present framework, this quantity is used
primarily as a global di erence measure under the null hypothgithat both samples share the
same bin-probability vector in all bins. Consequently, the expected &uint bin i for sample
j 2 f1;2g is given by

Eji = Nnjpi: (23)
Thus,E; represents the count that would be expected iri Bin samplej if both samples were
generated from the same common PSD. However, in practice, the “true” bin probapikty
unknown and must be estimated from the observed data. As ifLB)jthe pooled estimatp; is
used, which yields the estimated expected count

Eji = n;pi: (24)

HenceEji is the expected count in birfor samplej under the tted model obtained from the
pooled data. The observed Pearson statigti2 [0; 1) is then de ned as

, Ry éji)z: (25)

Ej

Note that bins witHé,—i = 0 are ignored in the summation considered in &%). This can occur
only when both bin counts are zero, in which case the bin contains no information about the
di erence between the two samples and contributes nothing to the statistic.
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The Pearson statistic provides a single scalar measure of the global di erence across all bins.
If desired, it may be decomposed into bin-wise contributions,

% (ni By

(26)
=1 Eij

2 —
=

so that

2= 2, (27)
i=1
These quantities indicate how strongly individual bins contribute to the total Pearson di erence.
However, they are not the quantities on which DSP bases its local interpretation.

The reason is twofold. First, each is non-negative and therefore does not encode the sign of
the di erence. A large value of? indicates that the observed count in b ers from its null
hypothesis expectation, but does not indicate whether sample 1 is enriched or depleted relative
to sample 2 in that bin. In contrast, the DSP statigticonsidered in Eq(22) retains the sign
and therefore directly indicates the direction of the observed local shift. The second reason for
basing DSP on local statisti& rather than on Pearson contributiorfsis the interpretability
on the probability scale. Thg directly quanti es how the bin probabilities di er between
the two samples relative to their standard error urtdgr Thus, the sign indicates whether
sample 1 is enriched or depleted relative to sample 2, and the magnitude indicates how large
that probability di erence is compared to ordinary random variation. By contrast, the bin-wise
Pearson contribution? is not directly interpretable as a di erence of probabilities. It does not
indicate which sample has the larger bin probability. For this reag’o’n,useful for decomposing
the global di erence, whil&Z; is the more natural statistic for local interpretation and bin-wise
inference.

In practice, DSP therefore uses the Pearsostatistic as a global di erence measure, while
the local statisticg; provide bin-resolved information about where the observed di erences are
large relative to their uncertainty.

2.5. Simultaneous calibration by parametric bootstrap and decision rule

A key practical challenge in bin-wise PSD comparison is that many bins are evaluated
simultaneously. In process monitoring or model validation, this corresponds to asking many
localized questions at once (one per bin). Without a simultaneous calibration, one would expect
occasional larg&j values purely due to random sampling, especially for ne binning. Since

simultaneous threshold that is intended to provide approximate family-wise error control under
the tted multinomial model, i.e., approximate control of the probability of marking at least one
bin as signi cant under bl This is achieved using a parametric bootstrap [57, 72].

the tted multinomial model. Conditional on the chosen common bins and the observed sample
sizes i and i, bootstrap count vectors are generated

Nl(b) Mult(n 1; p); Nz(b) Mult(n 2;p); b2fl;:::;Bg; (28)

for someB 2 N. This multinomial resampling step reproduces the dependence induced by
distributing a xed number of particles over a common set of mutually exclusive bins. In particular,
9



it preserves the negative inter-bin dependence that is characteristic of binned number-weighted
PSDs.

For each bootstrap iteratidn2 f1; : ; : ; Bgthe bootstrap analogs of the empirical probabilities
are computed,

Ab) — 0. ab) - M 2.
Pji ny P T (29)

together with the corresponding bootstrap di erence pro le,
O =pP oD, (30

the local standard error estimates,
S \

(b) 1 1
s = p?1p® SR (31)

and the corresponding standardized di erences,

z® = E (32)

0: SE'(b)

Each bootstrap replicate is then summarized by the maximum absolute standardized di erence
across all bins,

% ® 5 >0,
B>

M® = max JZl(b) (33)

Thus, the bootstrap sampié¢™®; :: :; M(®) approximates the distribution of the largest bin-wise
uctuation that may occur when both samples arise from the same underlying PSD.
Based on these bootstrap maxima, the empirical simultaneous threshold is de ned as the
(1 )-quantile, given by
¢t B)=Q M®:::::MmE (34)

After calibrating the simultaneous threshold using the parametric bootstrap, each ol%ésved
compared with the bootstrap threshold ¢B), where bin i is marked signi cant whenever

jzj>c1 (B): (35)

In addition to the bootstrap maxima used for the simultaneous calibration of the local statistics
Z;, the same parametric bootstrap can also be used to assess the global Pearson discrepancy. For

each bootstrap iteratidm 2 f1; : : : ; Bgthe bootstrap analog of Pearson®statistic is computed,
b gb 2
T PO i (36)
~ b 7
i=1 j=1 EJE)
where - 0) o,
Ei” =nip, (37)
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Therefore, the bootstrap sample®;:::; 2®) approximates the distribution of Pearsorn’s
statistic under the tted multinomial model. This allows the bootstrap p-value to be computed

PB
14781 20 2

B+l ;

Pooot = (38)

where ? denotes the calculated Pearson statistic from Eq. (25) and 1() is the indicator function,
de ned by )
21; ifthe event A s true;

1(A) =3

39
70; ifthe event A is false: (39)

Therefore, 1 2® 2 takes the value 1if?®) s at least as large ag, and 0 otherwise. Thus,
Pooot Provides a model-based global signi cance assessment for the overall di erence between
the two binned PSDs, complementing the bin-resolved DSP decision rule from Eq. (35).

2.6. Interpretation of the simultaneous threshold and marked bins

To formalize the interpretation of the threshold considered in Section 2.8, titnote the
random maximum absolute standardized Z-score unggewhich is given by

M= e Jar (40)
The bootstrap maxim® (D; :::: M(®) are used to approximate the distribution\éf Therefore,

for some signi cance level 2 (0;1), the simultaneous threshold is the (1)-quantile of the
distribution of M, given by

tt =Q1 (M) (41)

Thus, ¢ (B) from Eq. (34) is the bootstrap estimate pf { based on B resamples.
Now, by construction,

Puo(M >t1 ) =Py,(thereisani2fl;:::;;kg:j2t; ) : (42)

Therefore, Eq(42) states that, under the null hypothelslig the probability that there exists at
least one bin whose standardized di erence exceeds the ideal simultaneous thteshsldt
most . If the distribution ofM is continuous at; , then the left-hand side equals In practice,
DSP replace$; by its parametric-bootstrap estimate . Consequently, the implemented
procedure is intended to provide approximate simultaneous control of the probability of obtaining
one or more false-positives anywhere in the collection of bins under the tted multinomial model.
At this point, it is important to distinguish clearly between the local and global aspects of DSP.
The quantities ;, SE, andZ; are all computed separately for each bin and therefore provide a
bin-resolved description of where the two PSDs di er and in which direction the local di erence
points. In this descriptive sense, DSP is local. However, the statistical decision is not made bin-by-
bin in isolation. Instead, the decision threshold is calibrated by the distribution of the maximum

DSP combines bin-resolved local di erences with global simultaneous inference. It reports a
per-bin di erence pro le but evaluates those bin-wise di erences using one common threshold
that is calibrated from the whole histogram. This is also why a bin may show a moderately large
value ofjzj when viewed in isolation and not be marked as signi cant, because the observed
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di erence is not large enough after accounting for the fact that many correlated bins are examined
simultaneously.

This simultaneous interpretation must be distinguished carefully from a point-wise one. For
any bin i,

Puo(Zj>t1 ) P, {TJEXJ'Z‘J' >t : (43)

Eq. (43) shows that exceedance of the threshold in one speci ¢ bin is only a special case of
exceedance somewhere among all bins. Therefpreis not a point-wise 100(1 )% cuto

for each individual bin. In particular, one should not interpret a marked bin as a bin that is
“di erent with probability 100(1  )%” or that each bin is assessed by an ordinary marginal
con dence interval. Instead, the correct interpretation is that, for the ideal thregholdhe
overall probability of obtaining one or more false-positives anywhere in the entire set of bins is
bounded by . The bootstrap thresholy is intended to approximate this simultaneous control
under the tted multinomial model.

This simultaneous calibration is especially important in particle technology applications,
because false-positive ndings may lead to unnecessary process interventions or incorrect scienti ¢
conclusions. For example, one might otherwise adjust operating conditions, reject a batch, or
conclude that a predictive model fails to reproduce the PSD, even though the apparent di erence is
within the limits of random sampling variability. By calibrating against the maximum standardized
Z; over all bins, DSP is intended to ensure that marked bins correspond to local di erences that
remain statistically signi cant under the tted multinomial model after accounting for multiplicity.

The marked bins are collected in the set §iven by

n o

S = i2fl;::;kg:jgd>c1 (44)
If this set is not empty, i.eS , ? , then the null hypothesid is rejected within the bootstrap-
calibrated multinomial model. Under this model assumption, this means that the observed PSD
di erence pro le contains at least one local di erence that is too large to be explained by nite-
sample variation alone at the chosen simultaneous levequivalently, at least one bin shows
a di erence that remains statistically signi cant after accounting for the fact that all bins are
evaluated simultaneously. & = ?, thenHy is not rejected. This does not prove that the two
PSDs are identical in every bin. Rather, it means that none of the observed bin-wise di erences
is large enough, relative to its uncertainty unéigr to exceed the simultaneous threshold in the
present dataset.

This distinction is important. The simultaneous threshold is intended to provide approximate
control of the probability of falsely marking at least one bin under the null hypotl&sig does
not assign a posterior probability to any individual bin being “the cause” of the di erence, nor
does it imply that each xed bin exceeds the threshold with probabilitinstead, DSP should be
interpreted as a framework that marks the bins whose observed di erences are large enough to
remain signi cant after accounting for the fact that the entire family of bins is tested at once. In
this sense, the s& identi es the size classes in which local PSD di erences are statistically
signi cant at the chosen simultaneous levelunder the tted multinomial model. At the same
time, smaller di erences may still be present, but not signi cant at the selected simultaneous level

2(0;1).
Finally, since the observed di erence pro le is compositional,

i=0; (45)
i=1



a signi cant increase in one region of the PSD must be accompanied by compensating decreases
elsewhere. Some of these compensating shifts may remain below the simultaneous threshold.
Consequently, even when only one bin is marked, the underlying physical change should generally
be understood as a redistribution of probability mass across the PSD, withelpiresenting the
dominant statistically resolved location of this redistribution.

2.7. Practical interpretation of the DSP framework

In practical terms, DSP is meant to answer two simple questions: (1) where do two PSDs

di er, and (2) are those observed di erences large enough to be more than ordinary random
uctuation? The framework begins by placing both PSDs on the same common bins, as described

in Section 2.1. This step is essential because only then do the bins represent the same size classes
in both samples.

Once the common bins are xed, DSP computes the bin-wise di erende Eq.(18). This
guantity indicates how the relative amount of particles inilidhers between the two samples. A
positive value means that sample 1 contains a larger fraction of particles in that size class than
sample 2, while a negative value means that sample 1 contains a smaller fraction. Therefore, the
sign of ; already shows the direction of the local change along the particle-size axis.

However, not every observed di erence should be interpreted as meaningful. Even when two
underlying PSDs are truly the same, the measured bin heights will not match perfectly because
only a nite number of particles are observed. For this reason, DSP also computes the estimated
standard erroBE and the standardized statisicin Eq. (22). The estimated standard error
describes how much random variation would normally be expected inchia to nite sampling
alone. The statistig; then compares the observed di erengewith the expected variation. In
this sensez; can be understood as a signal-to-noise measure that shows whether the observed
local di erence is small enough to be explained by ordinary sampling variation, or large enough
to be marked as signi cant.

Since all bins are examined at the same time, DSP does not check each bin using an ordinary
point-wise cuto . If many bins are checked separately, some of them may appear unusual purely
by chance, even when there is no real di erence between the PSDs. To avoid this, DSP calibrates
a single simultaneous threshald by bootstrap resampling, as described in Section 2.5. Under
the tted model assumption, this threshold is chosen so that the probability of falsely marking at
least one bin anywhere in the full PSD is approximately controlled at lev€hus, DSP protects
against false-positives that would otherwise arise from inspecting many bins at once.

The nal DSP result is the set of marked bins, i.e., the bins for whgih> ¢; . These
are the size classes in which the observed di erences are too large to be plausibly explained by

nite-sample variation alone under the tted model. If no bins are marked, this does not prove
that the PSDs are identical. This only means that in the available data, no local di erence is large
enough to exceed the simultaneous threshold. If one or more bins are marked, then DSP localizes
the statistically signi cant di erences to those bins.

In general, DSP should be considered a practical statistical tool for PSD comparison. The
key quantities j, SE, Z;, andc; describe where the probability mass is redistributed across
the PSD, how uncertain the observed redistribution is given the available sample size, and which
local di erences are large enough to remain signi cant after accounting for the fact that many
bins are examined simultaneously. In this sense, DSP shows which size classes di er, in which
direction they di er, and which parts of the PSD therefore require attention in process analysis.
For example, it can reveal whether a process produces excess nes, an underrepresented modal
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range, or an overestimated coarse tail. However, DSP does not determine the unique process
change required to make two PSDs similar again. Rather, it provides statistically calibrated local
di erence information that can be combined with process knowledge and mechanistic models to
guide such a control. This combination of local resolution, simultaneous error control, and direct
interpretability makes DSP especially useful for process diagnostics and batch comparability
studies in powder and particle technology.

3. Implementation of DSP framework on experimental data

To demonstrate the practical relevance of the proposed DSP framework under realistic experi-
mental conditions, we consider a case of in-line PSD monitoring during spray drying, where we
compare two number-weighted particle size distributions measured at di erent drying temper-
atures while holding all other operating conditions constant. This isolates the e ect of drying
temperature on particle formation. In addition, we analyze a repeat spray drying run under
nominally identical process settings as a negative-control comparison, for which we expect no
intentional process-induced di erence. Finally, we compare the bin-wise DSP results from this
repeat spray drying comparison with existing framewoB& b4] to provide a practical check of
robustness against noise-driven detections arising from sampling variability and measurement un-
certainty. To illustrate how engineering conclusions depend on the chosen simultaneous threshold,
we report additional DSP evaluations for the 90% and 99% simultaneous levels along with the
main analysis at 95%.

In each analysis, we rst overlay the PSDs to provide a qualitative context and then apply
DSP to obtain bin-resolved di erences, standardized di erences;, and the simultaneous
decision threshold; used to identify signi cant bins. We use a pooled data-adaptive binning, as
described in Section 2.1, to obtain a common patrtition of the size range. We perform simultaneous
threshold calibration using parametric bootstrap vidth 40000 iterations. This choice provides
numerically stable threshold estimates so that the signi cant-bin classi cation is not unduly
a ected by variability in the bootstrap calibration. We carry out all computations in Python 3.12.4
on a standard desktop system equipped with a 13th Gen Intel(R) Core(TM) i5-1334U processor
and 16 GB RAM, resulting in a typical computation time of approximately 5 &for75 bins
and B = 40000 bootstrap iterations. We provide supporting results on the induced inter-bin
dependence and on the bootstrap distributions used for calibration in Appendix A.

We obtain all number-weighted size distributions from in-line 2D images of the dried powder,
captured using a SOPAT PL camera probe (SOPAT GmbH, Berlin, Germany). The image pro-
cessing pipeline is discussed in detail #8]. The goal is to evaluate how the drying temperature
in uences the resulting PSDs while all feed suspension and atomization parameters are held
constant. We compare two drying conditions: 1@Q0T1) and 145 C (T2), representing moderate
and elevated thermal loads in the drying process, respectively. We then analyze a third repeat run
at 120 C (T1epea) to assess the behavior of the framework under nominally identical process
conditions and, in particular, its robustness against noise-driven detections in a negative-control
setting.

3.1. Comparison of particles produced at di erent spray drying temperatures

We obtain the measured number-weighted PSDs (Fig. 1a) fiiom2881 andn, = 2658
individual particles. Both distributions exhibit a positively skewed shape, typical of spray-dried
powders, dominated by a primary mode betwe@ma3and 5um. The higher temperature case
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Figure 1: (a) Overlay of PSDs, (b) convergence of the simultaneous threghg|dc) ; with signi cant bins (red
highlighted) outside the simultaneous reference banghs SE, and (d) standardized for the spray-dried alumina
samples at 120C (T1) and 145C (T2).

(T2) shows a distinct leftward shift of the mode and a narrower spread compared to T1, which is
consistent with faster solidi cation and reduced droplet coalescence under the higher thermal load.
Pooled binning using the Freedman-Diaconis rule yiklds’5 bins covering the size range of
2um to 13pum. The global Pearson statistié = 257 with a bootstrap-calibratguh,,  0:001
provides very strong evidence, under the tted multinomial model, that the two drying conditions
are associated with di erent PSDs at the global level. The bootstrap convergence plot (Fig. 1b)
shows the simultaneous calibration threshold stabilizingygt = 3:14, demonstrating the
numerical stability and reproducibility of the bootstrap-based correction.
The bin-wise di erences ; (Fig. 1c) show the main redistribution occurring in ther to

6 umregion. The maximum positive di erence; 0:024, occurs near:8um, where the 120C
condition (T1) shows enrichment of these particles. In contrast, the largest negative di erence,

i 0:021, appears around&um, where the 145C system produces more nes. About
13:3% of the bins exceed the simultaneously calibrated threshold at the 95% level and are marked
in red. Here again, the simultaneous calibrated threshold lsandSE should be interpreted
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as a bin-wise quantity rather than as a continuous function of size. Signi cant di erences are
concentrated near the peak of the PSD, where most particles are found. This indicates that the
process mainly redistributes particles among neighboring size classes in the dominant size range,
rather than shifting the entire PSD uniformly toward ner or coarser sizes.

The standardized;-scores (Fig. 1d) reinforce this conclusion. The largest di erenges,5:9
(at 5um) andz 5:2 (at 3um), both exceed the threshotglgs = 3:14 by a wide margin,
indicating strong localized di erences relative to the sampling variation expected under the tted
multinomial model. This abrupt alternation of positive and negative lobes signi es a reorganization
of the particles from coarser to ner sizes under increased thermal load.

Physically, the observed shift toward ner particles may be explained by two plausible
hypotheses related to the temperature-dependent drying kinetics. The rst hypothesis is that
the higher drying temperature (146) increases the drying rate, causing the droplet surface to
solidify earlier and to promote the formation of an outer shell while moisture is still present in
the patrticle interior. Earlier surface solidi cation can shorten the period during which colliding
droplets remain su ciently wet and prone to coalescence, thus limiting the formation of larger
particles f4]. This mechanism is therefore consistent with the observed shift toward ner
particles. However, droplet coalescence was not measured directly in the present study. The
second hypothesis is that accelerated drying promotes the formation of hollow particles that
subsequently rupture. The internal vapor bubble trapped within the solidifying shell can cause
droplets to in ate, deform, and eventually rupture, producing hollow particles, wrinkled surfaces,
and other shape irregularitiegd]. An increase in drying temperature also in uences the evolution
of the internal vapor bubble and the surrounding shell. If these hollow shells collapse, crack, or
fragment during drying or subsequent handling, they could generate smaller particle fragments,
thus increasing the proportion of ner particles.

The higher accessible pore volume measured by mercury intrusion porosimetry (Fig. 2)
indicates that the powder produced at the higher drying temperature has a more porous structure.
This observation is consistent with the second hypothesis that involves the formation of hollow
or porous particles, but we cannot completely reject the rst hypothesis of reduced droplet
coalescence. Moreover, mercury intrusion porosimetry is a bulk characterization technique and
therefore cannot determine whether the increased pore volume originates from hollow particle
interiors, intragranular pores, interparticle voids, or a combination of these features. Consequently,
the present measurements do not allow the dominant mechanism responsible for the ner PSD
to be identi ed. Additional characterization, particularly high-resolution shape analysis, would
help distinguish between the two hypotheses. Indeed, the SEM characterization of the spray-dried
alumina particles reported i8] reveals the coexistence of spherical, cracked, and donut-shaped
particles, demonstrating that such morphological features can be observed directly and may
provide valuable evidence to identify the dominant particle formation mechanism. Predominantly
intact and spherical particles would support the reduced-coalescence hypothesis, whereas collapsed
particles, broken shell-like structures, concave morphologies, or irregular fragments would provide
evidence that shell rupture or fragmentation also contributed to the observed PSD shift.

To examine the sensitivity of DSP to the chosen simultaneous level, we perform additional
analyses using simultaneously calibrated thresholds corresponding to the 90% and 99% levels
(Fig. 1d). The proportion of signi cant bins increases from 8% (99% level) to 13.3% (95% level)
and 14.6% (90% level). In a production control context, this has practical implications. Using a
more conservative threshold (e.g., 99%) isolates only the most robust di erences, minimizing false-
positives, while a lower threshold (e.g., 90%) enhances sensitivity and may detect subtle process
drifts earlier. The choice thus depends on whether the objective is tight process reproducibility or
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Figure 2: Speci c pore volume vs. pore size of the spray-dried alumina samples at two di erent drying temperatures,
showing increased porosity at a higher temperature.

early di erence detection in quality control.

In summary, DSP quanti es both the extent and the localization of di erences between the
PSDs obtained under di erent drying temperatures. It reveals that the higher drying temperature
is associated with ner and more porous particles, a pattern consistent with faster surface solidi -
cation and potentially reduced droplet coalescence or rupture of hollow particles. This coupling
between statistical signi cance and physical interpretation underscores the utility of DSP as a
diagnostic tool for linking process parameters to material attributes in spray drying.

3.2. Comparison of particles produced under identical spray-drying process conditions

A critical practical requirement for any bin-resolved comparison method is robustness against
false-positive detections caused by unavoidable sampling variability and measurement noise. In
industrial spray drying, even under tightly controlled conditions, repeated runs will never produce
identical histograms bin-by-bin because each PSD is estimated from a nite number of detected
particles. Therefore, a repeat experiment under identical operating conditions provides a natural
negative-control case. Any method that marks multiple signi cant bins in such a comparison risks
generating false alarms during routine monitoring.

To assess both the repeatability of the spray drying process and the false-positive robustness of
DSP, we performed two experiments (T1 andegfek) under identical conditions at 12C. The
samples contain comparable particle counts{2881 andn, = 3015), providing a statistically
reliable basis for comparison. The number-weighted PSDs shown in Fig. 3a exhibit a nearly
complete overlap throughout the full size range, consistent with stable atomization and drying
behavior for this material system.

The global Pearson statistic for this negative-control comparisofi#s61:6 with a bootstrap
p-value of 031 (> 0:05), which indicates that there is no statistically signi cant evidence of a
global di erence between the two distributions under the tted multinomial model. This agrees
with the engineering expectation that, when the atomization, drying temperature, and gas-phase
conditions are kept constant, the droplet breakup and solidi cation pathways remain comparable,
yielding closely similar particle populations.

The DSP calibration itself is also stable. The bootstrap estimate of the simultaneous signif-
icance threshold convergesdggs = 3:15 within 40000 iterations (Fig. 3b). Most importantly,
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Figure 3: (a) Overlay of PSDs, (b) convergence of the simultaneous threshgld(c) per-bin di erence ; with
the simultaneous reference baed.gsSE (shaded blue), and (d) standardiz&epro le for the repeat spray drying
experiments at 120C.

for false-positive robustness, local DSP outputs show no evidence of systematic di erence. The
bin-wise di erence ; oscillates tightly around zero, with magnitudeg < 0:01 across the

full size domain (Fig. 3c). None of the bins exceed the simultanenggsSE band, and the
standardized;-pro le remains fully contained withinc ¢.g5 (Fig. 3d). Sensitivity checks at

90% and 99% simultaneous levels similarly yield no signi cant bins. Collectively, these results
indicate that the observed bin-to-bin di erences between the repeat runs are compatible with
expected sampling scatter and measurement noise, rather than suggesting a statistically signi cant
process-induced shift.

A useful way to interpret the negative-control result is the following: since the two PSDs come
from nominally identical process conditions, any local method that marks bins as signi cant in
this comparison is, from the standpoint of process monitoring, behaving like a false alarm detector
rather than identifying an intended process change. To contextualize DSP in this respect, we
compare its output with two established local frameworks used for histogram-like comparisons:
the normalized signi cance score method [53] and the adjusted residual approach [54].
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Figure 4: Comparison of signi cant bins identi ed by (a) Bityukov's framework and (b) Sharpe's framework for PSDs
obtained from the repeat experiments at 120

Table 1: Comparison of direct bin-wise di erence and three frameworks for bin-resolved PSD comparison.

Feature Di erence of Normalized Adjusted resid- DSP
probabilities signi cance ual [54]
score [53]
Variance Esti- None Poisson count  Expected-count- Pooled bin vari-
mator approximation based asymp- ance

totic variance

Resampling None Monte Carlo None Parametric
bootstrap
Bin Correla- Ignored Ignored Ignored Re ected in
tion simultaneous
bootstrap cali-
bration
Multiplicity None None None Approximate
control FWER control
Local signi - None Point-wise ap-  Point-wise Simultaneous
cance calibra- proximate asymptotic bootstrap-
tion calibrated

When applied to the repeat experiment sample, both alternative approaches report a non-zero
set of signi cant bins (Fig. 4), despite the absence of statistically signi cant global evidence of
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a di erence and despite the engineering expectation of no intended process change. A likely
methodological explanation is that these approaches rely on point-wise or asymptotic per-bin
thresholds without simultaneously controlling the family-wise error rate across many bins and
without explicitly accounting for the multinomial inter-bin dependence that naturally arises in PSD
histograms. In contrast, DSP is designed speci cally to reduce such false alarms by calibrating
a simultaneous threshold through a parametric bootstrap that respects the multinomial model
of binned PSD data. Table 1 summarizes the key methodological di erences that explain this
behavior.

Overall, this combined negative-control and benchmarking analysis shows that DSP preserves
practical decision reliability. In the present negative-control comparison, it shows robustness
against small, noise-driven bin uctuations in repeat runs (avoiding false alarms), yet retains
the ability to localize signi cant di erences when they exceed the simultaneously calibrated
uncertainty bounds. This balance between sensitivity and robustness is essential for deployment
in industrial powder manufacturing work ows, where PSD measurements are inherently noisy,
but process interventions are costly.

4, Conclusion

In this work, we introduce the Di erence Signi cance Pro le as a quantitative, statistically
rigorous, but practically intuitive framework for comparing size distributions in process and
product engineering. The framework addresses a critical gap in current practice, where visual
overlays or global tests such as thetest can reveal overall di erences but do not localize
the speci c size ranges responsible for them. By combining a multinomial-based variance
formulation with parametric bootstrap calibration, DSP provides localized bin-resolved inference
with bootstrap-based simultaneous error control under the tted model. In this way, the detected
di erences correspond to the size classes whose observed di erences are statistically signi cant
relative to the sampling variation after accounting for multiplicity across bins.

The comparative analysis of the spray drying experiments demonstrates the complementary
roles of global and local inference in powder processes. In the spray drying experiments of
alumina powders, DSP identi es statistically signi cant redistribution of the number-weighted
PSD between experiments at two di erent spray drying temperatures, localized primarily in the
modal size range and consistent with the corresponding physical interpretation of the process.
The simultaneous nature of the DSP threshold means that signi cant bins re ect e ects that
remain statistically signi cant after accounting for multiple comparisons, which is essential to
translate PSD changes into defensible process conclusions. The negative-control repeat run further
demonstrates decision reliability. DSP reported no signi cant bins and a non-signi cant global
di erence, indicating that the observed bin-to-bin uctuations are compatible with sampling
variability and measurement noise under the tted model. In this negative-control comparison,
the alternative methods marked non-zero signi cant bins under nominally identical conditions,
underscoring the importance of simultaneous error control for reducing false alarms in routine
monitoring and quality assurance.

In general, DSP transforms PSD comparison from a qualitative overlay into a statistically
calibrated diagnostic that supports process understanding and data-informed decision-making
on PSD dierences. The framework is readily applicable to common patrticle-discrete size
measurement techniques. Future work will extend the framework to mass- and volume-weighted
size distribution comparisons, multivariate distribution comparisons, and integration with online
monitoring systems. Such advances would further embed DSP into the work ow of modern
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process analytics, enabling predictive and data-driven control of particulate systems across diverse
industrial applications.
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